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Ìîäåëèðîâàíèå ïðîöåíòíûõ ñòàâîê

r = const

r = r(t)

Stochastic rates models



Áàçîâûå ïîíÿòèÿ

Bank account / Money-market account

dB(t) = rtB(t)dt,B(0) = 1

⇒ B(t) = exp

(∫ t

0

rsds

)
rt � instantaneous spot rate / short rate



Áàçîâûå ïîíÿòèÿ

Discout factor

D(t,T ) =
B(t)

B(T )
= exp

(
−
∫ T

t
rsds

)

Zero-coupon bond

P(t,T ) - öåíà êîíòðàêòà, êîòîðûé âûïëà÷èâàåò åäèíè÷íûé
íîìèíàë â ìîìåíò t = T .

Åñëè rt äåòåðìèíèðîâàííàÿ ôóíêöèÿ, òî D(t,T ) = P(t,T )
Åñëè rt ñëó÷àéíûé ïðîöåññ, òî P(t,T ) = EQ [D(t,T )]



Áàçîâûå ïîíÿòèÿ

Ñòàâêà ñ íåïðåðûâíûì äèñêîíòèðîâàíèåì

R(t,T ) = − lnP(t,T )

τ(t,T )

⇒ P(t,T ) = exp (−R(t,T )τ(t,T ))

Ñòàâêà ñ ïðîñòûì äèñêîíòèðîâàíèåì

L(t,T ) =
1− P(t,T )

τ(t,T )P(t,T )

τ(t,T ) - year fraction



Numeraire / Measure

Numeraire N, numeraire U,

EN

[
ZT

NT

]
= EU

[
U0

N0

· ZT

UT

]

dQU

dQN = UTN0

U0NT



T-Forward Measure

Nt = P(t,T )
NT = P(T ,T ) = 1



FRA

FRA

N · τ(T ,S) · (K − L(T , S))

L(T ,S) � ïëàâàþùàÿ ñòàâêà, êîòîðàÿ ôèêñèðóåòñÿ â ìîìåíò
âðåìåíè T (expiry) íà ïåðèîä T ,S . S � maturity

FRA = N [P(t,S) · τ(T ,S) · K − P(t,T ) + P(t, S)]



Simply-compounded forward interest rate

F (t;T , S) =
1

τ(T , S)

(
P(t,T )

P(t,S)
− 1

)

FRA = N · P(t,S) · τ(T ,S)(K − F (t;T , S))



Instantaneous forward interest rate

lim
S→T+

F (t;T ,S) = − lim
S→T+

1

P(t,S)

P(t,S)− P(t,T )

S − T

= − 1

P(t,T )

∂P(t,T )

∂T

= −∂ lnP(t,T )

∂T

⇒ P(t,T ) = exp
(
−
∫ T
t f (t, s)ds

)



Interest Rate Swap

Payer IRS / Receiver IRS

PayerIRS =

β∑
i=α+1

D(t,Ti )Nτi (L(Ti−1,Ti )− K )

ReceiverIRS =

β∑
i=α+1

D(t,Ti )Nτi (K − L(Ti−1,Ti ))

ReceiverIRS =
∑β

i=α+1
FRA(t,Ti−1,Ti , τi ,N,K )



Forward swap rate

Sα,β(t) =
P(t,Tα)− P(t,Tβ)∑β

i=α+1
τiP(t,Ti )

IRS(K = Sα,β) = 0



Interest Rate Caps/Floors

Cap =

β∑
i=α+1

D(t,Ti )Nτi (L(Ti−1,Ti )− K )+

Floor =

β∑
i=α+1

D(t,Ti )Nτi (K − L(Ti−1,Ti ))
+

Íà ÷òî ýòî ïîõîæå?

Êàê ýòî ìîæíî èñïîëüçîâàòü?



Caplet/Floorlet

CapBlack(t = 0) = N

β∑
i=α+1

P(0,Ti )τi · Call(K ,F (0,Ti−1,Ti ), νi )

FloorBlack(t = 0) = N

β∑
i=α+1

P(0,Ti )τi · Put(K ,F (0,Ti−1,Ti ), νi )

νi = σα,β
√

Ti−1



Cap/Floor Moneyness

KATM = Sα,β(0) =
P(0,Tα)− P(0,Tβ)∑β

i=α+1
τiP(0,Ti )

CapATM = FloorATM

If K < KATM , then Cap is ITM / Floor is OTM
If K > KATM , then Cap is OTM / Floor is ITM



Cap/Floor Parity

Cap− Floor = PayerIRS



Swaption

Option on PayerIRS

N · D(t,Tα)(

β∑
i=α+1

P(Tα,Ti )τi · (F (Tα;Ti−1,Ti )− K ))+



Swaption

PSBlack(t = 0) = N · Call(K ,Sα,β(0), σα,β
√
Tα)

β∑
i=α+1

τiP(0,Ti )

RSBlack(t = 0) = N · Floor(K , Sα,β(0), σα,β
√
Tα)

β∑
i=α+1

τiP(0,Ti )



Swaption ATM Vol

Brigo, Mercurio - Interest Rate Models - Theory and Practice



Short-rate models

Ìîäåëü Óðàâíåíèå

Vasicek drt = k (θ − rt) dt + σdWt

Dothan drt = artdt + σrtdWt

Hull-White drt = kt (θt − rt) dt + σ(t)dWt

Cox-Ingersoll-Ross drt = k (θ − rt) dt + σ
√
rtdWt

CIR++ rt = xt + ϕt ; dxt = k (θ − xt) dt + σ
√
xtdWt



Short-rate models

Ìîäåëü Óðàâíåíèå

Black-Karasinski d ln(rt) = [θt − ϕt ln rt ] dt + σtrtdWt

CEV (Constant Elasticity of Variance) drt = a(t) (b(t)− rt) dt + σ(t)rαt dWt



Heath-Jarrow-Morton (HJM) Framework

df (t,T ) = α(t,T )dt + σ(t,T )dWt

f (0,T ) = f M(0,T )
W = (W1, · · · ,WN)
σ(t,T ) = (σ1(t,T ), · · · , σN(t,T ))

α(t,T ) = σ(t,T )

∫ T

t
σ(t, s)ds =

N∑
i=1

σi (t,T )

∫ T

t
σi (t, s)ds



Äàííûé ìàòåðèàë íå ÿâëÿåòñÿ ïðåäëîæåíèåì èëè ïðåäîñòàâëåíèåì

êàêîé-ëèáî óñëóãè. Äàííûé ìàòåðèàë ïðåäíàçíà÷åí èñêëþ÷èòåëüíî

äëÿ èíôîðìàöèîííûõ è èëëþñòðàòèâíûõ öåëåé è íå ïðåäíàçíà÷åí

äëÿ ðàñïðîñòðàíåíèÿ â ðåêëàìíûõ öåëÿõ. Ëþáîé àíàëèç òðåòüèõ

ñòîðîí íå ïðåäïîëàãàåò êàêîãî-ëèáî îäîáðåíèÿ èëè ðåêîìåíäàöèè.

Ìíåíèÿ, âûðàæåííûå â äàííîì ìàòåðèàëå, ÿâëÿþòñÿ àêòóàëüíûìè

íà òåêóùèé ìîìåíò, ïîÿâëÿþòñÿ òîëüêî â ýòîì ìàòåðèàëå è ìîãóò

áûòü èçìåíåíû áåç ïðåäâàðèòåëüíîãî óâåäîìëåíèÿ. Ýòà èíôîðìàöèÿ

ïðåäîñòàâëÿåòñÿ ñ ïîíèìàíèåì òîãî, ÷òî â îòíîøåíèè ìàòåðèàëà,

ïðåäîñòàâëåííîãî çäåñü, âû áóäåòå ïðèíèìàòü ñàìîñòîÿòåëüíîå

ðåøåíèå â îòíîøåíèè ëþáûõ äåéñòâèé â ñâÿçè ñ íàñòîÿùèì

ìàòåðèàëîì, è ýòî ðåøåíèå ÿâëÿåòñÿ îñíîâàííûì íà âàøåì

ñîáñòâåííîì ñóæäåíèè, è ÷òî âû ñïîñîáíû ïîíÿòü è îöåíèòü

ïîñëåäñòâèÿ ýòèõ äåéñòâèé. ÎÎÎ "Äîé÷å Áàíê ÒåõÖåíòð" íå íåñåò

íèêàêîé îòâåòñòâåííîñòè çà ëþáûå óáûòêè ëþáîãî ðîäà,

îòíîñÿùèõñÿ ê ýòîìó ìàòåðèàëó.


