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Ïëàí ëåêöèè

Îñíîâíîå óðàâíåíèå òåîðèÿ öåíîîáðàçîâàíèÿ (Asset Pricing
Theory).

Ôàêòîðíûå ìîäåëè ðèñêà.

Ïîñòàíîâêà çàäà÷ êîíè÷åñêîé îïòèìèçàöèè äëÿ óïðàâëåíèÿ
ïîðòôåëåì àêöèé.

Ðàçáîð çàäà÷ � python / CVXOPT



Òåîðèÿ öåíîîáðàçîâàíèÿ (Asset Pricing Theory)

Âðåìÿ (time) t (ñåãîäíÿ) t + 1 (çàâòðà)
Öåíà (price) pt

Ïðèáûëü (payo�) xt+1

Ïîòðåáèòåëü (consumer) ct = et ct+1 = et+1

Èíâåñòîð (investor) ct = et − N · pt ct+1 = et+1 + N · xt+1

Ïîëåçíîñòü (utility) u(ct) u(ct+1)

Îïòèìèçàöèÿ ïîëåçíîñòè (utility optimization problem)

U = u(ct) + β Et [u(ct+1)] −→ max

∂U
∂N

= 0 =⇒ u′(ct) · (−pt) + βEt [u
′(ct+1)xt+1] = 0
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Óðàâíåíèå óñòàíîâëåíèÿ öåí (The Pricing Equation)

Ñòîõàñòè÷åñêèé êîýôôèöèåíò äèñêîíòèðîâàíèÿ
(stochastic discount factor, SDF)

U −→ max =⇒ pt = Et

[
β
u′(ct+1)

u′(ct)
xt+1

]

pt = Et [mt+1xt+1]

Áåçðèñêîâûé èíñòðóìåíò (no uncertainty)

xt+1 = pt · Rf =⇒ pt =
1

Rf
xt+1

Ðèñêîâûé èíñòðóìåíò (risky asset)

pit =
1

R i
Et [x

i
t+1]



Cèñòåìíûé (systematic) è óíèêàëüíûé (idiosyncratic) ðèñê

Öåíà = ïðèâåäåííàÿ òåêóùàÿ ñòîèìîñòü + ïëàòà çà ðèñê
Price = discounted present-value + risk adjustment

p = E[mx ]

Cov(m, x) = E[mx ]− E[m]E[x ]

Rf =
1

E[m]

 ⇒ p =
E[x ]

Rf
+ Cov(m, x)

Èçáûòî÷íàÿ äîõîäíîñòü (excess return) èíñòðóìåíòà

E [x ]− Rf = −Rf Cov(m, x)

x = projmx + ε, projmx =
E[mx ]

E[m2]
m, Cov(m, ε) = 0.
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Ìíîãîôàêòîðíûå ìîäåëè ðèñêà (Factor Risk Models)

SDF = ëèíåéíàÿ êîìáèíàöèÿ �ïðîñòûõ� ôàêòîðîâ

mt+1 = a + bT ft+1

1964, Øàðï (Sharpe): ìîäåëü CAPM

Îäèí ôàêòîð: mt+1 = a + bRw
t+1

, ãäå Rw � äîõîäíîñòü
�ïîðòôåëÿ áëàãîñîñòîÿíèÿ� (wealth portfolio return).

1976, Ðîññ (Ross): àðáèòðàæíàÿ òåîðèÿ öåíîîáðàçîâàíèÿ
(Arbitrage Pricing Theory, APT)

R i = ai + bi1f1 + bi2f2 + . . .+ biK fK + δi

E[δi ] = 0

Cov(δi , fk) = 0



Ñîâðåìåííûå ìîäåëè ðèñêà äëÿ ïîðòôåëÿ èç N àêöèé

Äîõîäíîñòü àêöèè = ñèñòåìíàÿ + óíèêàëüíàÿ
Stock excess returns = factor returns + speci�c returns

r i =
K∑

k=1

Aik fk + δi

K � N;

Cov(fk , δj) = 0 for all k, j .

Cov(δi , δj) = 0 for all i , j .

Äîõîäíîñòü ïîðòôåëÿ Π = âçâåøåííàÿ ñóììà äîõîäíîñòåé

rΠ =
N∑
i=1

wi ri =
K∑

k=1

AΠ
k fk +

N∑
i=1

wiδi , AΠ
k =

N∑
i=1

wiAki .

Var
(
rΠ
)

=
K∑

k,l=1

AΠ
k A

Π
l Cov(fk , fl) +

N∑
i=1

w2

i Var(δi )



Ðèñê ïîðòôåëÿ (Portfolio Risk)

Âåêòîðíûå îáîçíà÷åíèÿ

N ÷èñëî ðàññìàòðèâàåìûõ èíñòðóìåíòîâ â ìîäåëè
K ÷èñëî ôàêòîðîâ
B K × K ìàòðèöà êîâàðèàöèè ôàêòîðîâ, Bij = Cov(fi , fj)
A K × N ìàòðèöà çàâèñèìîñòè îò ôàêòîðîâ (factor loadings)
D N × N äèàãîíàëüíàÿ ìàòðèöà Dii = Var(δi )
Σ N × N ìàòðèöà êîâàðèàöèè èíñòðóìåíòîâ
w âåêòîð ïîçèöèé ïî èíñòðóìåíòàì ïîðòôåëÿ Π

Σ = ATBA + D

Var
(
rΠ
)

= wTΣw , σ
(
rΠ
)

=
√
wTΣw .



Êîðåíü èç ìàòðèöû êîâàðèàöèè èíñòðóìåíòîâ

Ðàçëîæåíèå Õîëåöêîãî (Cholesky factorization)

Äëÿ ñèììåòðè÷åñêîé ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöû B
íàéäåòñÿ âåðõíå-òðåóãîëüíàÿ ìàòðèöà U òàêàÿ, ÷òî âåðíî

B = UᵀU

Σ =
[
I Aᵀ

] [D
B

] [
I
A

]
Ïîëîæèì

G =

[
D1/2

U

] [
I
A

]
=

[
D1/2

UA

]
=⇒ Σ = GᵀG =⇒

(
σΠ
)2

= wᵀGᵀGw =⇒ σΠ = ‖Gw‖2,



Âûáîð îïòèìàëüíîãî ïîðòôåëÿ

Îáîçíà÷åíèÿ

α âåêòîð îæèæàåìûõ äîõîäíîñòåé (return signals, aka alphas)
λ �íåïðèÿòèå ðèñêà� (portfolio-wide risk-aversion)

Çàäà÷è
1 Ìàêñèìèçèðîâàòü äîõîíîñòü äëÿ äàííîãî óðîâíÿ ðèñêà.

U(w) = αTw −→ max, s.t. σ(w) ≤ L2
2 Ìèíèìèçèðîâàòü ðèñê äëÿ äàííîãî óðîâíÿ äîõîäíîñòè.

U(w) = σ(w) −→ min, s.t. αTw ≥ L1
3 Íàéòè ýôôåêòèâíûé ïîðòôåëü ñî ñðåäíèì îòêëîíåíèåì

(Markowitz mean�variance optimization).
U(w) = −αTw + λσ(w) −→ min, s.t. eTw = 1.



Îïòèìàëüíàÿ ðåáàëàíñèðîâêà ïîðòôåëÿ

w âåêòîð íà÷àëüíûõ ïîçèöèé ïîðòôåëÿ
x = ∆w âåêòîð ðåáàëàíñèðîâêè (èçìåíåíèÿ ïîçèöèé)
TC (x) îæèäàåìûå òðàíçàêöèîííûå èçäåðæêè

(estimated transaction costs as function of ∆w)
H ìàòðèöà ïðèíàäëåæíîñòè èíñòðóìåíòîâ ê îòðàñëÿì

Ìîäèôèöèðîâàííàÿ îïòèìèçàöèÿ Ìàðêîâèöà

U(x) = λσ(w + x)− αᵀ(w + x) + TC (x) −→ min

Äîïîëèòåëüíûå óñëîâèÿ

(C1) m−i ≤ wi + xi < m+
i ëèìèò ïî èíñòðóìåíòó

(C2)
∑
|wi + xi | < G ëèìèò ïî êàïèòàëó (gross)

(C3)
∑
|xi | < L ëèìèò ïî îáîðîòó (turnover)

(C4a) h− ≤ H(w + x) ≤ h+ îòðàñëåâûå ëèìèòû ÷èñòûå

(C4b)
[
H(w + x)

]± ≤ g± . . . äëèííûå/êîðîòêèå



Êîíè÷åñêàÿ îïòèìèçàöèÿ â ïàêåòå CVXOPT

Ëèíåéíîå êîíè÷åñêîå ïðîãðàììèðîâàíèå

cT x −→ min

Gx + s = h

Ax = b

s ∈ C = C0 × C1 × . . .× CM × . . .× CM+N

Êâàäðàòè÷íîå êîíè÷åñêîå ïðîãðàììèðîâàíèå

1

2
xTPx + qT x −→ min

Gx + s = h

Ax = b

s ∈ C = C0 × C1 × . . .× CM × . . .× CM+N



Êâàäðàòè÷íîå êîíè÷åñêîå ïðîãðàììèðîâàíèå (SOCP)

Ïðÿìàÿ çàäà÷à

cT x −→ min

G0x + s0 = h0, s0 � 0

Gjx + sj = hj , sj = (s0j , s
1

j ), s0j ≥ ‖s1j ‖2, j = 1, . . . , q

Ax = b

Äâîéñòâåííàÿ çàäà÷à

−
q∑

j=0

hTj zj − bT y −→ max

q∑
j=0

GT
j zj + AT y + c = 0,

z0 � 0

zj = (z0j , z
1

j ), z0j ≥ ‖z1j ‖2, j = 1, . . . , q



Êâàäðàòè÷íîå êîíè÷åñêîå ïðîãðàììèðîâàíèå (SOCP)

http://cvxopt.org/userguide/coneprog.html#second-order-cone-

programming

http://cvxopt.org/userguide/coneprog.html#second-order-cone-programming
http://cvxopt.org/userguide/coneprog.html#second-order-cone-programming


Çàäà÷è âûáîðà ïîðòôåëÿ â ôîðìàòå SOCP

1. Ìàêñèìèçèðîâàòü äîõîíîñòü äëÿ äàííîãî óðîâíÿ ðèñêà.

U(w) = αTw −→ max, s.t. σ(w) ≤ L2, e
Tw = 1.



Çàäà÷è âûáîðà ïîðòôåëÿ â ôîðìàòå SOCP

2. Ìèíèìèçèðîâàòü ðèñê äëÿ äàííîãî óðîâíÿ äîõîäíîñòè.

U(w) = σ(w) −→ min, s.t. αTw ≥ L1, e
Tw = 1.



Çàäà÷è âûáîðà ïîðòôåëÿ â ôîðìàòå SOCP

3. Îïòèìèçàöèÿ Ìàðêîâèöà

U(w) = −αTw + λσ(w) −→ min, s.t. eTw = 1.



×òî ÷èòàòü äàëüøå?

Ëèòåðàòóðà

Asset Pricing by John H. Cochrane

Robust Portfolio Optimization and Management by Frank J.
Fabozzi and others.

Lectures on Modern Convex Optimization by Aharon Ben-Tal
and Arkadi Nemirovski.

Ññûëêè

http://cvxopt.org

http://docs.mosek.com/whitepapers/portfolio.pdf


