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[Mnan nekuyun

@ OcHOBHOe ypaBHeHume Teopusi LeHoobpasosaHusi (Asset Pricing
Theory).

@ DakTopHbIE MOAENN pUCKa.

@ [locTtaHoBka 3aga4 KOHMYECKOW ONTUMM3AUUN AJs YIPABAEHNS
noptdenemM akuuii.

@ Pasbop 3agay — python / CVXOPT



Teopus ueHoobpasosarns (Asset Pricing Theory)

Bpems (time) t (cerogHs) t + 1 (3aeTpa)
Llena (price) Pt
Mpubbinb (payoff) Xet1
MoTpebutens (consumer) | ¢ = e; Cti1 = €141
Wueectop (investor) | ¢: = e — N-p;y | o1 = €01 + N - xe11
Monesnocts (utility) | u(ct) \ u(cer1)

Ontumuzsauyus nonesnoctu (utility optimization problem)

U = u(ct) + BE¢ u(cry1)] — max



Teopus ueHoobpasosarns (Asset Pricing Theory)

Bpems (time) t (cerogHs) t + 1 (3aeTpa)
Llena (price) Pt
Mpubbinb (payoff) Xtt+1
MoTpebutens (consumer) | ¢ = e; Cti1 = €141
Wueectop (investor) | ¢: = e — N-p;y | o1 = €01 + N - xe11
Moneskocte (utility) | u(cy) \ u(cei1)

Ontumuzsauyus nonesnoctu (utility optimization problem)

U = u(ct) + BE¢ u(cry1)] — max

— =0 = U/(Ct) : (—Pt) + BEt[Ul(CtH)XrH] =0



VpasHerue ycranosnenus uen (The Pricing Equation)

CroxacTuyeckuii KoabULNEHT AUCKOHTUPOBAHMS
(stochastic discount factor, SDF)

/
U— max — p;=F; [ﬂ@ xt+1}
u'(ce)

Pt = Et[mt+1Xt+1]

BespuckoBblli MHCTPpYMeHT (no uncertainty)

1
Xtt1=pt-Re =  pr= fot-i-l

Puckosbiii nHctpymenT (risky asset)

) 1 .
pi = =7 Belxta]



CuctemHbilt (systematic) n yHukanbHbii (idiosyncratic) puck

LleHa = npuBegeHHas TekyLlas CTOMMOCTb + MJjaTa 3a pucK

Price = discounted present-value + risk adjustment

p = E[mx]
Cov(m, x) = E[mx] — E[m]E[x] _El ov(m, x
R:i :>p—Rf+C(’)
f E[m]

36bITouHas goxogHOCTL (excess return) MHCTPyMeHTa

E[x] — Rf = —Rr Cov(m, x)



CuctemHbilt (systematic) n yHukanbHbii (idiosyncratic) puck

LleHa = npuBegeHHas TekyLlas CTOMMOCTb + MJjaTa 3a pucK
Price = discounted present-value + risk adjustment

p = E[mx]
Cov(m, x) = E[mx] — E[m]E[x] _El ov(m, x
R:i :>p—Rf+C(’)
f E[m]

36bITouHas goxogHOCTL (excess return) MHCTPyMeHTa
E[x] — Rf = —Rr Cov(m, x)

_ E[mx]

X = Proj,X +¢€, proj,x = Wm, Cov(m,e) = 0.



MuorodakTtopHsle mogenn pucka (Factor Risk Models)

SDF = nuHeiiHas kombuHaums “npocteiX’ (akTopoB

;
Mey1 =a+ b frp

1964, LLapn (Sharpe): mogens CAPM

Opun cbaktop: my1 = a+ bR, rae R" — poxogHocTs
“noprdpens bnarococrosinus” (wealth portfolio return).

1976, Pocc (Ross): apbutpaxHas Teopus LeHoobpasoBaHus
(Arbitrage Pricing Theory, APT)
R' =a' + bjfi + byfh + ... + bifx + &'
E[6'] =0
Cov(6',f) =0



CoBpemeHHble Moaenn pucka ana noptdens us N akuyuii

IloXO[HOCTb aKLMM = CUCTEMHas + YHUKaNbHas
Stock excess returns = factor returns + specific returns

K o KN,
= ZAikfk + 9; @ Cov(fx,d;) =0 for all k, .
=1 @ Cov(6;,9;) =0 for all /,;.

HoxopgHocTb noptdens 1 = B3BelweHHass Cymma [OXOAHOCTEN

N K N N
n :ZW,'I‘,' :ZAZIfk+ZWi5f7 All :ZWiAki'
i=1 k=1 i=1 i=1

K N
Var(r") = >~ AVAT Cov(fi, fi) + Y w Var(é))

k,I=1 i=1



Puck noptdpens (Portfolio Risk)

BekTopHble 0bo3Ha4eHNs

S MO>»®m®mX=2

HUNCNO PAaCCMATPUBAEMbBIX NHCTPYMEHTOB B MOAENN

uncno pakTopos

K x K matpuua kosapuauun dakropos, B = Cov(f;, f;)

K x N matpuua 3asucumoctn ot caktopos (factor loadings)
N x N puaroHansHasi matpuua D; = Var(d;)

N x N maTpuua KoBapuaLmm MHCTPYMEHTOB

BEKTOP NO3nuMii N0 MHCTpyMeHTam noptdens Il

Y=A"BA+D

Var <rn) —w'Zw, o (rn) =Vvwizw.



KopeHb 13 MaTpuLbl KOBapuauuy NHCTPYMEHTOB

Paznoxenne Xoneukoro (Cholesky factorization)

Jns cuMMETPNYECKO NONOXKUTENBHO ONpeaeneHHol MaTpuubl B

HalizeTca BepxHe-TpeyrosibHasi matpuua U Takasi, 4To BepHo

B=U"U

Z:[l AT]
Monoxkunm
- D1/2 / _ D1/2'
-7 o A=)
2
(an> =wlGTGw

o [A

— Y=G'G =—

== o'l = ||Gw]a,



Bbibop onTumansHoro noptdens

Obo3HayeHus

Q. | BEKTOp OXM>KaeMbIX JOXOAHOCTE! (return signals, aka alphas)
A | “nenpusitue pucka” (portfolio-wide risk-aversion)

3agaun

© MakcMMmnsnpoBaTh AOXOHOCTb AJISi AAHHOTO YPOBHSI PUCKA.
U(w) = aTw — max, s.t. a(w) < Ly
@ MuHUMU3MPOBaATL PUCK ANSt AAHHOMO YPOBHS JOXOLHOCTM.
U(w) = a(w) — min, s.t. a’w > L4
© Haiitn acbpekTnBHbIN NopTdhent Co CPeaHUM OTKIOHEHUEM
(Markowitz mean—variance optimization).

U(w) = —a"w+ Io(w) — min, s.t. e

w = 1.



OnTumanbHaa pebanaHcuposka noptdens

W | BEKTOP Ha4afbHbIX MNO3NUMI nopTdens
x = Aw | BekTop pebanaHcuposkn (M3MeHeHns No3uLnii)
TC(x) | okmpaemble TpaH3aKLMOHHbIE N3HEPKKM
(estimated transaction costs as function of Aw)
H | maTpuua npuHagiexXHOCTN MHCTPYMEHTOB K OTPaC/siM

MoanduunposarHas ontumusaums Mapkosuua

U(x) = do(w + x) — aT(w + x) + TC(x) — min

ﬂ'OI'IOJ'IVITeJ'IbeIe ycnoBus

(C1) | m; <wi+x <m | aMmuT no MHCTpymeHTy

(C2) Yolwi+ x| < G AnMUT no kanutany (gross)
(C3) doixil < L anmnT no obopoty (turnover)
(C4a) | h~ < H(w + x) < h' | oTpacnesble AMMUTbI 4uUCTbIE

(Cab) | [H(w + X)]jE < gt | ...anmnubie/KopoTkie



Konuyeckas ontumusauus s nakete CVXOPT

JlnHelinoe kOHMYECKOE NMPOrpaMmMmMpoOBaHNE
T

c'x — min
Gx+s=h
Ax=b

seC=CxGXx...xCy x...x Cygn

KBagpaTn4HOe KOHNYECKOE NPOrpaMMmMpoOBaHIME

1

EXTPX—F g x — min

Gx+s=h
Ax=b

seC=CGxGx...xCyx...xCuysn



Kesagpatuuroe koHudeckoe nporpammuposatue (SOCP)

[Npsimasn 3agaya
c"x — min
Gox + so = ho, so =0

Gx+s=h,  s5=(5,5), §>lsil, j=1,...,q
Ax=0Db
[eolicTBeHHasi 3agaya
q
= Z thZJ' — by — max
=0
q
> Gz + ATy +c=0,
j=0
2 i 0
Zj:(szvzjl)v Z_]OZHZ_]1||2? Jj=1...,q9



Kesagpatuuroe koHudeckoe nporpammuposatue (SOCP)

http://cvxopt.org/userguide/coneprog.html#second-order-cone-
programming


http://cvxopt.org/userguide/coneprog.html#second-order-cone-programming
http://cvxopt.org/userguide/coneprog.html#second-order-cone-programming

3apaun Bbibopa noptdhens 8 dpopmate SOCP

1. MakcummnsnpoBaTb AOXOHOCTb AN AAaHHOrO YPOBHS puCKa.

Uw)=a"w — max, s.t. o(w) < Ly, e"w=1.



3apaun Bbibopa noptdhens 8 dpopmate SOCP

2. MuHnmunsnpoBaTb puUCK AN AAHHOTO YPOBHSI JOXOLHOCTH.

U(w) =o(w) — min, st. a"w > L, eTw = 1.



3apaun Bbibopa noptdhens 8 dpopmate SOCP

3. Ontumnszauuns Mapkosunua

T

Uw) = —a"w+ \a(w) — min, s.t. eTw = 1.



Y710 yuTtath ganbe?

Jlntepatypa
@ Asset Pricing by John H. Cochrane

@ Robust Portfolio Optimization and Management by Frank J.
Fabozzi and others.

@ Lectures on Modern Convex Optimization by Aharon Ben-Tal
and Arkadi Nemirovski.

Ccbinkn
@ http://cvxopt.org

@ http://docs.mosek.com/whitepapers/portfolio.pdf



