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More option terminology

Moneyness

out-of-the-money

at-the-money

in-the-money

Intrinsic / time value

Option Value = Intrinsic Value + Time Value



Öåíà îïöèîíà. Ìåòîä Ìîíòå-Êàðëî

Ìåòîä Ìîíòå-Êàðëî - ÷èñëåííîå èíòåãðèðîâàíèå.

C0 = EQ [DTCT ] = EQ
[
e−rTmax(0,ST − K )

]
Ãäå Ct - öåíà call îïöèîíà íà àêòèâ St .

dS = µStdt + σStdW
Q
t

S(t) = S(t −∆t) exp(rt − 1

2
σ2t + σWQ

t )

S(0) = S0



Ñëó÷àé àêòèâà, êîòîðûé âûïëà÷èâàåò äèâèäåíòû

äîõîä îò âëàäåíèÿ àêòèâîì S:

Seqt

Õàðàêòåðíûé ïðèìåð: îïöèîí íà êóðñ âàëþò (FX option).

Êàê íóæíî ìîäèôèöèðîâàòü?

Put-Call parity

óðàâíåíèå GBM äëÿ àêòèâà



Put-Call parity with q 6= 0

C − P = Se−qτ − Ke−rτ



Monte Carlo with q 6= 0

C0 = EQ [DTCT ] = EQ
[
e−rTmax(0,ST − K )

]
S(t) = S(t −∆t) exp((rt − qt − 1

2
σ2t + σWQ

t )



"The Greeks". Èíäèêàòîðû ðèñêà

V : òåêóùàÿ öåíà îïöèîíà

Íàçâàíèå Îïðåäåëåíèå

Delta ∆ = ∂V
∂S

Gamma Γ = ∂∆
∂S = ∂2V

∂S2

Theta Θ = ∂V
∂t

Vega ν = ∂V
∂σ

Rho ρ = ∂V
∂r



Flavours of options

Payo�s

Áèíàðíûé (Digital, One Touch/No Touch)

Åâðîïåéñêèé

Barriers

Digital strike / EKI / EKO

Continues : out-of-the money / in-the-money

Expiry and �xings

Åâðîïåéñêèé

Àìåðèêàíñêèé, Áåðìóäñêèé

Àçèàòñêèé îïöèîí ...



Çàäà÷è ñâÿçàííûå ñ îïöèîíàìè

Ðàñ÷åò öåíû (Pricing)

Mid price

Bid-Ask spread

Ñòðàòåãèÿ õåäæèðîâàíèÿ. Óïðàâëåíèå ðèñêîì.

Ïðèìåíåíèå â ñïåêóëÿòèâíûõ ñòðàòåãèÿõ

Â òåîðèè íåò ðàçíèöû ìåæäó òåîðèåé è ïðàêòèêîé.
Íà ïðàêòèêå áûâàåò ïî-ðàçíîìó.



Ðåïëèêàöèÿ è õýäæèðîâàíèå

Ðåïëèêàöèÿ - âîñïðîèçâåäåíèå âûïëàò ïî ïðîäóêòó ÷åðåç
ïîñòðîåíèå ñòðàòåãèè, èñïîëüçóþùåé äðóãèå ïðîäóêòû

Õåäæèðîâàíèå - èñêëþ÷åíèå âëèÿíèÿ êàêèõ-òî ðèñêîâ
ïóòåì äîáàâëåíèÿ íîâûõ èíñòðóìåíòîâ â ïàðòôåëü

Ñòðàòåãèè õåäæèðîâàíèÿ è ðåïëèêàöèè ìîãóò áûòü
ñòàòè÷åñêèìè è äèíàìè÷åñêèìè.



Äèíàìè÷åñêàÿ ñòðàòåãèÿ - delta hedging



Black-Scholes-Merton model

Ïóáëèêàöèè - 1973. Íîáåëåâñêàÿ ïðåìèÿ - 1997.

Ïðåäïîëîæåíèÿ î ðûíêå

No arbitrage : íå ñóùåñòâóåò ñòðàòåãèè, êîòîðàÿ áû
äàâàëà ïðèáûëü áåç ðèñêà ïðèíåñòè óáûòêè.

Ìîæíî çàíèìàòü ïîöèþ ñ ëþáûì íîìèíàëîì ïî âñå
äîñòóïíûì àêòèâàì. Âêëþ÷àþ îòðèöàòåëüíûå (long / short
selling, borrow / lend) è äðîáíûå íîìèíàëû.

Frictionless market. Ïðåíåáðåãàåì ñòîèìîñòüþ
òðàíçàêöèé è Bid/Ask spread.



Black-Scholes-Merton model

Â ìîäåëå Áëýêà-Øóëüöà ïðåäïîëàãàåòñÿ, ÷òî íà ðûíêå åñòü
áåçðèñêîâûé àêòèâ (Bond) è êàê ìèíèìóì îäèí àêòèâ ñ ðèñêîì
(Stock). (B, S)-ðûíîê.

Àêòèâû ( B, S )

Risk-free rate: r = const .

Äâèæåíèå ðûíî÷íîé öåíû S - ãåîìåòðè÷åñêîå
áðîóíîâñêîå äâèæåíèå ñ ïîñòîÿííûìè ïàðàìåòðàìè drift
è volatility.

Â êëàññè÷åñêîì âàðèàíòå ïî underlying àêòèâó íåò
íà÷èñëåíèÿ äèâèäåíòîâ. Íî ìîäåëü ëåãêî îáîáùàåòñÿ íà
ñëó÷àé àêòèâà ñ äèâèäåíòàìè. Ýòî íåîáõîäèìî äëÿ,
íàïðèìåð, äëÿ FX options.



Black-Scholes-Merton model

Îáîçíà÷åíèÿ
t - òåêóùåå âðåìÿ

T - maturity time

S - öåíà áàçîâîãî àêòèâà

K - strike price

r - áåçðèñêîâàÿ ïðîöåíòíàÿ ñòàâêà (risk-free interest rate)

q - ïðîöåíòíàÿ ñòàâêà âûïëàò ïî áàçîâîìó àêòèâó

σ - volatility - ïàðàìåòð áðîóíîâêîãî äâèæåíèÿ âûïëàò ïî
áàçîâîìó àêòèâó

N(z) = Φ(z) = 1√
2π

∫ z
−∞ e−

x2

2 dx ôóíêöèÿ ðàñïðåäåëåíèÿ äëÿ

ñòàíäàðòíîãî íîðìàëüíîãî (ãàóñîâñêîãî) ðàñïðåäåëåíèÿ.

Ïëîòíîñòü ðàñïðåäåëåíèÿ: N ′(z) = φ(z) = 1√
2π
e−

x2

2 .



Black-Scholes-Merton model: Îáùèé õîä ðàññóæäåíèé

Ðàññìàòðèâàåòñÿ ïîðòôåëü

Π = −V +
∂V

∂S
S

Ìîæíî ïîêàçàòü, ÷òî â ïðåäïîëîæåíèè ÷òî S ýòî GBM, ∆Π íå
çàâèñèò îò ñëó÷àéíîé ïåðåìåííîé, ò.å. ïîðòôåëü - áåçðèñêîâûé
àêòèâ.
Ýòîò ïðèåì äëÿ õýäæèðîâàíèÿ îïöèîíà íàçûâàåòñÿ delta-hedge.

∆Π = rΠ∆t



Black-Scholes-Merton model: PDE

(äëÿ ñëó÷àÿ q = 0 )
Óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ äëÿ öåíû îïöèîíà

1

2
σ2S2

∂2V

∂S2
+ rS

∂V

∂S
+
∂V

∂t
− rV = 0

NB!: PDE, not SDE

1

2
σ2S2Γ + rS∆ + Θ− rV = 0



Black-Scholes-Merton model: ôîðìóëà

äëÿ ñëó÷àÿ q = 0, äëÿ Åâðîïåéñêîãî call-îïöèîíà

Ôîðìóëà äëÿ öåíû îïöèîíà

C (S ,K , t,T , r , σ) = N(d+)S − N(d−)Ke−rτ

ãäå:
τ = T − t

d± =
log S

K + (r ± σ2

2
)τ

σ
√
τ

d− = d+ − σ
√
τ



Black-Scholes-Merton model: ôîðìóëà

Öåíà îïöèîíà êàê ôóíêöèÿ ôîðâàðäíîé öåíû

C (F ,K , t,T , r , σ) = D(N(d+)F − N(d−)K )

d± =
log F

K ±
σ2

2
τ

σ
√
τ



Ýêîíîìè÷åñêèé ñìûñë ñëàãàåìûõ â ôîðìóëå

Ôîðìóëà äëÿ öåíû îïöèîíà

C (S , τ) = SN(d+)− Ke−rτN(d−)

d± =
log S

K + (r ± σ2

2
)τ

σ
√
τ

d− = d+ − σ
√
τ



Black-Scholes-Merton model

Ïðåäïîëîæåíèÿ

Frictionless market. Ïðåíåáðåãàåì ñòîèìîñòüþ
òðàíçàêöèé è Bid/Ask spread.

Äâèæåíèå ðûíî÷íîé öåíû S - ãåîìåòðè÷åñêîå
áðîóíîâñêîå äâèæåíèå. σ = const .

Risk-free rate: r = const .

Ìîæíî çàíèìàòü ïîöèþ ñ ëþáûì íîìèíàëîì ïî âñå
äîñòóïíûì àêòèâàì. Âêëþ÷àþ îòðèöàòåëüíûå (long / short
selling, borrow / lend) è äðîáíûå íîìèíàëû.

Âñå ýòî íåïðàâäà



Ðàñøèðåíèÿ ìîäåëè Black-Scholes-Merton

Êàê ìîæíî ìîäèôèöèðîâàòü

äîõîä îò âëàäåíèÿ àêòèâîì S : q = const 6= 0

r = r(t), q = q(t)

σ = σ(St , t)



Black-Scholes-Merton model with q 6= 0

äëÿ call-îïöèîíà è äëÿ put-îïöèîíà:

C (S ,K , τ, r , q, σ) = N(d+)Se−qτ − N(d−)Ke−rτ

P(S ,K , τ, r , q, σ) = Ke−rτN(−d−)− Se−qτN(−d+)

d± =
log S

K + (r − q ± σ2

2
)τ

σ
√
τ



Black-Scholes-Merton model: The Greeks

Åñëè òåêóùàÿ öåíà îïöèîíà V .

Íàçâàíèå Îïðåäåëåíèå
Äëÿ ìîäåëè Áëýêà-Øóëüöà

(Åâðîïåéñêèé call îïöèîí)

Delta ∆ = ∂V
∂S e−qτN(d+)

Gamma Γ = ∂∆
∂S = ∂2V

∂S2 e−qτ N′(d+)
Sσ
√
τ

Theta Θ = ∂V
∂t

= −∂V
∂τ

= −e−qτ SN
′(d+)σ

2
√
τ

+ qSe−qτN(d+)− rKe−rτN(d−)

Vega ν = ∂V
∂σ SN ′(d+)

√
τ

Rho ρ = ∂V
∂r Kτe−rτN(d−)



Black-Scholes-Merton model

ñì. BlackScholes.ipynb



Âû÷èñëåíèå öåíû ÷èñëåííûì ðåøåíèåì óðàâíåíèÿ â
÷àñòûõ ïðîèçâîäíûõ

Óðàâíåíèå â ÷àñòûõ ïðîèçâîäíûõ (PDE). Çàäàåò âèä
f = f (t, S).

Ãðàíè÷íûå óñëîâèÿ

Äèñêðåòèçàöèÿ ïî t è S . "Ðåøåòêà"

Ðàçíîñòíàÿ ñõåìà



Âû÷èñëåíèå öåíû ÷èñëåííûì ðåøåíèåì PDE

∂C

∂t
+

1

2
σ2S2

∂2C

∂S2
+ rS

∂C

∂S
= rC

Ðàçíîñòíûå ñõåìû äëÿ ïðîèçâîäíûõ

Forward di�erence: ∂f
∂S ≈

fi+1,j−f i ,j
∆S

Backward di�erence: ∂f
∂S ≈

fi,j−f i−1,j
∆S

Central or symmetric di�erence: ∂f
∂S ≈

fi+1,j−f i−1,j
2∆S

∂2f
∂S2 ≈

fi+1,j−2fi,j+fi−1,j
∆S2



The explicit method

rfi ,j =
fi ,j − fi ,j−1

∆t
+ rS

f i + 1, j − fi−1,j
2∆S

+
1

2
σ2S2

fi+1,j − 2fi ,j + fi−1,j
∆S2

fi ,j = ai fi−1,j+1 + bi fi ,j+1 + ci + fi+1,j+1



The explicit method



The implicit method

rfi ,j =
fi ,j+1 − fi ,j

∆t
+ rS

f i + 1, j − fi−1,j
2∆S

+
1

2
σ2S2

fi+1,j − 2fi ,j + fi−1,j
∆S2

fi ,j+1 = ai fi−1,j + bi fi ,j + ci + fi+1,j

Mfj = fj+1 − k



The implicit method



The Crank-Nicolson method

1

2
rfi ,j−1 +

1

2
rfi ,j =

fi ,j − fi ,j−1
∆t

+
1

2
rSi

[
fi+1,j−1 − fi−1,j−1

2∆S
+

fi+1,j − fi−1,j
2∆S

]
+

1

4
σ2S2

i

[
fi+1,j−1 − 2fi ,j−1 + fi−1,j−1

∆S2

+
fi+1,j − 2fi ,j + fi−1,j

∆S2

]

A1fj−1 = A2fj



The Crank-Nicolson method

A1 =

1− β1 −γ1 0 0 . . . 0 0 0
α2 1− β2 −γ2 0 . . . 0 0 0
0 α3 1− β3 −γ3 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . αM−2 1− βM−2 −γM−2
0 0 0 . . . 0 αM−1 1− βM−1



fj =


f1,j
f2,j
. . .

fM−1,j





The Crank-Nicolson method

A2 =

1 + β1 γ1 0 0 . . . 0 0 0
α2 1 + β2 γ2 0 . . . 0 0 0
0 α3 1 + β3 γ3 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . αM−2 1 + βM−2 γM−2
0 0 0 . . . 0 αM−1 1 + βM−1



αi =
∆t

4

(
σ2k2 − rk

)
; βi =

∆t

2

(
σ2k2 + rk

)
γi =

∆t

4

(
σ2k2 + rk

)
; k =

Si
∆S



The Crank-Nicolson method



×èñëåííîå ðåøåíèå PDE

ñì. PDE.ipynb



Ïîëíûé ðûíîê / Complete market

(B, S)-ðûíîê íàçûâàåòñÿ ïîëíûì (N-ïîëíûì) åñëè âñÿêîå
FN -èçìåðèìîå îãðàíè÷åííîå ïëàòåæíîå ïîðó÷åíèå fN = fN(ω)
äîñòèæèìî. Ò.å. íàéäåòñÿ ñàìîôèíàíñèðóåìûé ïîðòôåëü π è
íà÷àëüíûé êàïèòàë x ò.÷. Xπ

0
= x è X π

N = fN (P-ï.í.) [Øèðÿåâ]

A market in which every possible contingent claim can be
replicated is said to be complete. [Joshi]

Ïðè ïîñòðîåíèè ðåïëèêàöèè ìû ïðåíåáðåãàåì íàêëàäíûìè
èçäåðæêàìè (transaction costs, bid-ask spread)



Åùå îäèí ïðèìåð ðåïëèêàöèè/õåäæèðîâàíèÿ

Áèíàðíûé îïöèîí

Êàê ìîæíî çàõåæäèðîâàòü áèíàðíûé îïöèîí ïðè ïîìîùè call
îïöèîíîâ?



Äàííûé ìàòåðèàë íå ÿâëÿåòñÿ ïðåäëîæåíèåì èëè ïðåäîñòàâëåíèåì

êàêîé-ëèáî óñëóãè. Äàííûé ìàòåðèàë ïðåäíàçíà÷åí èñêëþ÷èòåëüíî

äëÿ èíôîðìàöèîííûõ è èëëþñòðàòèâíûõ öåëåé è íå ïðåäíàçíà÷åí

äëÿ ðàñïðîñòðàíåíèÿ â ðåêëàìíûõ öåëÿõ. Ëþáîé àíàëèç òðåòüèõ

ñòîðîí íå ïðåäïîëàãàåò êàêîãî-ëèáî îäîáðåíèÿ èëè ðåêîìåíäàöèè.

Ìíåíèÿ, âûðàæåííûå â äàííîì ìàòåðèàëå, ÿâëÿþòñÿ àêòóàëüíûìè

íà òåêóùèé ìîìåíò, ïîÿâëÿþòñÿ òîëüêî â ýòîì ìàòåðèàëå è ìîãóò

áûòü èçìåíåíû áåç ïðåäâàðèòåëüíîãî óâåäîìëåíèÿ. Ýòà èíôîðìàöèÿ

ïðåäîñòàâëÿåòñÿ ñ ïîíèìàíèåì òîãî, ÷òî â îòíîøåíèè ìàòåðèàëà,

ïðåäîñòàâëåííîãî çäåñü, âû áóäåòå ïðèíèìàòü ñàìîñòîÿòåëüíîå

ðåøåíèå â îòíîøåíèè ëþáûõ äåéñòâèé â ñâÿçè ñ íàñòîÿùèì

ìàòåðèàëîì, è ýòî ðåøåíèå ÿâëÿåòñÿ îñíîâàííûì íà âàøåì

ñîáñòâåííîì ñóæäåíèè, è ÷òî âû ñïîñîáíû ïîíÿòü è îöåíèòü

ïîñëåäñòâèÿ ýòèõ äåéñòâèé. ÎÎÎ "Äîé÷å Áàíê ÒåõÖåíòð" íå íåñåò

íèêàêîé îòâåòñòâåííîñòè çà ëþáûå óáûòêè ëþáîãî ðîäà,

îòíîñÿùèõñÿ ê ýòîìó ìàòåðèàëó.


