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Ïðèìåðû ðåïëèêàöèè/õåäæèðîâàíèÿ

Áèíàðíûé îïöèîí

Êàê ìîæíî ðåïëèöèðîâàòü áèíàðíûé îïöèîí ïðè ïîìîùè call
îïöèîíîâ?
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Cox-Ross-Rubinstein model
Binomial options pricing model

Sn

uSn

dSn

q

1-q

Äèñêðåòíîå âðåìÿ (tn, ñ øàãîì ∆t)

Sn+1 =

{
u · Sn, ñ âåðîÿòíîñòüþ q

d · Sn, ñ âåðîÿòíîñòüþ 1− q

d = 1

u

u = eσ
√

∆t

q =
er∆t − d

u − d
Ñòàòüÿ: Cox, Ross, Rubinstein � Option Pricing A Simpli�ed
Approach



Cox-Ross-Rubinstein model



Cox-Ross-Rubinstein model

see CRR.ipynb



Àìåðèêàíñêèé îïöèîí

Áàçîâûé àêòèâ, íå âûïëà÷èâàþùèé äèâèäåíòû, r > 0.
Ïðè êàêèõ óñëîâèÿõ ðàöèîíàëüíî èñïîëüíèòü àìåðèêàíñêèé
êîëë îïöèîí äî ýêñïàèðè?



Àìåðèêàíñêèé îïöèîí

t = T

ST ≥ K ST < K

long call

long bond x K

short spot

? ? ?
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Combinations

ñì. Combinations.ipynb



Ðàñøèðåíèÿ ìîäåëè Black-Scholes-Merton

äîõîä îò âëàäåíèÿ àêòèâîì S : q = const 6= 0

Yield curve: r = r(t), q = q(t)

σ = σ(St, t)



Volatility

Â óðàâíåíèå Áëýêà-Øóëüöà äëÿ Åâðîïåéñêîãî îïöèîíà ïðè
çàäàííîé âîëàòèëüíîñòè îïðåäåëÿåò öåíó è íàîáîðîò

Îñíîâíîé ôàêòîð íåîïðåäåëåííîñòè (ðèñêà) â öåíå
îïöèîíà

Öåíû íà îïöèîíû êâîòèðóþòñÿ â òåðìèíàõ âîëîòèëüíîñòè

σ = σ(K , t)

Implied Volatility

Realized volatility
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Equity volatility - before 1987

Emanuel Derman, M. B. Miller - 2016 - The Volatility Smile



Equity volatility - after 1987

Emanuel Derman, M. B. Miller - 2016 - The Volatility Smile



Ïîâåðõíîñòü âîëàòèëüíîñòè

ñì. ImpliedVol.ipynb



Volatility smile / Volatility skew



FX volatility surface



FX volatility smile

Iain J. Clark � Foreign Exchange Option Pricing: A Practitioner's
Guide - Figure 3.4



Volatility smile models

Local volatility

Stochastic volatility

Jump di�usion

Ïàðàìåòðèçàöèÿ ïîâåðõíîñòè âîëàòèëüíîñòè, êàëèáðàöèÿ
ïàðàìåòðîâ

Ïðèìåíåíèå ìåòîäà Ìîíòå Êàðëî äëÿ ñëó÷àéíîãî ïðîöåññà
îïðåäåëåííîãî äðóãèìè óñëîâèÿìè



Local volatility

Åñëè çàäàííî ðàñïðåäåëåíèå öåí äëÿ âàíèëüíûõ îïöèîíîâ â
çàâèñèìîñòè îò K è T , òî ôóíêöèÿ σloc(St , t) òàêàÿ, ïðîöåññ

dSt = rtStdt + σloc(St , t)StdWt

Ñîîòâåòñòâóåò çàäàííûì öåíàì äëÿ îïöèîíà C (K ,T ).
Äëÿ ñëó÷àÿ q = r = 0.

∂C

∂T
=

1

2
σ2(K ,T )K 2

∂2C

∂K 2

Bruno Dupire (1993, 1994); Emanuel Derman, Iraj Kani (1994);
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Stochastic volatility

dSt = µSt dt +
√
νtSt dW1

dνt = αν,t dt + βν,t dW2

ãäå αν,t è βν,t íåêîòîðûå ôóíêöèè ν è t
W1 è W2 âèíåðîâñêèå ïðîöåññû, ñ êîððåëÿöèåé ρ .

〈dW1 dW2〉 = ρdt
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Stochastic volatility : Heston model

dSt = µSt dt +
√
νtSt dW1

dνt = θ(ω − νt)dt + ξ
√
νt dW2

ãäå:
ω - ñðåäíåå (long-term mean)
θ - ñêîðîñòü âîçâðàòà ê ñðåäíåìó
ξ - âîëàòèëüíîñòü âîëàòèëüíîñòè
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Stochastic volatility : SABR (Stochastic Alpha, Beta, Rho)

dFt = σtF
β
t dW1,

dσt = ασt dW2,

〈dW1 dW2〉 = ρdt

β, α ïàðàìåòðû ìîäåëè, ò.÷. 0 ≤ β ≤ 1, α ≥ 0.
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Stochastic volatility : SABR

Hagan et al. (2002) Managing Smile Risk
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Jump di�usion : example

dSt
St

= µdt + σdWt + (J − 1)dNt

J - ñëó÷àéíûé ðàçìåð ïðûæêà
Nt - ïðîöåññ Ïóàññîíà
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Çà ïðåäåëàìè ìîäåëè Black-Scholes-Merton

Ëîêàëüíàÿ âîëàòèëüíîñòü (LV)

Ñòîõàñòè÷åñêàÿ âîëàòèëüíîñòü (SV)

Ëîêàëüíàÿ âîëàòèëüíîñòü + Ñòîõàñòè÷åñêàÿ
âîëàòèëüíîñòü (LV/SV)

Jumps

Ïðîöåíòíàÿ ñòàâêà êàê ñòîõàñòè÷åñêèé ïðîöåññ (Stochastic
rates)



Ðàñøèðåíèÿ ìîäåëè Black-Scholes-Merton

r = const −→ r = r(t)

σ = const −→ σ = σ(K ,T )

Rho : ∂V
∂r −→ ?

Vega : ∂V
∂σ −→ ?
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What is implied volatility?

"In essence, implied volatility is the wrong number we put into the
wrong formula to get the correct option price."
Euan Sinclair � Volatility Trading



Notes



Notes



Ëèòåðàòóðà : "ìàòåìàòèêà è êîä"

James Ma Weiming � Mastering Python for Finance
https://www.packtpub.com/big-data-and-business-
intelligence/mastering-python-�nance

Yves Hilpisch � Python for Finance �
http://python-for-�nance.com/

Yves Hilpisch � Derivatives Analytics with Python

https://www.packtpub.com/big-data-and-business-intelligence/mastering-python-finance
https://www.packtpub.com/big-data-and-business-intelligence/mastering-python-finance
http://python-for-finance.com/


Ëèòåðàòóðà : "ïðî ìàòåìàòèêó"

Bernt K. Øksendal � Stochastic Di�erential Equations: An
Introduction with Applications // Á. Îêñåíäàëü �
Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ââåäåíèå â
òåîðèþ è ïðèëîæåíèÿ

Ubbo F. Wiersema � Brownian Motion Calculus

Mark S. Joshi � The Concepts and Practice of Mathematical
Finance

Paul Wilmott on Quantitative Finance

Øèðÿåâ À.Í. � Îñíîâû ñòîõàñòè÷åñêîé ôèíàíñîâîé
ìàòåìàòèêè � T.2
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Ëèòåðàòóðà : "from practitioner"

Hull, John C. � Options, Futures and Other Derivatives /
Äæîí Ê. Õàëë � Îïöèîíû, ôüþ÷åðñû è äðóãèå
ïðîèçâîäíûå ôèíàíñîâûå èíñòðóìåíòû

Giles Jewitt � FX Derivatives Trader School

Euan Sinclair � Volatility Trading

Iain J. Clark � Foreign Exchange Option Pricing: A
Practitioner's Guide

Jim Gatheral � The Volatility Surface: A Practitioner's Guide
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Ïðèìåð ðåàëèçàöèè áèáëèîòåêè

quantlib.org

The QuantLib project is aimed at providing a comprehensive
software framework for quantitative �nance. QuantLib is a
free/open-source library for modeling, trading, and risk
management in real-life.
QuantLib is written in C++ with a clean object model, and is then
exported to di�erent languages such as C#, Objective Caml, Java,
Perl, Python, GNU R, Ruby, and Scheme.

https://github.com/lballabio/QuantLib/tree/master/Examples

https://github.com/lballabio/QuantLib-SWIG/tree/master/Python/examples

http://quantlib.org/
https://github.com/lballabio/QuantLib/tree/master/Examples
https://github.com/lballabio/QuantLib-SWIG/tree/master/Python/examples


Äàííûé ìàòåðèàë íå ÿâëÿåòñÿ ïðåäëîæåíèåì èëè ïðåäîñòàâëåíèåì

êàêîé-ëèáî óñëóãè. Äàííûé ìàòåðèàë ïðåäíàçíà÷åí èñêëþ÷èòåëüíî

äëÿ èíôîðìàöèîííûõ è èëëþñòðàòèâíûõ öåëåé è íå ïðåäíàçíà÷åí

äëÿ ðàñïðîñòðàíåíèÿ â ðåêëàìíûõ öåëÿõ. Ëþáîé àíàëèç òðåòüèõ

ñòîðîí íå ïðåäïîëàãàåò êàêîãî-ëèáî îäîáðåíèÿ èëè ðåêîìåíäàöèè.

Ìíåíèÿ, âûðàæåííûå â äàííîì ìàòåðèàëå, ÿâëÿþòñÿ àêòóàëüíûìè

íà òåêóùèé ìîìåíò, ïîÿâëÿþòñÿ òîëüêî â ýòîì ìàòåðèàëå è ìîãóò

áûòü èçìåíåíû áåç ïðåäâàðèòåëüíîãî óâåäîìëåíèÿ. Ýòà èíôîðìàöèÿ

ïðåäîñòàâëÿåòñÿ ñ ïîíèìàíèåì òîãî, ÷òî â îòíîøåíèè ìàòåðèàëà,

ïðåäîñòàâëåííîãî çäåñü, âû áóäåòå ïðèíèìàòü ñàìîñòîÿòåëüíîå

ðåøåíèå â îòíîøåíèè ëþáûõ äåéñòâèé â ñâÿçè ñ íàñòîÿùèì

ìàòåðèàëîì, è ýòî ðåøåíèå ÿâëÿåòñÿ îñíîâàííûì íà âàøåì

ñîáñòâåííîì ñóæäåíèè, è ÷òî âû ñïîñîáíû ïîíÿòü è îöåíèòü

ïîñëåäñòâèÿ ýòèõ äåéñòâèé. ÎÎÎ "Äîé÷å Áàíê ÒåõÖåíòð" íå íåñåò

íèêàêîé îòâåòñòâåííîñòè çà ëþáûå óáûòêè ëþáîãî ðîäà,

îòíîñÿùèõñÿ ê ýòîìó ìàòåðèàëó.


