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Kerr Black Holes
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Astrophysical BHs are believed to be described by the Kerr metric:

Maximally-rotating (extremal) Kerr is for            a = M

Event/Cauchy horizon: r± = M ±
p
M2 � a2
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It has two explicit symmetries (Killing vectors):
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<latexit sha1_base64="YrDeoMQmkKvvbMDzIJ+lPJijw+E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1ItQ9OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOgkUwx9lohEtUKqUXCJvuFGYCtVSONQYDMc3k395hMqzRP5aEYpBjHtSx5xRo2VfHWjuufdUtmtuDOQZeLlpAw56t3SV6eXsCxGaZigWrc9NzXBmCrDmcBJsZNpTCkb0j62LZU0Rh2MZ8dOyKlVeiRKlC1pyEz9PTGmsdajOLSdMTUDvehNxf+8dmai62DMZZoZlGy+KMoEMQmZfk56XCEzYmQJZYrbWwkbUEWZsfkUbQje4svLpHFR8S4r1YdquXabx1GAYziBM/DgCmpwD3XwgQGHZ3iFN0c6L8678zFvXXHymSP4A+fzB1UGjmI=</latexit>r = r�

(t = 1, r = r+)
<latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit>

<latexit sha1_base64="xavYVJhu0EJz8qUjLH+qTyKqymk=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1iEClISKepGKLpxWcFeoA1lMp20QyeTMHMihFBfxY0LRdz6IO58G6dtFtr6w8DHf87hnPn9WHANjvNtrayurW9sFraK2zu7e/v2wWFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++ndbbj0xpHskHSGPmhWQoecApAWP17VIFrntcBpCeqRxO+3bZqToz4WVwcyijXI2+/dUbRDQJmQQqiNZd14nBy4gCTgWbFHuJZjGhYzJkXYOShEx72ez4CT4xzgAHkTJPAp65vycyEmqdhr7pDAmM9GJtav5X6yYQXHkZl3ECTNL5oiARGCI8TQIPuGIURGqAUMXNrZiOiCIUTF5FE4K7+OVlaJ1X3Ytq7b5Wrt/kcRTQETpGFeSiS1RHd6iBmoiiFD2jV/RmPVkv1rv1MW9dsfKZEvoj6/MH+2qUWw==</latexit>

(t = 1, r = 1)

<latexit sha1_base64="fuv8gV08iDykMmZyh+tvIPN3AB0=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFqKAlkaJuCkU3LivYC7ShTKaTduhkEmZOhBiKr+LGhSJufQ93vo3TNgtt/WHg4z/ncM78XsSZAtv+NnJLyyura/n1wsbm1vaOubvXVGEsCW2QkIey7WFFORO0AQw4bUeS4sDjtOWNbib11gOVioXiHpKIugEeCOYzgkFbPfOgBNWzLhM+JKeyOoOTnlm0y/ZU1iI4GRRRpnrP/Or2QxIHVADhWKmOY0fgplgCI5yOC91Y0QiTER7QjkaBA6rcdHr92DrWTt/yQ6mfAGvq/p5IcaBUEni6M8AwVPO1iflfrRODf+WmTEQxUEFmi/yYWxBakyisPpOUAE80YCKZvtUiQywxAR1YQYfgzH95EZrnZeeiXLmrFGvXWRx5dIiOUAk56BLV0C2qowYi6BE9o1f0ZjwZL8a78TFrzRnZzD76I+PzB2h9lJI=</latexit>

(t = �1, r = 1)
<latexit sha1_base64="rSavvA0QBiPG8aRWmnJwYXDvj4Q=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEinopFL14rGA/oA1hs93UpZtN2J0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX7MmQLb/jZyS8srq2v59cLG5tb2jlncbakokYQ2ScQj2fGxopwJ2gQGnHZiSXHoc9r2h9cTv/1ApWKRuINRTN0QDwQLGMGgJc8slqF22mMigNGJrEnv+MgzS3bFnsJaJE5GSihDwzO/ev2IJCEVQDhWquvYMbgplsAIp+NCL1E0xmSIB7SrqcAhVW46PX1sHWqlbwWR1CXAmqq/J1IcKjUKfd0ZYrhX895E/M/rJhBcuikTcQJUkNmiIOEWRNYkB6vPJCXAR5pgIpm+1SL3WGICOq2CDsGZf3mRtM4qznmlelst1a+yOPJoHx2gMnLQBaqjG9RATUTQI3pGr+jNeDJejHfjY9aaM7KZPfQHxucPkEOS6g==</latexit>

(t = �1, r = r+)

<latexit sha1_base64="YrDeoMQmkKvvbMDzIJ+lPJijw+E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1ItQ9OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOgkUwx9lohEtUKqUXCJvuFGYCtVSONQYDMc3k395hMqzRP5aEYpBjHtSx5xRo2VfHWjuufdUtmtuDOQZeLlpAw56t3SV6eXsCxGaZigWrc9NzXBmCrDmcBJsZNpTCkb0j62LZU0Rh2MZ8dOyKlVeiRKlC1pyEz9PTGmsdajOLSdMTUDvehNxf+8dmai62DMZZoZlGy+KMoEMQmZfk56XCEzYmQJZYrbWwkbUEWZsfkUbQje4svLpHFR8S4r1YdquXabx1GAYziBM/DgCmpwD3XwgQGHZ3iFN0c6L8678zFvXXHymSP4A+fzB1UGjmI=</latexit>r = r�

Carter-Penrose 
diagram of Kerr 



BHs are not in isolation but are ‘perturbed’ by fields (scalar, fermion, 
electromagnetic, gravitational…) due to neighbouring matter (eg, 
accretion disk, neutron star, etc) or another BH

<latexit sha1_base64="HkHF6EBenOyorn+40ZwpazXlCgQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbrqsYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k7vU70ypVCwUD3oWUTfAI8F8RrA2ktsPsB4TzJPG/PFiUK7YVTsDWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHA6L/VjRSNMJnhEe4YKHFDlJlnoOTozyhD5oTRPaJSpvzcSHCg1CzwzmYZUy14q/uf1Yu3fuAkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7cuqc1Wt3dcq9du8jiKcwCmcgwPXUIcGNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A6DOkgQ=</latexit>

H
+

<latexit sha1_base64="9iPO8Xohg6uRLL5krim5nu2qXYA=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbsRVBfuANpbJdNIOnUzizKRQQr7DjQtF3Pox7vwbJ20W2npg4HDOvdwzx4s4U9q2v63Cyura+kZxs7S1vbO7V94/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG99kfntCpWKheNDTiLoBHgrmM4K1kdxegPWIYJ7cpY9n/XLFrtozoGXi5KQCORr98ldvEJI4oEITjpXqOnak3QRLzQinaakXKxphMsZD2jVU4IAqN5mFTtGJUQbID6V5QqOZ+nsjwYFS08Azk1lItehl4n9eN9b+lZswEcWaCjI/5Mcc6RBlDaABk5RoPjUEE8lMVkRGWGKiTU8lU4Kz+OVl0jqvOhfV2n2tUr/O6yjCERzDKThwCXW4hQY0gcATPMMrvFkT68V6tz7mowUr3zmEP7A+fwCj3JIG</latexit>

J +

matter

field

BH Perturbations

BH



Important question in order to ascertain whether a Kerr BH is 
really the final stage of gravitational collapse of massive stars: 

is Kerr spacetime stable under field perturbations?



Wave Equation

: source of field
<latexit sha1_base64="b0YDeJNpJmYAUNvbPEQkbrfj+/g=">AAACKnicbVDLTgIxFO34RHyNunTTSExwQ2YMUTcmiBuXmPBKGCSdUqCh0xn7IJAJ3+PGX3HDQkPc+iF2gEQFT9Lm9Nxzc3uPHzEqleNMrbX1jc2t7dROendv/+DQPjquylALTCo4ZKGo+0gSRjmpKKoYqUeCoMBnpOb375N6bUCEpCEvq1FEmgHqctqhGCkjtew7rxgOoRf1aHZ44ZFnTQew24q9QHtcjz2OfIaekucPT/S5/7ZsrpadcXLODHCVuAuSAQuUWvbEa4dYB4QrzJCUDdeJVDNGQlHMyDjtaUkihPuoSxqGchQQ2Yxnq47huVHasBMKc7iCM/V3R4wCKUeBb5wBUj25XEvE/2oNrTo3zZjySCvC8XxQRzOoQpjkBttUEKzYyBCEBTV/hbiHBMLKpJs2IbjLK6+S6mXOvcrlH/OZQnERRwqcgjOQBS64BgXwAEqgAjB4AW/gHXxYr9bEmlqfc+uateg5AX9gfX0DQzanxw==</latexit>⇤�(x) ⌘ gµ⌫rµr⌫�(x) = T (x)

<latexit sha1_base64="6/vmkIj8tbTA/lhyYnmUBRPwSSU="></latexit>
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sin ✓

@

@✓

✓
sin ✓
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sin2 ✓
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<latexit sha1_base64="JrGEy3b4rPxcKCOh5ClBAI0Jyqc="></latexit>

4aMr

�

@2�

@t@'
�
✓
(r2 + a2)2

�
� a2 sin2 ✓

◆
@2�

@t2

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit> =
We consider linear field perturbations of a fixed BH (ie, we do not 
consider the backreaction of the field on the BH)           the fields 
propagate on a BH background gµ⌫

E.g., scalar field perturbations      of a BH satisfy a wave eq. (2nd order 
hyperbolic linear PDE)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Perturbations by other fields satisfy a similar wave eq. 



due to M

perturbation (gravitational 
waves) due to m

= gµ⌫ + hµ⌫ +O

⇣
m

M

⌘2
Total metric

Credit: NASA

<latexit sha1_base64="AsVL6swrSwzl3SZbGwz5oQiIyIs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdmlzA7mSRDZmaXeQhhyV948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdGGvKmaRNwwynnVRRLGJO2/H4dua3n6jSLJEPZpLSSOChZANGsHHS46iXhcKG0k575Ypf9edAqyTISQVyNHrlr7CfECuoNIRjrbuBn5oow8owwum0FFpNU0zGeEi7jkosqI6y+cVTdOaUPhokypU0aK7+nsiw0HoiYtcpsBnpZW8m/ud1rRlcRxmTqTVUksWigeXIJGj2PuozRYnhE0cwUczdisgIK0yMC6nkQgiWX14lrYtqcFmt3dcq9Zs8jiKcwCmcQwBXUIc7aEATCEh4hld487T34r17H4vWgpfPHMMfeJ8//WuRIw==</latexit>

hµ⌫

Eg, for grav. field perturbations, linearize Einstein eqs.

Smaller BH (m) moving on the 
background metric            of a massive 
BH (M) causes perturbation metric 

<latexit sha1_base64="Hf2oUbZoMfttPmZEnSj3B0w6EWY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdmlzA7mSRDZmaXeQhhyV948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdGGvKmaRNwwynnVRRLGJO2/H4dua3n6jSLJEPZpLSSOChZANGsHHS47CXhcKG0k575Ypf9edAqyTISQVyNHrlr7CfECuoNIRjrbuBn5oow8owwum0FFpNU0zGeEi7jkosqI6y+cVTdOaUPhokypU0aK7+nsiw0HoiYtcpsBnpZW8m/ud1rRlcRxmTqTVUksWigeXIJGj2PuozRYnhE0cwUczdisgIK0yMC6nkQgiWX14lrYtqcFmt3dcq9Zs8jiKcwCmcQwBXUIc7aEATCEh4hld487T34r17H4vWgpfPHMMfeJ8/+96RIg==</latexit>gµ⌫

The eqs. satisfied by the different 
components of            do not decouple, but…

<latexit sha1_base64="AsVL6swrSwzl3SZbGwz5oQiIyIs=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAdmlzA7mSRDZmaXeQhhyV948aCIV//Gm3/jJNmDJhY0FFXddHfFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdGGvKmaRNwwynnVRRLGJO2/H4dua3n6jSLJEPZpLSSOChZANGsHHS46iXhcKG0k575Ypf9edAqyTISQVyNHrlr7CfECuoNIRjrbuBn5oow8owwum0FFpNU0zGeEi7jkosqI6y+cVTdOaUPhokypU0aK7+nsiw0HoiYtcpsBnpZW8m/ud1rRlcRxmTqTVUksWigeXIJGj2PuozRYnhE0cwUczdisgIK0yMC6nkQgiWX14lrYtqcFmt3dcq9Zs8jiKcwCmcQwBXUIc7aEATCEh4hld487T34r17H4vWgpfPHMMfeJ8//WuRIw==</latexit>

hµ⌫



Teukolsky’73 managed to decouple the eqs. satisfied for 
combinations         of different components and derivatives of the 
various fields (spin |s|=0 scalar, =1/2 neutrino, =1 emag for Faraday 
tensor, =2 grav for Weyl tensor)

Teukolsky “master” PDE:

source of field

It’s a wave-like eq.:

<latexit sha1_base64="bWyyv4V09Qiz+7FnGYpansjHW3Q=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRom6Eoht3VugLmhAm00k7dDIJMxOxhO7c+CtuXCji1l9w5984abPQ1gPDHM65l3vv8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+vM79wTIWnEm2ocEzdEA04DipHSkmceOiFSQ4xY6gyRgrcTJ5a08nBy2fSk/jyzbFWtKeAisXNSBjkanvnl9COchIQrzJCUPduKlZsioShmZFJyEklihEdoQHqachQS6abTOybwWCt9GERCP67gVP3dkaJQynHo68psaznvZeJ/Xi9RwYWbUh4ninA8GxQkDKoIZqHAPhUEKzbWBGFB9a4QD5FAWOnoSjoEe/7kRdI+rdpn1dpdrVy/yuMoggNwBCrABuegDm5AA7QABo/gGbyCN+PJeDHejY9ZacHIe/bBHxifP+2HmLM=</latexit>

Ô (x) = Ts(x)

<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 

<latexit sha1_base64="erdMHaiiwPc6AUdVj7Nabh4kfNg="></latexit>

+
4aMr

�

@2

@t@'
+

✓
a2

�
� 1

sin2 ✓

◆
@2

@'2
� 2s

✓
a(r �M)

�
+

i cos ✓

sin2 ✓

◆
@

@'
<latexit sha1_base64="KBcGYPhoTcUpQMh2c1J+UweC6f8="></latexit>
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@✓

✓
sin ✓

@

@✓

◆
+
�
s2 cot2 ✓ � s

�

<latexit sha1_base64="o2l0nSA0ugdfjdoQHY9jU1Vqq+8="></latexit>

Ô ⌘

✓
(r2 + a2)2

�
� a2 sin2 ✓

◆
@2

@t2
� 2s

✓
M(r2 � a2)

�
� r � ia cos ✓

◆
@

@t



Green Function

A crucial object is the retarded Green function

with causal b.c.:
<latexit sha1_base64="hsWSSQwH+z4cr9euSOgQU/5vkzs=">AAACKnicbVDLSitBEO1Rr494r0ZdumkMohckzEhQN4KPhe5UMCpkwlDTqZgmPQ+6ayRhmO9x46+4caGIWz/EzmPh60DD6XOquqtOmCppyHVfnYnJqT/TM7Nzpfm//xYWy0vLVybJtMC6SFSib0IwqGSMdZKk8CbVCFGo8DrsHg/86zvURibxJfVTbEZwG8u2FEBWCsqHfgTUEaByvwPEzwp/i/uEPRo+nYcqwyI/CXKNVBSbva 3exv99v4WKIKiNrkG54lbdIfhP4o1JhY1xHpSf/FYisghjEgqMaXhuSs0cNEmhsCj5mcEURBdusWFpDBGaZj6cp+DrVmnxdqLtiYkP1c8dOUTG9KPQVg4WM9+9gfib18iovdfMZZxmhLEYfdTOFKeED3LjLalRkOpbAkJLOysXHdAgyKZbsiF431f+Sa62q95OtXZRqxwcjeOYZatsjW0yj+2yA3bKzlmdCXbPHtkze3EenCfn1XkblU44454V9gXO+wd5Cac7</latexit>

ÔGret(x, x
0) = �4(x, x

0)

x0 6= J�(x)
<latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit>

Gret(x, x
0) = 0

<latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit>

if

X

X′



Green Function

A crucial object is the retarded Green function

with causal b.c.:

GF determines evolution in time of any initial field configuration
<latexit sha1_base64="QWANj3B8naYED2qtZlHxpPZgvOI="></latexit>

 (x) =

Z

t=0

h
Gret(x, x

0) ̇ic (~x0) +  ic (~x0) @tGret(x, x
0)
i
d3~x0

<latexit sha1_base64="hsWSSQwH+z4cr9euSOgQU/5vkzs=">AAACKnicbVDLSitBEO1Rr494r0ZdumkMohckzEhQN4KPhe5UMCpkwlDTqZgmPQ+6ayRhmO9x46+4caGIWz/EzmPh60DD6XOquqtOmCppyHVfnYnJqT/TM7Nzpfm//xYWy0vLVybJtMC6SFSib0IwqGSMdZKk8CbVCFGo8DrsHg/86zvURibxJfVTbEZwG8u2FEBWCsqHfgTUEaByvwPEzwp/i/uEPRo+nYcqwyI/CXKNVBSbva 3exv99v4WKIKiNrkG54lbdIfhP4o1JhY1xHpSf/FYisghjEgqMaXhuSs0cNEmhsCj5mcEURBdusWFpDBGaZj6cp+DrVmnxdqLtiYkP1c8dOUTG9KPQVg4WM9+9gfib18iovdfMZZxmhLEYfdTOFKeED3LjLalRkOpbAkJLOysXHdAgyKZbsiF431f+Sa62q95OtXZRqxwcjeOYZatsjW0yj+2yA3bKzlmdCXbPHtkze3EenCfn1XkblU44454V9gXO+wd5Cac7</latexit>

ÔGret(x, x
0) = �4(x, x

0)

x0 6= J�(x)
<latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit>

Gret(x, x
0) = 0

<latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit>

if

X

X′



Green Function

A crucial object is the retarded Green function

with causal b.c.:

GF determines evolution in time of any initial field configuration
<latexit sha1_base64="QWANj3B8naYED2qtZlHxpPZgvOI="></latexit>

 (x) =
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Fourier modes

GF can be calculated by separating (Carter’68) into Fourier modes 
(     stationarity)  and spheroidal harmonics (      axisymmetry & hidden 
symmetry: Killing-Yano tensor) :

<latexit sha1_base64="hsWSSQwH+z4cr9euSOgQU/5vkzs=">AAACKnicbVDLSitBEO1Rr494r0ZdumkMohckzEhQN4KPhe5UMCpkwlDTqZgmPQ+6ayRhmO9x46+4caGIWz/EzmPh60DD6XOquqtOmCppyHVfnYnJqT/TM7Nzpfm//xYWy0vLVybJtMC6SFSib0IwqGSMdZKk8CbVCFGo8DrsHg/86zvURibxJfVTbEZwG8u2FEBWCsqHfgTUEaByvwPEzwp/i/uEPRo+nYcqwyI/CXKNVBSbva 3exv99v4WKIKiNrkG54lbdIfhP4o1JhY1xHpSf/FYisghjEgqMaXhuSs0cNEmhsCj5mcEURBdusWFpDBGaZj6cp+DrVmnxdqLtiYkP1c8dOUTG9KPQVg4WM9+9gfib18iovdfMZZxmhLEYfdTOFKeED3LjLalRkOpbAkJLOysXHdAgyKZbsiF431f+Sa62q95OtXZRqxwcjeOYZatsjW0yj+2yA3bKzlmdCXbPHtkze3EenCfn1XkblU44454V9gXO+wd5Cac7</latexit>

ÔGret(x, x
0) = �4(x, x

0)

x0 6= J�(x)
<latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit><latexit sha1_base64="+WpMh8TBm3JqjFRFf1A2XbXB/HU=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmLEg6Q1JnokejGeMJGPBCrZLlPYsN2W3S2BNPwOLx40xqs/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QU2FsaRQpSEPZcMjCjgTUNVMc2hEEkjgcah7/dupXx+CVCwUj3ocgRuQrmA+o0QbyR2dtgQM8P3TeXF01s4X7JI9A14mTkoKKEWlnf9qdUIaByA05USppmNH2k2I1IxymORasYKI0D7pQtNQQQJQbjI7eoJPjNLBfihNCY1n6u+JhARKjQPPdAZE99SiNxX/85qx9q/dhIko1iDofJEfc6xDPE0Ad5gEqvnYEEIlM7di2iOSUG1yypkQnMWXl0ntouTYJefhslC+SePIoiN0jIrIQVeojO5QBVURRQP0jF7RmzW0Xqx362PemrHSmUP0B9bnDxF0kPk=</latexit>

Gret(x, x
0) = 0

<latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit><latexit sha1_base64="6uHNtvWHMAGQc0hRghmU37t2NJQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuhFKHrQYwX7AW0Im+22XbrZhN2NtIb+Ei8eFPHqT/Hmv3Hb5qDVBwOP92aYmRfEnCntOF9Wbml5ZXUtv17Y2NzaLto7uw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBsPrqd98oFKxSNzrcUy9EPcF6zGCtZF8u3jjp5LqSXl0Mjo6vnR8u+RUnBnQX+JmpAQZar792elGJAmp0IRjpdquE2svxVIzwumk0EkUjTEZ4j5tGypwSJWXzg6foEOjdFEvkqaERjP150SKQ6XGYWA6Q6wHatGbiv957UT3LryUiTjRVJD5ol7CkY7QNAXUZZISzceGYCKZuRWRAZaYaJNVwYTgLr78lzROK65Tce/OStWrLI487MMBlMGFc6jCLdSgDgQSeIIXeLUerWfrzXqft+asbGYPfsH6+AZHb5Ir</latexit>

if

X

X′



The GF Fourier modes satisfy the radial Teukolsky eq.:

<latexit sha1_base64="BrV3bAYHm8Cp62wdfg39iwdtyW8="></latexit>

Ôr G`m!(r, r
0) = �(r, r0)

2nd order linear operator in r

separation const.: eigenvalue of angular ODE

<latexit sha1_base64="3E5JADyxyb2USYbm4U0X/wNxykE=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqBeh6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DpolTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6Hbqt56YNjxWD3acsECSgeIRp8Q66VFf617WTeSkV654VW8GvEz8nFQgR71X/ur2Y5pKpiwVxJiO7yU2yIi2nAo2KXVTwxJCR2TAOo4qIpkJstnBE3zilD6OYu1KWTxTf09kRBozlqHrlMQOzaI3Ff/zOqmNroKMqyS1TNH5oigV2MZ4+j3uc82oFWNHCNXc3YrpkGhCrcuo5ELwF19eJs2zqn9RPb8/r9Ru8jiKcATHcAo+XEIN7qAODaAg4Rle4Q1p9ILe0ce8tYDymUP4A/T5AwFbkI4=</latexit>r = r±
<latexit sha1_base64="9OM83PSNzsh3uu3ru+6DfCDhqQg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtMu3Wzi7kQIpX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWD5gl3I/oQIlQMIpWauvrrlAhZr1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QX9MNQom+aTUTQ1PKBvRAe9YqmjEjT+e3TshJ1bpkzDWthSSmfp7YkwjY7IosJ0RxaFZ9Kbif14nxfDKHwuVpMgVmy8KU0kwJtPnSV9ozlBmllCmhb2VsCHVlKGNqGRD8BZfXibNs6p3UT2/P6/UbvI4inAEx3AKHlxCDe6gDg1gIOEZXuHNeXRenHfnY95acPKZQ/gD5/MHHOGQCA==</latexit>r = 1

It can be trivially transformed to a confluent Heun ODE: 2 regular 
singular pts. at                & 1 irregular singular pt. at 

(      is invariant under                 )
<latexit sha1_base64="BYj+pRhEHtTsMXBLOXtoEJ78Xn4=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgxjIjRV0W3bisYB/QDiWT3mlDM5khyQhl6Ee4caGIW7/HnX9j2s5CWw8EDufcS+45QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzSRBP6JDyUPOqLFSW/dMTC50v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7ulJxZZUDCWNknDZmrvzcyGmk9iQI7GVEz0sveTPzP66YmvPEzLpPUoGSLj8JUEJtxlp0MuEJmxMQSyhS3txI2oooyYxsq2RK85cirpHVZ9a6qtYdapX6b11GEEziFc/DgGupwDw1oAoMxPMMrvDmJ8+K8Ox+L0YKT7xzDHzifP83Jjzs=</latexit>

s ! �s

<latexit sha1_base64="IMxLTNnHxwaqrGWNMkX0+ZOdAw8=">AAACSXicbVDPb9MwFHY6GKOwrcCRi0WF1KlqlVQTcJyAAxfEkOg2qcm6F+eltWonwX6ZVEX597hw48b/wIUDCHHCaXtgP55k69P3Q/b74kJJS77/3Wtt3bm7fW/nfvvBw929/c6jxyc2L43AschVbs5isKhkhmOSpPCsMAg6VngaL940+uklGivz7BMtC4w0zDKZSgHkqGnnItRAcwGqCudA/EM9NSF+LuUlD9+iIghTA6JKzk d1lRh3c95fU5Mw1ziDniP7cD46GIAeSNszg/cHUeNex+v+tNP1h/5q+E0QbECXbeZ42vkWJrkoNWYkFFg7CfyCogoMSaGwboelxQLEAmY4cTADjTaqVk3U/LljEp7mxp2M+Ir9P1GBtnapY+ds9rbXtYa8TZuUlL6KKpkVJWEm1g+lpeKU86ZWnkiDgtTSARBGur9yMQdXFLny266E4PrKN8HJaBi8GB5+POwevd7UscOesmesxwL2kh2xd+yYjZlgX9gP9ov99r56P70/3t+1teVtMk/YlWlt/QMxvrHL</latexit>

Ôr ⌘ �
d2

dr2
+

[!(r2 + a2)� am� is(r �M)]2

�
+

<latexit sha1_base64="q9kqYCg6j4oxwDBfjWF0abLLlns="></latexit>✓
M2 � a2

�
+ 4is!r � �� a2!2 + 2am!

◆

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�



The GF of a 2nd order linear ODE can be found from two linearly 
independent slns. of the homogeneous radial ODE:

where
<latexit sha1_base64="hK5zfWGUhYb5MavOwhSVx5DUvFg=">AAACGnicbVC7SgNBFJ31bXxFLW0Gg6BN3JWgNkLQxs4HRoVsXO5ObpIhM7vLzKwQlv0OG3/FxkIRO7Hxb5zEFJp4YOBwzr3cOSdMBNfGdb+cicmp6ZnZufnCwuLS8kpxde1ax6liWGOxiNVtCBoFj7BmuBF4mygEGQq8Cbsnff/mHpXmcXRlegk2JLQj3uIMjJWCoudLMB0GIvM7YOhZHiifXt5lPNpNkzzIfBSCSj+W2IZ8W+0cuUGx5JbdAeg48YakRIY4D4offjNmqcTIMAFa1z03MY0MlOFMYF7wU40JsC60sW5pBBJ1IxtEy+mWVZq0FSv7IkMH6u+NDKTWPRnayX4QPer1xf+8empahw0bM0kNRuznUCsV1MS03xNtcoXMiJ4lwBS3f6WsAwqYsW0WbAneaORxcr1X9vbLlYtKqXo8rGOObJBNsk08ckCq5JSckxph5IE8kRfy6jw6z86b8/4zOuEMd9bJHzif3+vboMY=</latexit>

Ôr Rin/up
`m! (r) = 0

Wronskian

<latexit sha1_base64="+bSm3wuv+7TPuDy7HuA6o1VpyFk="></latexit>

G`m!(r, r
0) =

Rin
`m!(r<)R

up
`m!(r>)

W <latexit sha1_base64="LhS1Opsj7Be3fszmAOE8N0+2j1U=">AAACDnicbVA9SwNBEN3zM8avqKXNYhAVJNxJUAuLoI1lBKNCLoS9zVyyZG/v3J0LhiO/wMa/YmOhiK21nf/GTUyh0QcDj/dmmJkXJFIYdN1PZ2p6ZnZuPreQX1xaXlktrK1fmTjVHGo8lrG+CZgBKRTUUKCEm0QDiwIJ10H3bOhf90AbEatL7CfQiFhbiVBwhlZqFrZ188SH21T0qI9wh1kk1MCXEOKu3tc7vhbtDu41C0W35I5A/xJvTIpkjGqz8OG3Yp5GoJBLZkzdcxNsZEyj4BIGeT81kDDeZW2oW6pYBKaRjd4Z0G2rtGgYa1sK6Uj9OZGxyJh+FNjOiGHHTHpD8T+vnmJ43MiESlIExb8XhamkGNNhNrQlNHCUfUsY18LeSnmHacbRJpi3IXiTL/8lVwcl77BUvigXK6fjOHJkk2yRXeKRI1Ih56RKaoSTe/JInsmL8+A8Oa/O23frlDOe2SC/4Lx/AUWYnD8=</latexit>

r< ⌘ min (r, r0)
<latexit sha1_base64="EQc7xMBV32q9Cv5q0M8X3AK0fmY=">AAACDnicbVA9SwNBEN3zM8avqKXNYghGkHAnQa0kaGOpYDSQC8feZi5Z3Ptwd04MR36BjX/FxkIRW2s7/42beIVGHww83pthZp6fSKHRtj+tqemZ2bn5wkJxcWl5ZbW0tn6p41RxaPJYxqrlMw1SRNBEgRJaiQIW+hKu/OuTkX91C0qLOLrAQQKdkPUiEQjO0EheqaK8IxduUnFLXYQ7zEJ2N3QlBFhVu2rbVaLXxx2vVLZr9hj0L3FyUiY5zrzSh9uNeRpChFwyrduOnWAnYwoFlzAsuqmGhPFr1oO2oRELQXey8TtDWjFKlwaxMhUhHas/JzIWaj0IfdMZMuzrSW8k/ue1UwwOO5mIkhQh4t+LglRSjOkoG9oVCjjKgSGMK2FupbzPFONoEiyaEJzJl/+Sy72as1+rn9fLjeM8jgLZJFukShxyQBrklJyRJuHknjySZ/JiPVhP1qv19t06ZeUzG+QXrPcvTAicQw==</latexit>

r> ⌘ max (r, r0)



W = 2i!Rin,inc
`m!

<latexit sha1_base64="8nsv8iJ9+hgZ045gOIfaalAwXX4=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSEmKoBuh6MZlFfuAJobJ9LYdOpOEmYlQQr/Ajb/ixoUibl2782+cpl1o64GBwzn3cuecMOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUUmjQmMeyHRIFnEXQ0ExzaCcSiAg5tMLh1cRvPYBULI7u9CgBX5B+xHqMEm2kwC63LqrMiwX0Cb69z1h0gllEx0HmAedYTJ1xYJecipMDLxJ3Rkpohnpgf3ndmKYCIk05UarjOon2MyI1oxzGRS9VkBA6JH3oGBoRAcrP8jhjXDZKF/diaV6kca7+3siIUGokQjMpiB6oeW8i/ud1Ut07903GJNVgQuaHeinHOsaTbnCXSaCajwwhVDLzV0wHRBKqTYNFU4I7H3mRNKsV16m4N6el2uWsjgI6REfoGLnoDNXQNaqjBqLoET2jV/RmPVkv1rv1MR1dsmY7B+gPrM8fa0abuA==</latexit><latexit sha1_base64="8nsv8iJ9+hgZ045gOIfaalAwXX4=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSEmKoBuh6MZlFfuAJobJ9LYdOpOEmYlQQr/Ajb/ixoUibl2782+cpl1o64GBwzn3cuecMOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUUmjQmMeyHRIFnEXQ0ExzaCcSiAg5tMLh1cRvPYBULI7u9CgBX5B+xHqMEm2kwC63LqrMiwX0Cb69z1h0gllEx0HmAedYTJ1xYJecipMDLxJ3Rkpohnpgf3ndmKYCIk05UarjOon2MyI1oxzGRS9VkBA6JH3oGBoRAcrP8jhjXDZKF/diaV6kca7+3siIUGokQjMpiB6oeW8i/ud1Ut07903GJNVgQuaHeinHOsaTbnCXSaCajwwhVDLzV0wHRBKqTYNFU4I7H3mRNKsV16m4N6el2uWsjgI6REfoGLnoDNXQNaqjBqLoET2jV/RmPVkv1rv1MR1dsmY7B+gPrM8fa0abuA==</latexit><latexit sha1_base64="8nsv8iJ9+hgZ045gOIfaalAwXX4=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSEmKoBuh6MZlFfuAJobJ9LYdOpOEmYlQQr/Ajb/ixoUibl2782+cpl1o64GBwzn3cuecMOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUUmjQmMeyHRIFnEXQ0ExzaCcSiAg5tMLh1cRvPYBULI7u9CgBX5B+xHqMEm2kwC63LqrMiwX0Cb69z1h0gllEx0HmAedYTJ1xYJecipMDLxJ3Rkpohnpgf3ndmKYCIk05UarjOon2MyI1oxzGRS9VkBA6JH3oGBoRAcrP8jhjXDZKF/diaV6kca7+3siIUGokQjMpiB6oeW8i/ud1Ut07903GJNVgQuaHeinHOsaTbnCXSaCajwwhVDLzV0wHRBKqTYNFU4I7H3mRNKsV16m4N6el2uWsjgI6REfoGLnoDNXQNaqjBqLoET2jV/RmPVkv1rv1MR1dsmY7B+gPrM8fa0abuA==</latexit><latexit sha1_base64="8nsv8iJ9+hgZ045gOIfaalAwXX4=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRcSEmKoBuh6MZlFfuAJobJ9LYdOpOEmYlQQr/Ajb/ixoUibl2782+cpl1o64GBwzn3cuecMOFMacf5tpaWV1bX1gsbxc2t7Z1de2+/qeJUUmjQmMeyHRIFnEXQ0ExzaCcSiAg5tMLh1cRvPYBULI7u9CgBX5B+xHqMEm2kwC63LqrMiwX0Cb69z1h0gllEx0HmAedYTJ1xYJecipMDLxJ3Rkpohnpgf3ndmKYCIk05UarjOon2MyI1oxzGRS9VkBA6JH3oGBoRAcrP8jhjXDZKF/diaV6kca7+3siIUGokQjMpiB6oeW8i/ud1Ut07903GJNVgQuaHeinHOsaTbnCXSaCajwwhVDLzV0wHRBKqTYNFU4I7H3mRNKsV16m4N6el2uWsjgI6REfoGLnoDNXQNaqjBqLoET2jV/RmPVkv1rv1MR1dsmY7B+gPrM8fa0abuA==</latexit>

1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

Rin,ref
`m!

<latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit>

Rin,inc
`m!

<latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit>

I+

I�H
�

H
+

<latexit sha1_base64="JRqtPsnRwtKcNvBWljuRhxo1qNg=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgSpBFTBWsDAWRB9S01aOe9tatZPIdpCqKH/Awq+wMIAQKysbf4P7GKDlSJaOzrlX1+f4EWdKO863lVlaXlldy67nNja3tnfs3b2aCmNJoUpDHsqGTxRwFkBVM82hEUkgwudQ94fXY7/+AFKxMLjXowhagvQD1mOUaCN17GNoJ6fMCwX0CdbpXTthQdpJPOAci6mcFuRJx847RWcCvEjcGcmjGSod+8vrhjQWEGjKiVJN14l0KyFSM8ohzXmxgojQIelD09CACFCtZJInxUdG6eJeKM0LNJ6ovzcSIpQaCd9MCqIHat4bi/95zVj3LlsmYRRrCOj0UC/mWId4XA7uMglU85EhhEpm/orpgEhCtakwZ0pw5yMvktpZ0T0vlm5L+fLVrI4sOkCHqIBcdIHK6AZVUBVR9Iie0St6s56sF+vd+piOZqzZzj76A+vzB/b2nJ4=</latexit>

e�i!tRin
`m!(r)

<latexit sha1_base64="3uWFNHmCVEvzGItsEC9mp8tTyug=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWFXgloGbSyjmAdkkzA7uUmGzOwuM7NCWPYPbPwVGwtFbG3t/Bsnj0ITD1w4nHMv997jR5wp7TjfVmZpeWV1Lbue29jc2t6xd/dqKowlhSoNeSgbPlHAWQBVzTSHRiSBCJ9D3R9ej/36A0jFwuBejyJoCdIPWI9Roo3UsY+hnZwyLxTQJ1ind+0kjtJO4gHnWEzltCBPOnbeKToT4EXizkgezVDp2F9eN6SxgEBTTpRquk6kWwmRmlEOac6LFUSEDkkfmoYGRIBqJZN/UnxklC7uhdJUoPFE/T2REKHUSPimUxA9UPPeWPzPa8a6d9lKWBDFGgI6XdSLOdYhHoeDu0wC1XxkCKGSmVsxHRBJqDYR5kwI7vzLi6R2VnTPi6XbUr58NYsjiw7QISogF12gMrpBFVRFFD2iZ/SK3qwn68V6tz6mrRlrNrOP/sD6/AENU5ys</latexit>

e�i!tRup
`m!(r)

Causal boundary conditions for the homogeneous slns.:

is purely-ingoing into the horizon is purely-outgoing to infinity

<latexit sha1_base64="kNbq4kXKRlBvYF3vmWVxPtoc6Ks=">AAACKnicbVDLSgMxFM34tr6qLt0EiyA+yoyIuvSxcVnFtkKnHTLpnTaYZMYkI5RhvseNv+KmC6W49UNMHwtfBwKHc+7l5pww4Uwb1x04U9Mzs3PzC4uFpeWV1bXi+kZNx6miUKUxj9V9SDRwJqFqmOFwnyggIuRQDx+uhn79CZRmsbwzvQSagnQkixglxkpB8eK2lTGZB5kPnGPhxwI6JPc1Exha2SEbC8E+VsFefuA/pqQ9pL 6J8aHPZGR6QbHklt0R8F/iTUgJTVAJin2/HdNUgDSUE60bnpuYZkaUYZRDXvBTDQmhD6QDDUslEaCb2Shqjnes0sZRrOyTBo/U7xsZEVr3RGgnBTFd/dsbiv95jdREZ01bRZIakHR8KEo5tkGHveE2U0AN71lCqGL2r5h2iSLU2HYLtgTvd+S/pHZU9k7KxzfHpfPLSR0LaAtto13koVN0jq5RBVURRc/oFb2hd+fF6TsD52M8OuVMdjbRDzifXz9xpx8=</latexit>

Rin
`m! ⇠ e�i!+r⇤ , r⇤ ! �1

<latexit sha1_base64="HsdCk+QwmmUiRvle7s2p/y2lAME=">AAACEXicbVBNS8NAEN34WetX1KOXxSL0YkmkqMeiF29WsB/QhLDZTtulu0nc3RRK6F/w4l/x4kERr968+W9M2oDa+mDg8d4MM/P8iDOlLevLWFpeWV1bL2wUN7e2d3bNvf2mCmNJoUFDHsq2TxRwFkBDM82hHUkgwufQ8odXmd8agVQsDO70OAJXkH7AeowSnUqeWXZCAX3iJU4kJg7cx2yEZ9KJcG5+rKJnlqyKNQVeJHZOSihH3TM/nW5IYwGBppwo1bGtSLsJkZpRDpOiEyuICB2SPnRSGhAByk2mH03wcap0cS+UaQUaT9XfEwkRSo2Fn3YKogdq3svE/7xOrHsXbsKCKNYQ0NmiXsyxDnEWD+4yCVTzcUoIlSy9FdMBkYTqNMQsBHv+5UXSPK3YZ5XqbbVUu8zjKKBDdITKyEbnqIauUR01EEUP6Am9oFfj0Xg23oz3WeuSkc8coD8wPr4B/TCdvQ==</latexit>

!± ⌘ ! �m⌦±

<latexit sha1_base64="kdWyx4u+dYIvRKqRIq3QUWJ8aIM=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQlTJTiros6sJlBfuATlsy6Z02NPMwyRTKMD/hxl9x40IRt4I7/8b0sdDWA/dyOOdeknvciDOpLOvbyCwtr6yuZddzG5tb2zvm7l5NhrGgUKUhD0XDJRI4C6CqmOLQiAQQ3+VQdwfXY78+BCFZGNyrUQQtn/QC5jFKlJY65pnjCUKTruicpLqnDjzEbIinqmgXT0m7mCbODXBF0o6ZtwrWBHiR2DOSRzNUOuaX0w1p7EOgKCdSNm0rUq2ECMUohzTnxBIiQgekB01NA+KDbCWTq1J8pJUu9kKhK1B4ov7eSIgv5ch39aRPVF/Oe2PxP68ZK++ylbAgihUEdPqQF3OsQjyOCHeZAKr4SBNCBdN/xbRPdCBKB5nTIdjzJy+SWrFgnxdKd6V8+WoWRxYdoEN0jGx0gcroFlVQFVH0iJ7RK3oznowX4934mI5mjNnOPvoD4/MHOGmfew==</latexit>

dr⇤
dr

⌘ r2 + a2

�

<latexit sha1_base64="UzLkCUaIdo8wRS5WVUz4yjo117U=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqQpmRoi6LblxWsA9sh5JJM21oJjMkd4RS+hduXCji1r9x59+YtrPQ1gOBwzn3kntOkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6d+84lrI2L1gKOE+xHtKxEKRtFKjyXdwZjo7vlZt1B0y+4MZJl4GSlChlq38NXpxSyNuEImqTFtz03QH1ONgkk+yXdSwxPKhrTP25YqGnHjj2cXT8ipVXokjLV9CslM/b0xppExoyiwkxHFgVn0puJ/XjvF8NofC5WkyBWbfxSmktiU0/ikJzRnKEeWUKaFvZWwAdWUoS0pb0vwFiMvk8ZF2bssV+4rxepNVkcOjuEESuDBFVThDmpQBwYKnuEV3hzjvDjvzsd8dMXJdo7gD5zPH0iDkAU=</latexit>

(r ! r+)
<latexit sha1_base64="B1HVx5LzMS6zoHMc+xQ3WbVesUA=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSRS1GPRi8cK9gOaUDbbTbt0s4m7k0Io/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekAiu0XG+rbX1jc2t7cJOcXdv/+CwdHTc0nGqKGvSWMSqExDNBJesiRwF6ySKkSgQrB2M7mZ+e8yU5rF8xCxhfkQGkoecEjSSX1EexrbHZYjZRa9UdqrOHPYqcXNShhyNXunL68c0jZhEKojWXd dJ0J8QhZwKNi16qWYJoSMyYF1DJYmY9ifzo6f2uVH6dhgrUxLtufp7YkIirbMoMJ0RwaFe9mbif143xfDGn3CZpMgkXSwKU2GbR2cJ2H2uGEWRGUKo4uZWmw6JIhRNTkUTgrv88ippXVbdq2rtoVau3+ZxFOAUzqACLlxDHe6hAU2g8ATP8Apv1th6sd6tj0XrmpXPnMAfWJ8/GOyRrQ==</latexit>

(r ! 1)

<latexit sha1_base64="qJ3Jew3xSI4hb/C6/SM3kkl4+PU="></latexit>

Rup
`m! ⇠ e+i!r⇤ , r⇤ ! +1



1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

Rin,ref
`m!

<latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit><latexit sha1_base64="fAUMnT/Ge4mnXidniXAEziPiySw=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJKIoMuiG5dV7AOaGCbTm3boTBJmJkIJATf+ihsXirj1J9z5N04fC209MHA4517unBOmnCntON/WwuLS8spqaa28vrG5tW3v7DZVkkkKDZrwRLZDooCzGBqaaQ7tVAIRIYdWOLga+a0HkIol8Z0epuAL0otZxCjRRgrs/dv7nMUnWEJUBLkHnGPhJQJ6pAjsilN1xsDzxJ2SCpqiHthfXjehmYBYU06U6rhOqv2cSM0oh6LsZQpSQgekBx1DYyJA+fk4Q4GPjNLFUSLNizUeq783ciKUGorQTAqi+2rWG4n/eZ1MRxe+yZhmGmI6ORRlHOsEjwrBXSaBaj40hFDJzF8x7RNJqDa1lU0J7mzkedI8rbpO1b05q9Qup3WU0AE6RMfIReeohq5RHTUQRY/oGb2iN+vJerHerY/J6II13dlDf2B9/gDGZ5eZ</latexit>

Rin,inc
`m!

<latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit><latexit sha1_base64="kYABIV//nl8t9r/ApAD7hM9z9Yc=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZREBF0W3bisYh/Q1DKZ3rRDZ5IwMxFKCLjxV9y4UMStP+HOv3Eas9DWAwOHc+7lzjl+zJnSjvNllRYWl5ZXyquVtfWNzS17e6elokRSaNKIR7LjEwWchdDUTHPoxBKI8Dm0/fHl1G/fg1QsCm/1JIaeIMOQBYwSbaS+vXdzl7LwGLOQZv3UA86x8CIBQ5L17apTc3LgeeIWpIoKNPr2pzeIaCIg1JQTpbquE+teSqRmlENW8RIFMaFjMoSuoSERoHppniHDh0YZ4CCS5oUa5+rvjZQIpSbCN5OC6JGa9abif1430cF5z2SMEw0mZH4oSDjWEZ4WggdMAtV8Ygihkpm/YjoiklBtaquYEtzZyPOkdVJznZp7fVqtXxR1lNE+OkBHyEVnqI6uUAM1EUUP6Am9oFfr0Xq23qz3n9GSVezsoj+wPr4BwaKXlg==</latexit>

I+

I�H
�

H
+

Superradiance

Wronskian condition (energy conservation):

Superradiance: reflected wave has 
more energy than incident wave  if                                 

Field modes with those frequencies extract rotational energy from the BH 
thanks to existence of ergosphere (region near BH where        is spacelike)

<latexit sha1_base64="6DHl69ufYqQymHVQMzin9BHTQ/Y=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/YLiWbZtvQbHZJZoWy9F948aCIV/+NN/+NabsHbX0QeLw3M5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVHnsJ1Sio7GO/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPZvOY5NNSLzU8oWxMh7xrqaIRN34233hKzqwyIGGs7VNI5urvjoxGxkyiwFZGFEdm2ZuJ/3ndFMNrPxMqSZErtvgoTCXBmMzOJwOhOUM5sYQyLeyuhI2opgxtSCUbgrd88ippXVS9y2rtvlap3+RxFOEETuEcPLiCOtxBA5rAQMEzvMKbY5wX5935WJQWnLznGP7A+fwBzL2RAw==</latexit>

@t

<latexit sha1_base64="h+h601mrCTYkelzcRB2xzBL/ATI=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIsgCGVGirpwUXTjsoJ9QGcYMplMG5rHkGSEMhT8FTcuFHHrd7jzb0wfC209cOHknHvJvSfOGNXG876dpeWV1bX10kZ5c2t7Z9fd229pmStMmlgyqTox0oRRQZqGGkY6mSKIx4y048Ht2G8/EqWpFA9mmJGQo56gKcXIWClyDwPJSQ9FZwFOpJk+rr3IrXhVbwK4SPwZqYAZGpH7FSQS55wIgxnSuut7mQkLpAzFjIzKQa5JhvAA9UjXUoE40WExWX8ET6ySwFQqW8LAifp7okBc6yGPbSdHpq/nvbH4n9fNTXoVFlRkuSECTz9KcwaNhOMsYEIVwYYNLUFYUbsrxH2kEDY2sbINwZ8/eZG0zqv+RbV2X6vUb2ZxlMAROAanwAeXoA7uQAM0AQYFeAav4M15cl6cd+dj2rrkzGYOwB84nz+oTZVM</latexit>

!+ · ! < 0

<latexit sha1_base64="8I+zg+uZiXpWN+EYFed9j5lGdQU="></latexit>���Rin,ref
`m!

���
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���Rin,inc
`m!
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!



Instead of carrying out the Fourier integral along the real-      axis, it’s 
useful to deform the contour of integration into complex-     plane!

!

Then  apply the residue th. to account for the singularities of the 
Fourier modes G`m!

Complex contour deformation
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Mode solutions

Mode slns. correspond to  frequencies                         which are poles of 
the GF modes

<latexit sha1_base64="AjCFgwJUU5jhczcagjkYLBTom7M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWIVdCWojBG0sI5gHJMsyO7lJhsxjmZkVwpLGX7GxUMTWz7Dzb5w8Ck08cLmHc+5l5p444cxY3//2ciura+sb+c3C1vbO7l5x/6BhVKop1KniSrdiYoAzCXXLLIdWooGImEMzHt5O/OYjaMOUfLCjBEJB+pL1GCXWSVHxqKME9Mn1rEVZBzjHQo6jYskv+1PgZRLMSQnNUYuKX52uoqkAaSknxrQDP7FhRrRllMO40EkNJIQOSR/ajkoiwITZ9IAxPnVKF/eUdiUtnqq/NzIijBmJ2E0KYgdm0ZuI/3nt1PauwozJJLUg6eyhXsqxVXiSBu4yDdTykSOEaub+iumAaEKty6zgQggWT14mjfNycFGu3FdK1Zt5HHl0jE7QGQrQJaqiO1RDdUTRGD2jV/TmPXkv3rv3MRvNefOdQ/QH3ucPyx2WjA==</latexit>! = !`mn

<latexit sha1_base64="6nensuNwrxjAqWu96mGGxwULuuk=">AAAB9HicbVBNS8NAFHypX7V+VT16CRbBQylJKepFKHrxWMHWQhvKZrtpl242cfelUEJ/hxcPinj1x3jz37htc9DWgYVh5g3v7fix4Bod59vKra1vbG7ltws7u3v7B8XDo5aOEkVZk0YiUm2faCa4ZE3kKFg7VoyEvmCP/uh25j+OmdI8kg84iZkXkoHkAacEjeTJa6fslqvlbj9C3SuWnIozh71K3IyUIEOjV/wyOZqETCIVROuO68TopUQhp4JNC91Es5jQERmwjqGShEx76fzoqX1mlL4dRMo8ifZc/Z1ISaj1JPTNZEhwqJe9mfif10kwuPJSLuMEmaSLRUEibIzsWQN2nytGUUwMIVRxc6tNh0QRiqanginBXf7yKmlVK+5FpXZfK9VvsjrycAKncA4uXEId7qABTaDwBM/wCm/W2Hqx3q2PxWjOyjLH8AfW5w/WKZDd</latexit>

n = 0, 1, 2, . . .

<latexit sha1_base64="lmNfNOAuzEc+VWYHsVqydQvpaik="></latexit>

G`m!(r, r
0) =

Rin
`m!(r<)R

up
`m!(r>)

W
= 1

<latexit sha1_base64="LmyUJ8IlN6NLxOBJLYEqHU+iHE8=">AAACB3icbVA9SwNBEN2LXzF+nVoKshgEq3AnQS2DaSwjmBjIhbC3mSRLdveO3T0hHOls/Cs2ForY+hfs/DfuJVdo4oOBx3szzMwLY8608bxvp7Cyura+UdwsbW3v7O65+wctHSWKQpNGPFLtkGjgTELTMMOhHSsgIuRwH47rmX//AEqzSN6ZSQxdQYaSDRglxko99ziIBAxJLw2AcyzkNGASB4KYURim9WnPLXsVbwa8TPyclFGORs/9CvoRTQRIQznRuuN7semmRBlGOUxLQaIhJnRMhtCxVBIBupvO/pjiU6v08SBStqTBM/X3REqE1hMR2s7sQr3oZeJ/Xicxg6tuymScGJB0vmiQcGwinIWC+0wBNXxiCaGK2VsxHRFFqLHRlWwI/uLLy6R1XvEvKtXbarl2ncdRREfoBJ0hH12iGrpBDdREFD2iZ/SK3pwn58V5dz7mrQUnnzlEf+B8/gAzIZmI</latexit>

!`mn 2 C



Mode solutions

So they are zeros of the denominator:

W = 2i!Rin,inc
`m! = 0

<latexit sha1_base64="xMRwwkWB6dGq5yo4Rh0nZZXJass=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBaSNgNgjaBoI1lFPOAZF1mJ3eTITO7y8ysEJZ8go2/YmOhiK2lnX/jJNlCEw8MHM65lzvn+DFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRUlkkKDRjySbZ8o4CyEhmaaQzuWQITPoeUPryZ+6wGkYlF4p0cxuIL0QxYwSrSRvOJxq1ph3UhAn+Db+5SFp5iFdOylXeAci5kzrtpesWSX7SnwInEyUkIZ6l7xq9uLaCIg1JQTpTqOHWs3JVIzymFc6CYKYkKHpA8dQ0MiQLnpNNAYHxmlh4NImhdqPFV/b6REKDUSvpkURA/UvDcR//M6iQ4uXJMyTjSYmNNDQcKxjvCkHdxjEqjmI0MIlcz8FdMBkYRq02HBlODMR14kzUrZscvOzVmpdpnVkUcH6BCdIAedoxq6RnXUQBQ9omf0it6sJ+vFerc+ZqM5K9vZR39gff4AdpScOQ==</latexit><latexit sha1_base64="xMRwwkWB6dGq5yo4Rh0nZZXJass=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBaSNgNgjaBoI1lFPOAZF1mJ3eTITO7y8ysEJZ8go2/YmOhiK2lnX/jJNlCEw8MHM65lzvn+DFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRUlkkKDRjySbZ8o4CyEhmaaQzuWQITPoeUPryZ+6wGkYlF4p0cxuIL0QxYwSrSRvOJxq1ph3UhAn+Db+5SFp5iFdOylXeAci5kzrtpesWSX7SnwInEyUkIZ6l7xq9uLaCIg1JQTpTqOHWs3JVIzymFc6CYKYkKHpA8dQ0MiQLnpNNAYHxmlh4NImhdqPFV/b6REKDUSvpkURA/UvDcR//M6iQ4uXJMyTjSYmNNDQcKxjvCkHdxjEqjmI0MIlcz8FdMBkYRq02HBlODMR14kzUrZscvOzVmpdpnVkUcH6BCdIAedoxq6RnXUQBQ9omf0it6sJ+vFerc+ZqM5K9vZR39gff4AdpScOQ==</latexit><latexit sha1_base64="xMRwwkWB6dGq5yo4Rh0nZZXJass=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBaSNgNgjaBoI1lFPOAZF1mJ3eTITO7y8ysEJZ8go2/YmOhiK2lnX/jJNlCEw8MHM65lzvn+DFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRUlkkKDRjySbZ8o4CyEhmaaQzuWQITPoeUPryZ+6wGkYlF4p0cxuIL0QxYwSrSRvOJxq1ph3UhAn+Db+5SFp5iFdOylXeAci5kzrtpesWSX7SnwInEyUkIZ6l7xq9uLaCIg1JQTpTqOHWs3JVIzymFc6CYKYkKHpA8dQ0MiQLnpNNAYHxmlh4NImhdqPFV/b6REKDUSvpkURA/UvDcR//M6iQ4uXJMyTjSYmNNDQcKxjvCkHdxjEqjmI0MIlcz8FdMBkYRq02HBlODMR14kzUrZscvOzVmpdpnVkUcH6BCdIAedoxq6RnXUQBQ9omf0it6sJ+vFerc+ZqM5K9vZR39gff4AdpScOQ==</latexit><latexit sha1_base64="xMRwwkWB6dGq5yo4Rh0nZZXJass=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBaSNgNgjaBoI1lFPOAZF1mJ3eTITO7y8ysEJZ8go2/YmOhiK2lnX/jJNlCEw8MHM65lzvn+DFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7TRUlkkKDRjySbZ8o4CyEhmaaQzuWQITPoeUPryZ+6wGkYlF4p0cxuIL0QxYwSrSRvOJxq1ph3UhAn+Db+5SFp5iFdOylXeAci5kzrtpesWSX7SnwInEyUkIZ6l7xq9uLaCIg1JQTpTqOHWs3JVIzymFc6CYKYkKHpA8dQ0MiQLnpNNAYHxmlh4NImhdqPFV/b6REKDUSvpkURA/UvDcR//M6iQ4uXJMyTjSYmNNDQcKxjvCkHdxjEqjmI0MIlcz8FdMBkYRq02HBlODMR14kzUrZscvOzVmpdpnVkUcH6BCdIAedoxq6RnXUQBQ9omf0it6sJ+vFerc+ZqM5K9vZR39gff4AdpScOQ==</latexit>

Mode slns. correspond to  frequencies                         which are poles of 
the GF modes

<latexit sha1_base64="AjCFgwJUU5jhczcagjkYLBTom7M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWIVdCWojBG0sI5gHJMsyO7lJhsxjmZkVwpLGX7GxUMTWz7Dzb5w8Ck08cLmHc+5l5p444cxY3//2ciura+sb+c3C1vbO7l5x/6BhVKop1KniSrdiYoAzCXXLLIdWooGImEMzHt5O/OYjaMOUfLCjBEJB+pL1GCXWSVHxqKME9Mn1rEVZBzjHQo6jYskv+1PgZRLMSQnNUYuKX52uoqkAaSknxrQDP7FhRrRllMO40EkNJIQOSR/ajkoiwITZ9IAxPnVKF/eUdiUtnqq/NzIijBmJ2E0KYgdm0ZuI/3nt1PauwozJJLUg6eyhXsqxVXiSBu4yDdTykSOEaub+iumAaEKty6zgQggWT14mjfNycFGu3FdK1Zt5HHl0jE7QGQrQJaqiO1RDdUTRGD2jV/TmPXkv3rv3MRvNefOdQ/QH3ucPyx2WjA==</latexit>! = !`mn

<latexit sha1_base64="6nensuNwrxjAqWu96mGGxwULuuk=">AAAB9HicbVBNS8NAFHypX7V+VT16CRbBQylJKepFKHrxWMHWQhvKZrtpl242cfelUEJ/hxcPinj1x3jz37htc9DWgYVh5g3v7fix4Bod59vKra1vbG7ltws7u3v7B8XDo5aOEkVZk0YiUm2faCa4ZE3kKFg7VoyEvmCP/uh25j+OmdI8kg84iZkXkoHkAacEjeTJa6fslqvlbj9C3SuWnIozh71K3IyUIEOjV/wyOZqETCIVROuO68TopUQhp4JNC91Es5jQERmwjqGShEx76fzoqX1mlL4dRMo8ifZc/Z1ISaj1JPTNZEhwqJe9mfif10kwuPJSLuMEmaSLRUEibIzsWQN2nytGUUwMIVRxc6tNh0QRiqanginBXf7yKmlVK+5FpXZfK9VvsjrycAKncA4uXEId7qABTaDwBM/wCm/W2Hqx3q2PxWjOyjLH8AfW5w/WKZDd</latexit>

n = 0, 1, 2, . . .

<latexit sha1_base64="lmNfNOAuzEc+VWYHsVqydQvpaik="></latexit>

G`m!(r, r
0) =

Rin
`m!(r<)R

up
`m!(r>)

W
= 1

<latexit sha1_base64="LmyUJ8IlN6NLxOBJLYEqHU+iHE8=">AAACB3icbVA9SwNBEN2LXzF+nVoKshgEq3AnQS2DaSwjmBjIhbC3mSRLdveO3T0hHOls/Cs2ForY+hfs/DfuJVdo4oOBx3szzMwLY8608bxvp7Cyura+UdwsbW3v7O65+wctHSWKQpNGPFLtkGjgTELTMMOhHSsgIuRwH47rmX//AEqzSN6ZSQxdQYaSDRglxko99ziIBAxJLw2AcyzkNGASB4KYURim9WnPLXsVbwa8TPyclFGORs/9CvoRTQRIQznRuuN7semmRBlGOUxLQaIhJnRMhtCxVBIBupvO/pjiU6v08SBStqTBM/X3REqE1hMR2s7sQr3oZeJ/Xicxg6tuymScGJB0vmiQcGwinIWC+0wBNXxiCaGK2VsxHRFFqLHRlWwI/uLLy6R1XvEvKtXbarl2ncdRREfoBJ0hH12iGrpBDdREFD2iZ/SK3pwn58V5dz7mrQUnnzlEf+B8/gAzIZmI</latexit>

!`mn 2 C



Then:

I+

I�H
�

H
+

<latexit sha1_base64="PUVi4BPKGBbR9e50EM9O7CwcqCY=">AAACRHichVBNSwMxEM36bf2qevQSLIIXy64U9Vj04lHFqtCtJZtOazDJLsmsWJb9cV78Ad78BV48KOJVTNcKfoEPAo838yYzL0qksOj7997I6Nj4xOTUdGlmdm5+oby4dGLj1HBo8FjG5ixiFqTQ0ECBEs4SA0xFEk6jy71B/fQKjBWxPsZ+Ai3Felp0BWfopHa5CefZhggRrrEYlkUyhTwLYwU91s5CkJIqnecU86PzTOj8U/vfkrfLFb/qF6C/STAkFTLEQbt8F3ZinirQyCWzthn4CbYyZlBwCXkpTC0kjF+yHjQd1UyBbWXFEjldc0qHdmPjnkZaqF8dGVPW9lXkOhXDC/uzNhD/qjVT7O603OlJiqD5x0fdVFKM6SBR2hEGOMq+I4wb4Xal/IIZxtHlXnIhBD9P/k1ONqvBVrV2WKvUd4dxTJEVskrWSUC2SZ3skwPSIJzckAfyRJ69W+/Re/FeP1pHvKFnmXyD9/YOsN21cw==</latexit>

e�i!`mntRin
`m!`mn

<latexit sha1_base64="0KW+HEG4S6RCuTv8P2LAcov3gYo=">AAACHnicbVDLSgMxFM34rPVVdekmWAQXUmbE11J047KKVaFTSya9rcEkMyR3xDLMl7jxV9y4UERwpX9jOlbwdSBwOOfem3tPlEhh0fffvZHRsfGJydJUeXpmdm6+srB4auPUcGjwWMbmPGIWpNDQQIESzhMDTEUSzqKrg4F/dg3GilifYD+BlmI9LbqCM3RSu7J1fJEJvS40z9tZCFJSFSLcYDE5i2QKeRbGCnrsy9Z5nrcrVb/mF6B/STAkVTJEvV15DTsxTxVo5JJZ2wz8BFsZMyi4hLwcphYSxq9YD5qOaqbAtrJiiZyuOqVDu7FxTyMt1O8dGVPW9lXkKhXDS/vbG4j/ec0Uu7std36SIrgAio+6qaQY00FWtCMMcJR9Rxg3wu1K+SUzjKNLtOxCCH6f/JecbtSC7drm0WZ1b38YR4kskxWyRgKyQ/bIIamTBuHkltyTR/Lk3XkP3rP38lk64g17lsgPeG8fByGkUA==</latexit>

Rin,inc
`m!`mn



Then:

I+

I�H
�

H
+

<latexit sha1_base64="PUVi4BPKGBbR9e50EM9O7CwcqCY=">AAACRHichVBNSwMxEM36bf2qevQSLIIXy64U9Vj04lHFqtCtJZtOazDJLsmsWJb9cV78Ad78BV48KOJVTNcKfoEPAo838yYzL0qksOj7997I6Nj4xOTUdGlmdm5+oby4dGLj1HBo8FjG5ixiFqTQ0ECBEs4SA0xFEk6jy71B/fQKjBWxPsZ+Ai3Felp0BWfopHa5CefZhggRrrEYlkUyhTwLYwU91s5CkJIqnecU86PzTOj8U/vfkrfLFb/qF6C/STAkFTLEQbt8F3ZinirQyCWzthn4CbYyZlBwCXkpTC0kjF+yHjQd1UyBbWXFEjldc0qHdmPjnkZaqF8dGVPW9lXkOhXDC/uzNhD/qjVT7O603OlJiqD5x0fdVFKM6SBR2hEGOMq+I4wb4Xal/IIZxtHlXnIhBD9P/k1ONqvBVrV2WKvUd4dxTJEVskrWSUC2SZ3skwPSIJzckAfyRJ69W+/Re/FeP1pHvKFnmXyD9/YOsN21cw==</latexit>

e�i!`mntRin
`m!`mn



Then:

I+

I�H
�

H
+

<latexit sha1_base64="PUVi4BPKGBbR9e50EM9O7CwcqCY=">AAACRHichVBNSwMxEM36bf2qevQSLIIXy64U9Vj04lHFqtCtJZtOazDJLsmsWJb9cV78Ad78BV48KOJVTNcKfoEPAo838yYzL0qksOj7997I6Nj4xOTUdGlmdm5+oby4dGLj1HBo8FjG5ixiFqTQ0ECBEs4SA0xFEk6jy71B/fQKjBWxPsZ+Ai3Felp0BWfopHa5CefZhggRrrEYlkUyhTwLYwU91s5CkJIqnecU86PzTOj8U/vfkrfLFb/qF6C/STAkFTLEQbt8F3ZinirQyCWzthn4CbYyZlBwCXkpTC0kjF+yHjQd1UyBbWXFEjldc0qHdmPjnkZaqF8dGVPW9lXkOhXDC/uzNhD/qjVT7O603OlJiqD5x0fdVFKM6SBR2hEGOMq+I4wb4Xal/IIZxtHlXnIhBD9P/k1ONqvBVrV2WKvUd4dxTJEVskrWSUC2SZ3skwPSIJzckAfyRJ69W+/Re/FeP1pHvKFnmXyD9/YOsN21cw==</latexit>

e�i!`mntRin
`m!`mn

Mode slns. are purely ingoing waves into the horizon and purely 
ougoing at infinity

<latexit sha1_base64="+6vXXVrvimKtgJMbvJQsOqn1qiQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBPJREinosevFYwX5AE8pmu2mXbnbD7kQIoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M387hPThiv5CFnCgpiMJI84JWAlXw8ufFA+lxFkg2rNrbtz4FXiFaSGCrQG1S9/qGgaMwlUEGP6nptAkBMNnAo2rfipYQmhEzJifUsliZkJ8vnNU3xmlSGOlLYlAc/V3xM5iY3J4tB2xgTGZtmbif95/RSimyDnMkmBSbpYFKUCg8KzAPCQa0ZBZJYQqrm9FdMx0YSCjaliQ/CWX14lncu6d1VvPDRqzdsijjI6QafoHHnoGjXRPWqhNqIoQc/oFb05qfPivDsfi9aSU8wcoz9wPn8AFb6Ruw==</latexit>

r⇤ ! 1<latexit sha1_base64="Dfwf88y04SmMKduLqgrercC2Iag=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBFEsCRS1GPRi8cK9gOaWDbbTbt0swm7E6WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATX6Djf1tLyyuraemGjuLm1vbNb2ttv6jhVlDVoLGLVDohmgkvWQI6CtRPFSBQI1gqGNxO/9ciU5rG8x1HC/Ij0JQ85JWikB9U99TC2zzwuQxx1S2Wn4kxhLxI3J2XIUe+WvrxeTNOISaSCaN1xnQT9jCjkVLBx0Us1Swgdkj7rGCpJxLSfTa8e28dG6dlhrExJtKfq74mMRFqPosB0RgQHet6biP95nRTDKz/jMkmRSTpbFKbCNo9OIrB7XDGKYmQIoYqbW206IIpQNEEVTQju/MuLpHlecS8q1btquXadx1GAQziCE3DhEmpwC3VoAAUFz/AKb9aT9WK9Wx+z1iUrnzmAP7A+fwDaypIc</latexit>

r⇤ ! �1

<latexit sha1_base64="AjCFgwJUU5jhczcagjkYLBTom7M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWIVdCWojBG0sI5gHJMsyO7lJhsxjmZkVwpLGX7GxUMTWz7Dzb5w8Ck08cLmHc+5l5p444cxY3//2ciura+sb+c3C1vbO7l5x/6BhVKop1KniSrdiYoAzCXXLLIdWooGImEMzHt5O/OYjaMOUfLCjBEJB+pL1GCXWSVHxqKME9Mn1rEVZBzjHQo6jYskv+1PgZRLMSQnNUYuKX52uoqkAaSknxrQDP7FhRrRllMO40EkNJIQOSR/ajkoiwITZ9IAxPnVKF/eUdiUtnqq/NzIijBmJ2E0KYgdm0ZuI/3nt1PauwozJJLUg6eyhXsqxVXiSBu4yDdTykSOEaub+iumAaEKty6zgQggWT14mjfNycFGu3FdK1Zt5HHl0jE7QGQrQJaqiO1RDdUTRGD2jV/TmPXkv3rv3MRvNefOdQ/QH3ucPyx2WjA==</latexit>! = !`mnat
<latexit sha1_base64="Hxc+COBeIT4bnBbzxEVJby6safk=">AAACKXicbVDLSgMxFM3UV62vUZdugkUQxTIjRV0W3bisYh/QaYdMetuGJjNDkhHK0N9x46+4UVDUrT9i2s5CqwcCh3PO5eaeIOZMacf5sHILi0vLK/nVwtr6xuaWvb1TV1EiKdRoxCPZDIgCzkKoaaY5NGMJRAQcGsHwauI37kEqFoV3ehRDW5B+yHqMEm0k365AJz1hXiSgT/xjLP2jsaeYwLedlIVjP/WAcyxm/swxA1l+mvbtolNypsB/iZuRIspQ9e0XrxvRRECoKSdKtVwn1u2USM0oh3HBSxTEhA5JH1qGhkSAaqfTS8f4wChd3IukeaHGU/XnREqEUiMRmKQgeqDmvYn4n9dKdO+ibU6OEw0hnS3qJRzrCE9qw10mgWo+MoRQycxfMR0QSag25RZMCe78yX9J/bTknpXKN+Vi5TKrI4/20D46RC46RxV0jaqohih6QE/oFb1Zj9az9W59zqI5K5vZRb9gfX0DAgenHg==</latexit>

e�i!+r⇤ ⇠ Rin
`m! ⇠ ei!r⇤



{ If                         : exponentially damped (quasinormal modes, QNMs)
If                         : exponentially growing (unstable modes)Im(!`mn) > 0

[ If                           : marginally unstable]
<latexit sha1_base64="DuBG2VzasQB21t85qN6rMbWffCM=">AAACCnicbVA9SwNBEN3z2/gVtbRZDUJswp0EtRFEG+0UzAfkQtjbzCWLu3vH7pwQjtQ2/hUbC0Vs/QV2/hs3MYVfDwYe780wMy9KpbDo+x/e1PTM7Nz8wmJhaXllda24vlG3SWY41HgiE9OMmAUpNNRQoIRmaoCpSEIjujkb+Y1bMFYk+hoHKbQV62kRC87QSZ3i9oUKJcRYDhMFPdbJQ5CSKj0Mjej1ce/Y7xRLfsUfg/4lwYSUyASXneJ72E14pkAjl8zaVuCn2M6ZQcElDAthZiFl/Ib1oOWoZgpsOx+/MqS7TunSODGuNNKx+n0iZ8ragYpcp2LYt7+9kfif18owPmrnQqcZguZfi+JMUkzoKBfaFQY4yoEjjBvhbqW8zwzj6NIruBCC3y//JfX9SnBQqV5VSyenkzgWyBbZIWUSkENyQs7JJakRTu7IA3kiz9699+i9eK9frVPeZGaT/ID39gmwpJpD</latexit>

Im (!`mn) = 0

Im(!`mn) < 0

Time dependence:

e�i!`mnt

<latexit sha1_base64="fDbIzHageh1OE1h6h86NzhY/giw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIsgCCWRoh6LXjxWsB/QhLLZbtqlm03YnQgh9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tkpr6xubW+Xtys7u3v5B9fCoo+NUUdamsYhVLyCaCS5ZGzkK1ksUI1EgWDeY3M387hNTmsfyEbOE+REZSR5yStBIHnoY2xcelyFmg2rNqTtz2KvELUgNCrQG1S9vGNM0YhKpIFr3XSdBPycKORVsWvFSzRJCJ2TE+oZKEjHt5/Obp/aZUYZ2GCtTEu25+nsiJ5HWWRSYzojgWC97M/E/r59ieOPnXCYpMkkXi8JU2ObRWQD2kCtGUWSGEKq4udWmY6IIRRNTxYTgLr+8SjqXdfeq3nho1Jq3RRxlOIFTOAcXrqEJ99CCNlBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AG6BZF/</latexit>

t ! +1

I+

I�H
�

H
+

<latexit sha1_base64="fQ89k3NSF52HDcSu+RafyRJKETY=">AAACIXicbVDLSgMxFM34rPU16tJNsAhuLDNStMuiG5dV7AP6IpPetqFJZkgyQhnmV9z4K25cKNKd+DOmD0FbDwQO55zLzT1BxJk2nvfprKyurW9sZray2zu7e/vuwWFVh7GiUKEhD1U9IBo4k1AxzHCoRwqICDjUguHNxK89gtIslA9mFEFLkL5kPUaJsVLHLUI7OWfNUECfdJImcI6FTLFJ79sJk+mPtBhIsx035+W9KfAy8eckh+Yod9xxsxvSWIA0lBOtG74XmVZClGGUQ5ptxhoiQoekDw1LJRGgW8n0whSfWqWLe6GyTxo8VX9PJERoPRKBTQpiBnrRm4j/eY3Y9Iote2kUG5B0tqgXc2xCPKkLd5kCavjIEkIVs3/FdEAUocaWOinBXzx5mVQv8v5lvnBXyJWu53Vk0DE6QWfIR1eohG5RGVUQRU/oBb2hd+fZeXU+nPEsuuLMZ47QHzhf36ZWpG8=</latexit>

e�i!`mntRin
`m!`mn



n = 0

n = 1

a/M = 0.2, 0.6, 0.8
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QNMs  (                       ) of Kerr:Im(!`mn) < 0



The last stage (ringdown) of a gravitational waveform can be modelled 
as perturbations of Kerr via QNMs:

QNM measured by 
LIGO agrees with 
theoretical calculation

LIGO’16

perturbed Kerr 
emitting GWs



The last stage (ringdown) of a gravitational waveform can be modelled 
as perturbations of Kerr via QNMs:

QNM measured by 
LIGO agrees with 
theoretical calculation

LIGO’16

perturbed Kerr 
emitting GWs

Q: Are there any unstable modes (                       ) in Kerr?Im(!`mn) > 0



1. BH Perturbations

2. Stability properties of Kerr

4. Conclusions

3. Stability properties of Kerr-de Sitter



• Kerr BH with event horizon removed by a “mirror” (may model 
wormholes) has unstable modes (Friedman’78)

Instability timescale ~ secs for massive wormholes (eg, Cardoso et al’08)

Some instabilities
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• Kerr BH with event horizon removed by a “mirror” (may model 
wormholes) has unstable modes (Friedman’78)

Instability timescale ~ secs for massive wormholes (eg, Cardoso et al’08)

Some instabilities

• Kerr BH is unstable under massive field perturbations (Damour et 
al’76)
Instability timescale has been used to constrain masses of fields, eg, 
mass of Proca field                           eV (Pani et al’12)

<latexit sha1_base64="Dn7aQHkwQVF8gZSOjsPdFViEpjU=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCF0tSinosevFYwX5AE8tmu2mX7iZhdyKUULz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLwgEVyD43xbS8srq2vrhY3i5tb2zq69t9/Ucaooa9BYxKodEM0Ej1gDOAjWThQjMhCsFQyvJ37rgSnN4+gORgnzJelHPOSUgJG69qEnmNaaS1z1gEumsevcZ2eVyrhrl5yyMwVeJG5OSihHvWt/eb2YppJFQAXRuuM6CfgZUcCpYOOil2qWEDokfdYxNCJmm59NXxjjE6P0cBgrUxHgqfp7IiNS65EMTKckMNDz3kT8z+ukEF76GY+SFFhEZ4vCVGCI8SQP3OOKURAjQwhV3NyK6YAoQsGkVjQhuPMvL5Jmpeyel6u31VLtKo+jgI7QMTpFLrpANXSD6qiBKHpEz+gVvVlP1ov1bn3MWpesfOYA/YH1+QOWjJZE</latexit>

. 4⇥ 10�22

• BH ‘bomb’ (Press&Teukolsky’72): 
Kerr BH unstable when surrounded 
by a (sufficiently far) “mirror” mirror

BH

mode 
growth



What about Kerr (without mirror) under massless field perturbations?



of the scalar wave eq. Multiply the eq. by      , integrate over     and r 
and take the Im part:  

<latexit sha1_base64="N/H4mQqjJZC8BkrEwggWm8NMl7I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Cbz209UaSbFvZnE1I/wULCQEWys1OrFI/Zw1i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LBY6o9tPZtVN0YpUBCqWyJQyaqb8nUhxpPYkC2xlhM9KLXib+53UTE175KRNxYqgg80VhwpGRKHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheIsvL5PWedW7qNbuapX6dR5HEY7gGE7Bg0uowy00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AMhOO5A==</latexit>

�⇤ <latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓

Mode stability of Kerr

Consider a possible unstable mode                                    
<latexit sha1_base64="AVgFWzrPlYWxNe1Um/9NnlHvWtE="></latexit>

�(x) = eim'�i!t�m!(r, ✓)

<latexit sha1_base64="c2zOGTjXsxnZNAklK1YERHQGDFQ="></latexit>Z 1

r+

dr

Z +1

�1
d(cos ✓)


4amM

r
� 2Re(!)

r2

h�
r2 + a2

�2 � a2� sin2 ✓
i� r2

�
|�m!|2 = 0



of the scalar wave eq. Multiply the eq. by      , integrate over     and r 
and take the Im part:  

<latexit sha1_base64="N/H4mQqjJZC8BkrEwggWm8NMl7I=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBPJRdKeqx6MVjBfsB7VqyabaNzSZLkhXK0v/gxYMiXv0/3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Cbz209UaSbFvZnE1I/wULCQEWys1OrFI/Zw1i9X3Ko7A1omXk4qkKPRL3/1BpIkERWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LBY6o9tPZtVN0YpUBCqWyJQyaqb8nUhxpPYkC2xlhM9KLXib+53UTE175KRNxYqgg80VhwpGRKHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheIsvL5PWedW7qNbuapX6dR5HEY7gGE7Bg0uowy00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AMhOO5A==</latexit>

�⇤ <latexit sha1_base64="pYM132qgRhMHaU/a61ywLFbdrWg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/puWPMQ==</latexit>

✓

Mode stability of Kerr

Consider a possible unstable mode                                    
<latexit sha1_base64="AVgFWzrPlYWxNe1Um/9NnlHvWtE="></latexit>

�(x) = eim'�i!t�m!(r, ✓)

i.e., unstable modes are only possible in this (superradiant) regime

<latexit sha1_base64="vhSb3wf4Td+hx6wx7m2KrollM/k=">AAACCHicbZA9SwNBEIb34nf8ilpaeBiEiBDuRNTCQrSxM4rRQO449jaTZHH37tidE8OZ0sa/YmOhiK0/wc5/4+aj0MQXFh7emWF23jARXKPjfFu5icmp6ZnZufz8wuLScmFl9VrHqWJQZbGIVS2kGgSPoIocBdQSBVSGAm7C29Ne/eYOlOZxdIWdBHxJWxFvckbRWEFhwznyEO4xu4RuyYsltOj20YN88M57GOwEhaJTdvqyx8EdQpEMVQkKX14jZqmECJmgWtddJ0E/owo5E9DNe6mGhLJb2oK6wYhK0H7WP6RrbxmnYTdjZV6Edt/9PZFRqXVHhqZTUmzr0VrP/K9WT7F56Gc8SlKEiA0WNVNhY2z3UrEbXAFD0TFAmeLmrzZrU0UZmuzyJgR39ORxuN4tu/vlvYu94vHJMI5Zsk42SYm45IAckzNSIVXCyCN5Jq/kzXqyXqx362PQmrOGM2vkj6zPH/AjmUw=</latexit>

0 < Re(!) < |m|⌦+This equality requires:

NB: for                                  : superradiant regime does not exist in 
Schwarzschild (it has no ergosphere) and so it’s mode-stable

<latexit sha1_base64="lqNg1T01wh4syN6H8XLSx8zWnAM=">AAAB+3icbVBNS8NAEN34WetXrEcvi0UQhJJIUS+FohdvVrAf0ISw2U7apZtN2N2IpfSvePGgiFf/iDf/jds2B219MPB4b4aZeWHKmdKO822trK6tb2wWtorbO7t7+/ZBqaWSTFJo0oQnshMSBZwJaGqmOXRSCSQOObTD4c3Ubz+CVCwRD3qUgh+TvmARo0QbKbBLpOZgTyfYu4uhT4KzmhPYZafizICXiZuTMsrRCOwvr5fQLAahKSdKdV0n1f6YSM0oh0nRyxSkhA5JH7qGChKD8sez2yf4xCg9HCXSlNB4pv6eGJNYqVEcms6Y6IFa9Kbif14309GVP2YizTQIOl8UZRybX6dB4B6TQDUfGUKoZOZWTAdEEqpNXEUTgrv48jJpnVfci0r1vlquX+dxFNAROkanyEWXqI5uUQM1EUVP6Bm9ojdrYr1Y79bHvHXFymcO0R9Ynz+zDJLx</latexit>

a = 0 ! ⌦+ = 0

<latexit sha1_base64="c2zOGTjXsxnZNAklK1YERHQGDFQ="></latexit>Z 1

r+

dr

Z +1

�1
d(cos ✓)


4amM

r
� 2Re(!)

r2

h�
r2 + a2

�2 � a2� sin2 ✓
i� r2

�
|�m!|2 = 0



<latexit sha1_base64="UOynE9D3godIEyg+VDRTyHf3IYs=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkqBuh6MadVewDmhAm02k7dPJg5kYooeDGX3HjQhG3/oQ7/8ZJm4W2HrhwOOde7r3HjwVXYFnfxsLi0vLKamGtuL6xubVt7uw2VZRIyho0EpFs+0QxwUPWAA6CtWPJSOAL1vKHV5nfemBS8Si8h1HM3ID0Q97jlICWPHPfCQgMKBGpMyCAb8aedPBdWR5fWJ5ZsirWBHie2DkpoRx1z/xyuhFNAhYCFUSpjm3F4KZEAqeCjYtOolhM6JD0WUfTkARMuenkhzE+0koX9yKpKwQ8UX9PpCRQahT4ujO7WM16mfif10mgd+6mPIwTYCGdLuolAkOEs0Bwl0tGQYw0IVRyfSumAyIJBR1bUYdgz748T5onFfu0Ur2tlmqXeRwFdIAOURnZ6AzV0DWqowai6BE9o1f0ZjwZL8a78TFtXTDymT30B8bnD3HHlr0=</latexit>

Ôr R(r) = 0

<latexit sha1_base64="yr9zwROSClbZRYGDfoystjcurkM="></latexit>

u(x) ⌘ f1(x)

Z 1

r+

f2(r, x)e
i!rR(r)dr

simple specific functions satisfies radial Teukolsky ODE 
(has superradiance)

satisfies a new radial ODE that has no superradiance (it corresponds to a 
spacetime without ergosphere)

Whiting’89 came up with a smart way: an injective integral transformation



<latexit sha1_base64="UOynE9D3godIEyg+VDRTyHf3IYs=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkqBuh6MadVewDmhAm02k7dPJg5kYooeDGX3HjQhG3/oQ7/8ZJm4W2HrhwOOde7r3HjwVXYFnfxsLi0vLKamGtuL6xubVt7uw2VZRIyho0EpFs+0QxwUPWAA6CtWPJSOAL1vKHV5nfemBS8Si8h1HM3ID0Q97jlICWPHPfCQgMKBGpMyCAb8aedPBdWR5fWJ5ZsirWBHie2DkpoRx1z/xyuhFNAhYCFUSpjm3F4KZEAqeCjYtOolhM6JD0WUfTkARMuenkhzE+0koX9yKpKwQ8UX9PpCRQahT4ujO7WM16mfif10mgd+6mPIwTYCGdLuolAkOEs0Bwl0tGQYw0IVRyfSumAyIJBR1bUYdgz748T5onFfu0Ur2tlmqXeRwFdIAOURnZ6AzV0DWqowai6BE9o1f0ZjwZL8a78TFtXTDymT30B8bnD3HHlr0=</latexit>

Ôr R(r) = 0

<latexit sha1_base64="yr9zwROSClbZRYGDfoystjcurkM="></latexit>

u(x) ⌘ f1(x)

Z 1

r+

f2(r, x)e
i!rR(r)dr

simple specific functions satisfies radial Teukolsky ODE 
(has superradiance)

satisfies a new radial ODE that has no superradiance (it corresponds to a 
spacetime without ergosphere)

Whiting’89 came up with a smart way: an injective integral transformation

So there’re no unstable modes (nor marginally unstable, Shlapentokh-
Rothman’15) for massless general-spin fields in Kerr

<latexit sha1_base64="aH27xF3LjhPGfMQcK6ut85wAFyI=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmIckS5id9CZDZmbXeQRCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHdFKWfa+P63l1tb39jcym8Xdnb39g+Kh0cNnVhFoU4TnqhWRDRwJqFumOHQShUQEXFoRsPbmd8cgdIskQ9mnEIoSF+ymFFinPRoO/Bk2Qj73WLJL/tz4FUSZKSEMtS6xa9OL6FWgDSUE63bgZ+acEKUYZTDtNCxGlJCh6QPbUclEaDDyfzgKT5zSg/HiXIlDZ6rvycmRGg9FpHrFMQM9LI3E//z2tbE1+GEydQakHSxKLYcmwTPvsc9poAaPnaEUMXcrZgOiCLUuIwKLoRg+eVV0rgoB5flyn2lVL3J4sijE3SKzlGArlAV3aEaqiOKBHpGr+jNU96L9+59LFpzXjZzjP7A+/wBZ3+QKA==</latexit>

u ⌘ 0

injectivity
<latexit sha1_base64="DMTFsiihxBkEHet2sjhyzHZ03rU=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY9ELx7RyMPAhswOvTBhdnadmSUhhK/w4kFjvPo53vwbB9iDgpV0UqnqTndXkAiujet+O7mV1bX1jfxmYWt7Z3evuH9Q13GqGNZYLGLVDKhGwSXWDDcCm4lCGgUCG8HgZuo3hqg0j+WDGSXoR7QnecgZNVZ6vG/jU8qHxO0US27ZnYEsEy8jJchQ7RS/2t2YpRFKwwTVuuW5ifHHVBnOBE4K7VRjQtmA9rBlqaQRan88O3hCTqzSJWGsbElDZurviTGNtB5Fge2MqOnrRW8q/ue1UhNe+WMuk9SgZPNFYSqIicn0e9LlCpkRI0soU9zeSlifKsqMzahgQ/AWX14m9bOyd1E+vzsvVa6zOPJwBMdwCh5cQgVuoQo1YBDBM7zCm6OcF+fd+Zi35pxs5hD+wPn8ATFbkAU=</latexit>

R ⌘ 0

This allows to show it must be                if R is an unstable mode

=>Kerr is mode-stable



Aminov, Grassi & Hatsuda’20 noticed that the radial Teukolsky 
operator can be rewritten as

<latexit sha1_base64="UGO9s1hm5p4hT5w5Sa2rZzxqtUQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEKQlkaIui25cVrAXaEKYTCft0MkkzkwKNXTjxldx40IRt76DO9/GaZqFtv4w8PGfczhzfj9mVCrL+jYKS8srq2vF9dLG5tb2jrm715JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7ye1tsjIiSN+J0ax8QNUZ/TgGKktOWZhw8OuU/oyAkEwqmoCK8ySYV3moFnlq2qlQkugp1DGeRqeOaX04twEhKuMENSdm0rVm6KhKKYkUnJSSSJER6iPulq5Cgk0k2zKybwWDs9GERCP65g5v6eSFEo5Tj0dWeI1EDO16bmf7VuooJLN6U8ThTheLYoSBhUEZxGAntUEKzYWAPCguq/QjxAOg+lgyvpEOz5kxehdVa1z6u121q5fpXHUQQH4AicABtcgDq4AQ3QBBg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39kfP4AWNeYeA==</latexit>

z ⌘ r � r�
r+ � r�

where

and the ‘mass’ parameters

<latexit sha1_base64="ERclOBnMov5UK/elPT6g/QSs6xk="></latexit>

Ôr = z(z � 1)
d2

dz2
� p2z(z � 1)�m3 p (2z � 1) +

✓
E +

1

4

◆
�

<latexit sha1_base64="N/GotnH4oIJ8TZlpQHf1XEzRg38="></latexit>

m1m2

z
� (m1 +m2)2 � 1

4z(z � 1)

<latexit sha1_base64="Fnklz8D/Q9NB4wwvmA4fZImATUA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsglJYZKepGKLpxWcE+oB2GTJq2oUlmSDJqGfspblwo4tYvceffmGlnoa0H7uVwzr3k5gQRo0o7zreVW1ldW9/Ibxa2tnd29+zifkuFscSkiUMWyk6AFGFUkKammpFOJAniASPtYHyd+u17IhUNxZ2eRMTjaCjogGKkjeTbRe67l6rSe6R+pZz2sm+XnKozA1wmbkZKIEPDt796/RDHnAiNGVKq6zqR9hIkNcWMTAu9WJEI4TEakq6hAnGivGR2+hQeG6UPB6E0JTScqb83EsSVmvDATHKkR2rRS8X/vG6sBxdeQkUUayLw/KFBzKAOYZoD7FNJsGYTQxCW1NwK8QhJhLVJq2BCcBe/vExap1X3rFq7rZXqV1kceXAIjsAJcME5qIMb0ABNgMEDeAav4M16sl6sd+tjPpqzsp0D8AfW5w+d/ZLz</latexit>

m1 = s� ⇠� + ⇠+
<latexit sha1_base64="YSZ33k74GDOiswMQYcQGjfHP7cU=">AAAB+HicbVDLSgMxFM34rPXRUZdugkUQimWmFHUjFN24rGAf0A5DJs20oUlmSDJiHfolblwo4tZPceffmGlnoa0H7uVwzr3k5gQxo0o7zre1srq2vrFZ2Cpu7+zulez9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgm8zsPRCoaiXs9iYnH0VDQkGKkjeTbJe7XrvqP1D+rZL3i22Wn6swAl4mbkzLI0fTtr/4gwgknQmOGlOq5Tqy9FElNMSPTYj9RJEZ4jIakZ6hAnCgvnR0+hSdGGcAwkqaEhjP190aKuFITHphJjvRILXqZ+J/XS3R46aVUxIkmAs8fChMGdQSzFOCASoI1mxiCsKTmVohHSCKsTVZFE4K7+OVl0q5V3fNq/a5eblzncRTAETgGp8AFF6ABbkETtAAGCXgGr+DNerJerHfrYz66YuU7h+APrM8fWPeSQA==</latexit>

m2 = ⇠� + ⇠+
<latexit sha1_base64="GaSzr4I50B+1UwPYheZQYtbKh5s=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsglJYZLepGKLpxWcE+oB2GTJppQ5PMkGSkpfRX3LhQxK0/4s6/MdPOQlsP3MvhnHvJzQliRpV2nG8rt7a+sbmV3y7s7O7tH9iHxZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegu9dtPRCoaiUc9iYnH0UDQkGKkjeTbRe5f3FRUpTemfqWc9rJvl5yqMwdcJW5GSiBDw7e/ev0IJ5wIjRlSqus6sfamSGqKGZkVeokiMcIjNCBdQwXiRHnT+e0zeGqUPgwjaUpoOFd/b0wRV2rCAzPJkR6qZS8V//O6iQ6vvSkVcaKJwIuHwoRBHcE0CNinkmDNJoYgLKm5FeIhkghrE1fBhOAuf3mVtM6r7mW19lAr1W+zOPLgGJyAM+CCK1AH96ABmgCDMXgGr+DNmlkv1rv1sRjNWdnOEfgD6/MHDgyTLA==</latexit>

m3 = �s� ⇠� + ⇠+

<latexit sha1_base64="WB2F5vgfCu0IQrsjQNESsE6SJ7o=">AAACA3icbVDLSgNBEJyNrxhfq970MhiEiCTsSlCPQS8eI5gHZJdldtKbDJl9ODMbCCHgxV/x4kERr/6EN//GSbIHjRY0FFXddHf5CWdSWdaXkVtaXlldy68XNja3tnfM3b2mjFNBoUFjHou2TyRwFkFDMcWhnQggoc+h5Q+up35rCEKyOLpTowTckPQiFjBKlJY88yBx4D5lQ4yZE4fQI7gkvNOy8Monnlm0KtYM+C+xM1JEGeqe+el0Y5qGECnKiZQd20qUOyZCMcphUnBSCQmhA9KDjqYRCUG649kPE3yslS4OYqErUnim/pwYk1DKUejrzpCovlz0puJ/XidVwaU7ZlGSKojofFGQcqxiPA0Ed5kAqvhIE0IF07di2ieCUKVjK+gQ7MWX/5LmWcU+r1Rvq8XaVRZHHh2iI1RCNrpANXSD6qiBKHpAT+gFvRqPxrPxZrzPW3NGNrOPfsH4+AbLqpZU</latexit>

p ⌘ i!(r+ � r�)

<latexit sha1_base64="IAzRkjxC9Oa4HKpBlmAVc8pZal4=">AAACIHicbVBbSwJBGJ21m9nN6rGXIQmCUHZF0kcpgl4Cg7yAqzI7fquDs5dmZgURf0ov/ZVeeiii3urXNOo+mHZgmMM532HmO07ImVSm+W0k1tY3NreS26md3b39g/ThUU0GkaBQpQEPRMMhEjjzoaqY4tAIBRDP4VB3BtdTvz4EIVngP6hRCC2P9HzmMkqUljrp4o0NjxEbYpy1uY51SZa083bgQU/fWdnOX5TuFgTbFYRaBbuTzpg5cwa8SqyYZFCMSif9ZXcDGnngK8qJlE3LDFVrTIRilMMkZUcSQkIHpAdNTX3igWyNZwtO8JlWutgNhD6+wjN1MTEmnpQjz9GTHlF9uexNxf+8ZqTcUmvM/DBS4NP5Q27EsQrwtC3cZQKo4iNNCBVM/xXTPtEVKN1pSpdgLa+8Smr5nHWZK9wXMuWruI4kOkGn6BxZqIjK6BZVUBVR9IRe0Bt6N56NV+PD+JyPJow4c4z+wPj5BUFYoS0=</latexit>

E ⌘ ��� a2!2 � s2 + 8M2!2 � 1

4

Analogy (?) Kerr - SQCD

<latexit sha1_base64="rrg5/YB7ivGBegkOSCEyCJ4uXdI=">AAACHHicbVDLSgMxFM34rPVVdekmWAQXUma0qMuiG5cV7AM6pWTSOzU0mYlJpliGfogbf8WNC0XcuBD8GzNtF9p64MLJOfeSe08gOdPGdb+dhcWl5ZXV3Fp+fWNza7uws1vXcaIo1GjMY9UMiAbOIqgZZjg0pQIiAg6NoH+V+Y0BKM3i6NYMJbQF6UUsZJQYK3UKp/4D6/hS+HCfsAFm/jH2Q0Vo6scCeiSzRulJpvaJlJN3p1B0S+4YeJ54U1JEU1Q7hU+/G9NEQGQoJ1q3PFeadkqUYZTDKO8nGiShfdKDlqUREaDb6fi4ET60SheHsbIVGTxWf0+kRGg9FIHtFMTc6VkvE//zWokJL9opi2RiIKKTj8KEYxPjLCncZQqo4UNLCFXM7orpHbHZGJtn3obgzZ48T+onJe+sVL4pFyuX0zhyaB8doCPkoXNUQdeoimqIokf0jF7Rm/PkvDjvzsekdcGZzuyhP3C+fgARIqH+</latexit>

⇠± ⌘ i
!±
2±

<latexit sha1_base64="f8n4GeVrZL2LX+ppWl1uNhUc1xE=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQMYZdCeolEPTiMYJ5QBKW2clsMmR2dpnpVWLIb3jxV7x4UMSjnvwbJw9BEwsaiqpuuru8SHANtv1lJRYWl5ZXkquptfWNza309k5Vh7GirEJDEaq6RzQTXLIKcBCsHilGAk+wmte7HPm1W6Y0D+UN9CPWCkhHcp9TAkZy07YqZpV7nFPuUa7JpQ/9w6ZgPije6QJRKrzD98WsnXN+XDedsfP2GHieOFOSQVOU3fRHsx3SOGASqCBaNxw7gtaAKOBUsGGqGWsWEdojHdYwVJKA6dZg/NkQHxiljf1QmZKAx+rviQEJtO4HnukMCHT1rDcS//MaMfjnrQGXUQxM0skiPxYYQjyKCbe5YhRE3xBCFTe3YtolilAwYaZMCM7sy/OkepJ3TvOF60KmdDGNI4n20D7KIgedoRK6QmVUQRQ9oCf0gl6tR+vZerPeJ60Jazqzi/7A+vwGG/efIw==</latexit>

r = (r�, r+,1) $ z = (0, 1,1)



Aminov, Grassi & Hatsuda’20 noticed that the radial Teukolsky 
operator can be rewritten as

<latexit sha1_base64="UGO9s1hm5p4hT5w5Sa2rZzxqtUQ=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEKQlkaIui25cVrAXaEKYTCft0MkkzkwKNXTjxldx40IRt76DO9/GaZqFtv4w8PGfczhzfj9mVCrL+jYKS8srq2vF9dLG5tb2jrm715JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7ye1tsjIiSN+J0ax8QNUZ/TgGKktOWZhw8OuU/oyAkEwqmoCK8ySYV3moFnlq2qlQkugp1DGeRqeOaX04twEhKuMENSdm0rVm6KhKKYkUnJSSSJER6iPulq5Cgk0k2zKybwWDs9GERCP65g5v6eSFEo5Tj0dWeI1EDO16bmf7VuooJLN6U8ThTheLYoSBhUEZxGAntUEKzYWAPCguq/QjxAOg+lgyvpEOz5kxehdVa1z6u121q5fpXHUQQH4AicABtcgDq4AQ3QBBg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39kfP4AWNeYeA==</latexit>

z ⌘ r � r�
r+ � r�

The ODE is symmetric under                      (but not under                        )
<latexit sha1_base64="1jrM1VQ5IwTz0MbNsU8FUTYXyPc=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7ENQyaGMZwXxAchx7m71kye7tsTunhJDGv2JjoYitP8POf+MmuUITHww83pthZl6UCm7A876dldW19Y3NwlZxe2d3b989OGwalWnKGlQJpdsRMUzwhDWAg2DtVDMiI8Fa0fBm6rcemDZcJfcwSlkgST/hMacErBS6xzL0cVewGDTvD4BorR6xDCuhW/LK3gx4mfg5KaEc9dD96vYUzSRLgApiTMf3UgjGRAOngk2K3cywlNAh6bOOpQmRzATj2QMTfGaVHo6VtpUAnqm/J8ZEGjOSke2UBAZm0ZuK/3mdDOKrYMyTNAOW0PmiOBMYFJ6mgXtcMwpiZAmhmttbMR0QTSjYzIo2BH/x5WXSrJT9i3L1rlqqXedxFNAJOkXnyEeXqIZuUR01EEUT9Ixe0Zvz5Lw4787HvHXFyWeO0B84nz8qYZYl</latexit>m1 $ m2

<latexit sha1_base64="u5hD+Y/md04JvwQjXsmYl+/eLlE=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED1KSWtRj0YvHCvYD2hI22027dDcJuxOlhIIX/4oXD4p49U9489+4bXPQ1gcDj/dmmJnnx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFM8JDVgYNgrVgxIn3Bmv7weuI375nSPArvYBSzriT9kAecEjCSZx9IL3VPy+OOYAEo3h8AUSp6wNI78+yiU3KmwIvEzUgRZah59lenF9FEshCoIFq3XSeGbkoUcCrYuNBJNIsJHZI+axsaEsl0N53+MMbHRunhIFKmQsBT9fdESqTWI+mbTklgoOe9ifif104guOymPIwTYCGdLQoSgSHCk0BwjytGQYwMIVRxcyumA6IIBRNbwYTgzr+8SBrlknteqtxWitWrLI48OkRH6AS56AJV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrzVnZzD76A+vzB42sl3o=</latexit>m1,2 $ m3

where

and the ‘mass’ parameters

<latexit sha1_base64="ERclOBnMov5UK/elPT6g/QSs6xk="></latexit>

Ôr = z(z � 1)
d2

dz2
� p2z(z � 1)�m3 p (2z � 1) +

✓
E +

1

4

◆
�

<latexit sha1_base64="N/GotnH4oIJ8TZlpQHf1XEzRg38="></latexit>

m1m2

z
� (m1 +m2)2 � 1

4z(z � 1)

<latexit sha1_base64="Fnklz8D/Q9NB4wwvmA4fZImATUA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsglJYZKepGKLpxWcE+oB2GTJq2oUlmSDJqGfspblwo4tYvceffmGlnoa0H7uVwzr3k5gQRo0o7zreVW1ldW9/Ibxa2tnd29+zifkuFscSkiUMWyk6AFGFUkKammpFOJAniASPtYHyd+u17IhUNxZ2eRMTjaCjogGKkjeTbRe67l6rSe6R+pZz2sm+XnKozA1wmbkZKIEPDt796/RDHnAiNGVKq6zqR9hIkNcWMTAu9WJEI4TEakq6hAnGivGR2+hQeG6UPB6E0JTScqb83EsSVmvDATHKkR2rRS8X/vG6sBxdeQkUUayLw/KFBzKAOYZoD7FNJsGYTQxCW1NwK8QhJhLVJq2BCcBe/vExap1X3rFq7rZXqV1kceXAIjsAJcME5qIMb0ABNgMEDeAav4M16sl6sd+tjPpqzsp0D8AfW5w+d/ZLz</latexit>

m1 = s� ⇠� + ⇠+
<latexit sha1_base64="YSZ33k74GDOiswMQYcQGjfHP7cU=">AAAB+HicbVDLSgMxFM34rPXRUZdugkUQimWmFHUjFN24rGAf0A5DJs20oUlmSDJiHfolblwo4tZPceffmGlnoa0H7uVwzr3k5gQxo0o7zre1srq2vrFZ2Cpu7+zulez9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgm8zsPRCoaiXs9iYnH0VDQkGKkjeTbJe7XrvqP1D+rZL3i22Wn6swAl4mbkzLI0fTtr/4gwgknQmOGlOq5Tqy9FElNMSPTYj9RJEZ4jIakZ6hAnCgvnR0+hSdGGcAwkqaEhjP190aKuFITHphJjvRILXqZ+J/XS3R46aVUxIkmAs8fChMGdQSzFOCASoI1mxiCsKTmVohHSCKsTVZFE4K7+OVl0q5V3fNq/a5eblzncRTAETgGp8AFF6ABbkETtAAGCXgGr+DNerJerHfrYz66YuU7h+APrM8fWPeSQA==</latexit>

m2 = ⇠� + ⇠+
<latexit sha1_base64="GaSzr4I50B+1UwPYheZQYtbKh5s=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsglJYZLepGKLpxWcE+oB2GTJppQ5PMkGSkpfRX3LhQxK0/4s6/MdPOQlsP3MvhnHvJzQliRpV2nG8rt7a+sbmV3y7s7O7tH9iHxZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegu9dtPRCoaiUc9iYnH0UDQkGKkjeTbRe5f3FRUpTemfqWc9rJvl5yqMwdcJW5GSiBDw7e/ev0IJ5wIjRlSqus6sfamSGqKGZkVeokiMcIjNCBdQwXiRHnT+e0zeGqUPgwjaUpoOFd/b0wRV2rCAzPJkR6qZS8V//O6iQ6vvSkVcaKJwIuHwoRBHcE0CNinkmDNJoYgLKm5FeIhkghrE1fBhOAuf3mVtM6r7mW19lAr1W+zOPLgGJyAM+CCK1AH96ABmgCDMXgGr+DNmlkv1rv1sRjNWdnOEfgD6/MHDgyTLA==</latexit>

m3 = �s� ⇠� + ⇠+

<latexit sha1_base64="WB2F5vgfCu0IQrsjQNESsE6SJ7o=">AAACA3icbVDLSgNBEJyNrxhfq970MhiEiCTsSlCPQS8eI5gHZJdldtKbDJl9ODMbCCHgxV/x4kERr/6EN//GSbIHjRY0FFXddHf5CWdSWdaXkVtaXlldy68XNja3tnfM3b2mjFNBoUFjHou2TyRwFkFDMcWhnQggoc+h5Q+up35rCEKyOLpTowTckPQiFjBKlJY88yBx4D5lQ4yZE4fQI7gkvNOy8Monnlm0KtYM+C+xM1JEGeqe+el0Y5qGECnKiZQd20qUOyZCMcphUnBSCQmhA9KDjqYRCUG649kPE3yslS4OYqErUnim/pwYk1DKUejrzpCovlz0puJ/XidVwaU7ZlGSKojofFGQcqxiPA0Ed5kAqvhIE0IF07di2ieCUKVjK+gQ7MWX/5LmWcU+r1Rvq8XaVRZHHh2iI1RCNrpANXSD6qiBKHpAT+gFvRqPxrPxZrzPW3NGNrOPfsH4+AbLqpZU</latexit>

p ⌘ i!(r+ � r�)

<latexit sha1_base64="IAzRkjxC9Oa4HKpBlmAVc8pZal4=">AAACIHicbVBbSwJBGJ21m9nN6rGXIQmCUHZF0kcpgl4Cg7yAqzI7fquDs5dmZgURf0ov/ZVeeiii3urXNOo+mHZgmMM532HmO07ImVSm+W0k1tY3NreS26md3b39g/ThUU0GkaBQpQEPRMMhEjjzoaqY4tAIBRDP4VB3BtdTvz4EIVngP6hRCC2P9HzmMkqUljrp4o0NjxEbYpy1uY51SZa083bgQU/fWdnOX5TuFgTbFYRaBbuTzpg5cwa8SqyYZFCMSif9ZXcDGnngK8qJlE3LDFVrTIRilMMkZUcSQkIHpAdNTX3igWyNZwtO8JlWutgNhD6+wjN1MTEmnpQjz9GTHlF9uexNxf+8ZqTcUmvM/DBS4NP5Q27EsQrwtC3cZQKo4iNNCBVM/xXTPtEVKN1pSpdgLa+8Smr5nHWZK9wXMuWruI4kOkGn6BxZqIjK6BZVUBVR9IRe0Bt6N56NV+PD+JyPJow4c4z+wPj5BUFYoS0=</latexit>

E ⌘ ��� a2!2 � s2 + 8M2!2 � 1

4

Analogy (?) Kerr - SQCD

<latexit sha1_base64="rrg5/YB7ivGBegkOSCEyCJ4uXdI=">AAACHHicbVDLSgMxFM34rPVVdekmWAQXUma0qMuiG5cV7AM6pWTSOzU0mYlJpliGfogbf8WNC0XcuBD8GzNtF9p64MLJOfeSe08gOdPGdb+dhcWl5ZXV3Fp+fWNza7uws1vXcaIo1GjMY9UMiAbOIqgZZjg0pQIiAg6NoH+V+Y0BKM3i6NYMJbQF6UUsZJQYK3UKp/4D6/hS+HCfsAFm/jH2Q0Vo6scCeiSzRulJpvaJlJN3p1B0S+4YeJ54U1JEU1Q7hU+/G9NEQGQoJ1q3PFeadkqUYZTDKO8nGiShfdKDlqUREaDb6fi4ET60SheHsbIVGTxWf0+kRGg9FIHtFMTc6VkvE//zWokJL9opi2RiIKKTj8KEYxPjLCncZQqo4UNLCFXM7orpHbHZGJtn3obgzZ48T+onJe+sVL4pFyuX0zhyaB8doCPkoXNUQdeoimqIokf0jF7Rm/PkvDjvzsekdcGZzuyhP3C+fgARIqH+</latexit>

⇠± ⌘ i
!±
2±

<latexit sha1_base64="f8n4GeVrZL2LX+ppWl1uNhUc1xE=">AAACGXicbVDLSgNBEJyNrxhfUY9eBoMQMYZdCeolEPTiMYJ5QBKW2clsMmR2dpnpVWLIb3jxV7x4UMSjnvwbJw9BEwsaiqpuuru8SHANtv1lJRYWl5ZXkquptfWNza309k5Vh7GirEJDEaq6RzQTXLIKcBCsHilGAk+wmte7HPm1W6Y0D+UN9CPWCkhHcp9TAkZy07YqZpV7nFPuUa7JpQ/9w6ZgPije6QJRKrzD98WsnXN+XDedsfP2GHieOFOSQVOU3fRHsx3SOGASqCBaNxw7gtaAKOBUsGGqGWsWEdojHdYwVJKA6dZg/NkQHxiljf1QmZKAx+rviQEJtO4HnukMCHT1rDcS//MaMfjnrQGXUQxM0skiPxYYQjyKCbe5YhRE3xBCFTe3YtolilAwYaZMCM7sy/OkepJ3TvOF60KmdDGNI4n20D7KIgedoRK6QmVUQRQ9oCf0gl6tR+vZerPeJ60Jazqzi/7A+vwGG/efIw==</latexit>

r = (r�, r+,1) $ z = (0, 1,1)



This ODE is the same as the quantum SU(2) Seiberg–Witten eq. with 3 
fundamental hypermultiplets in supersymmetric quantum 
chromodynamics (SQCD), where the         are “flavour masses” of the 
hypermultiplets

<latexit sha1_base64="l8IqesB3YM9d8YNtEttE8l+/tMU=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7LP++WKV/XmwKvEz0kFcjT65a/eIKapZMpSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoIpKZIJufOsVnThngKNaulMVz9fdERqQxExm6TknsyCx7M/E/r5va6DrIuEpSyxRdLIpSgW2MZ3/jAdeMWjFxhFDN3a2Yjogm1Lp0Si4Ef/nlVdK6qPqX1dp9rVK/yeMowgmcwjn4cAV1uIMGNIHCEJ7hFd6QQC/oHX0sWgsonzmGP0CfP1K8jdY=</latexit>mi



This ODE is the same as the quantum SU(2) Seiberg–Witten eq. with 3 
fundamental hypermultiplets in supersymmetric quantum 
chromodynamics (SQCD), where the         are “flavour masses” of the 
hypermultiplets

<latexit sha1_base64="l8IqesB3YM9d8YNtEttE8l+/tMU=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7LP++WKV/XmwKvEz0kFcjT65a/eIKapZMpSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoIpKZIJufOsVnThngKNaulMVz9fdERqQxExm6TknsyCx7M/E/r5va6DrIuEpSyxRdLIpSgW2MZ3/jAdeMWjFxhFDN3a2Yjogm1Lp0Si4Ef/nlVdK6qPqX1dp9rVK/yeMowgmcwjn4cAV1uIMGNIHCEJ7hFd6QQC/oHX0sWgsonzmGP0CfP1K8jdY=</latexit>mi

Since this rule in SQCD is manifestly symmetric under any                     <latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="cnqvxtn5/Nlie4AC1T46r5dJNGs=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwSKEuxjUMmhjGcF8QC6Evc0mWbO3d+zuCeG4xr9iY6GIrT/Dzn/jJrlCEx8MPN6bYWaeH3GmtON8W7mV1bX1jfxmYWt7Z3fP3j9oqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsf30z91iOVioXiXk8i2g3wULABI1gbqWcfeYNQYs4RKz14THiJW6qUzr20ZxedsjMDWiZuRoqQod6zv7x+SOKACk04VqrjOpHuJlhqRjhNC16saITJGA9px1CBA6q6yeyBFJ0apY/MJaaERjP190SCA6UmgW86A6xHatGbiv95nVgPrroJE1GsqSDzRYOYIx2iaRqozyQlmk8MwUQycysiIywx0SazggnBXXx5mTQrZfeiXL2rFmvXWRx5OIYTOAMXLqEGt1CHBhBI4Rle4c16sl6sd+tj3pqzsplD+APr8wcGq5Vm</latexit>

8i, j 2 {1, 2, 3}
they conjectured that the mode sln. condition in Kerr is also symmetric 
under any exchange of SQCD masses

They conjectured that mode frequencies of radial Teukolsky eq. in Kerr are 
equivalent to a Bohr-Sommerfeld-like rule for resonances in the SQCD



This ODE is the same as the quantum SU(2) Seiberg–Witten eq. with 3 
fundamental hypermultiplets in supersymmetric quantum 
chromodynamics (SQCD), where the         are “flavour masses” of the 
hypermultiplets

Casals & Teixeira da Costa’22 proved, directly in Kerr, this SQCD-mass 
symmetry conjecture and used it to obtain an alternative proof of mode 
stability as follows…

<latexit sha1_base64="l8IqesB3YM9d8YNtEttE8l+/tMU=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7LP++WKV/XmwKvEz0kFcjT65a/eIKapZMpSQYzp+l5ig4xoy6lg01IvNSwhdEyGrOuoIpKZIJufOsVnThngKNaulMVz9fdERqQxExm6TknsyCx7M/E/r5va6DrIuEpSyxRdLIpSgW2MZ3/jAdeMWjFxhFDN3a2Yjogm1Lp0Si4Ef/nlVdK6qPqX1dp9rVK/yeMowgmcwjn4cAV1uIMGNIHCEJ7hFd6QQC/oHX0sWgsonzmGP0CfP1K8jdY=</latexit>mi

Since this rule in SQCD is manifestly symmetric under any                     <latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="cnqvxtn5/Nlie4AC1T46r5dJNGs=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwSKEuxjUMmhjGcF8QC6Evc0mWbO3d+zuCeG4xr9iY6GIrT/Dzn/jJrlCEx8MPN6bYWaeH3GmtON8W7mV1bX1jfxmYWt7Z3fP3j9oqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsf30z91iOVioXiXk8i2g3wULABI1gbqWcfeYNQYs4RKz14THiJW6qUzr20ZxedsjMDWiZuRoqQod6zv7x+SOKACk04VqrjOpHuJlhqRjhNC16saITJGA9px1CBA6q6yeyBFJ0apY/MJaaERjP190SCA6UmgW86A6xHatGbiv95nVgPrroJE1GsqSDzRYOYIx2iaRqozyQlmk8MwUQycysiIywx0SazggnBXXx5mTQrZfeiXL2rFmvXWRx5OIYTOAMXLqEGt1CHBhBI4Rle4c16sl6sd+tj3pqzsplD+APr8wcGq5Vm</latexit>

8i, j 2 {1, 2, 3}
they conjectured that the mode sln. condition in Kerr is also symmetric 
under any exchange of SQCD masses

They conjectured that mode frequencies of radial Teukolsky eq. in Kerr are 
equivalent to a Bohr-Sommerfeld-like rule for resonances in the SQCD



Kerr: “SQCD-mass” symmetries & mode stability

First rewrite the b.c. for mode slns. in terms of the new ‘SQCD variables’:

<latexit sha1_base64="+6vXXVrvimKtgJMbvJQsOqn1qiQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBPJREinosevFYwX5AE8pmu2mXbnbD7kQIoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M387hPThiv5CFnCgpiMJI84JWAlXw8ufFA+lxFkg2rNrbtz4FXiFaSGCrQG1S9/qGgaMwlUEGP6nptAkBMNnAo2rfipYQmhEzJifUsliZkJ8vnNU3xmlSGOlLYlAc/V3xM5iY3J4tB2xgTGZtmbif95/RSimyDnMkmBSbpYFKUCg8KzAPCQa0ZBZJYQqrm9FdMx0YSCjaliQ/CWX14lncu6d1VvPDRqzdsijjI6QafoHHnoGjXRPWqhNqIoQc/oFb05qfPivDsfi9aSU8wcoz9wPn8AFb6Ruw==</latexit>

r⇤ ! 1<latexit sha1_base64="Dfwf88y04SmMKduLqgrercC2Iag=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBFEsCRS1GPRi8cK9gOaWDbbTbt0swm7E6WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATX6Djf1tLyyuraemGjuLm1vbNb2ttv6jhVlDVoLGLVDohmgkvWQI6CtRPFSBQI1gqGNxO/9ciU5rG8x1HC/Ij0JQ85JWikB9U99TC2zzwuQxx1S2Wn4kxhLxI3J2XIUe+WvrxeTNOISaSCaN1xnQT9jCjkVLBx0Us1Swgdkj7rGCpJxLSfTa8e28dG6dlhrExJtKfq74mMRFqPosB0RgQHet6biP95nRTDKz/jMkmRSTpbFKbCNo9OIrB7XDGKYmQIoYqbW206IIpQNEEVTQju/MuLpHlecS8q1btquXadx1GAQziCE3DhEmpwC3VoAAUFz/AKb9aT9WK9Wx+z1iUrnzmAP7A+fwDaypIc</latexit>

r⇤ ! �1
<latexit sha1_base64="Qt+ev2M6G/ojXe1It3uuyo8+eRI=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahXkoiRT0WvXisYD+gCWWz3bRLN5u4OynE0N/hxYMiXv0x3vw3btsctPXBwOO9GWbm+bHgGmz72yqsrW9sbhW3Szu7e/sH5cOjto4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/fDvzOxOmNI/kA6Qx80IylDzglICRvOqTCxF2uQwgPe+XK3bNngOvEicnFZSj2S9/uYOIJiGTQAXRuufYMXgZUcCpYNOSm2gWEzomQ9YzVJKQaS+bHz3FZ0YZ4CBSpiTgufp7IiOh1mnom86QwEgvezPxP6+XQHDtZVzGCTBJF4uCRGDz6CwBPOCKURCpIYQqbm7FdEQUoWByKpkQnOWXV0n7ouZc1ur39UrjJo+jiE7QKaoiB12hBrpDTdRCFD2iZ/SK3qyJ9WK9Wx+L1oKVzxyjP7A+fwAlZJG1</latexit>

(z ! 1)
<latexit sha1_base64="EnoKIIZHTYeVDsqSbO5vJW/h+7A=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBHqpsxIUZdFNy4r2Ae0Q8mkmTY0kxmTO0It/Qk3LhRx6++4829M21lo64HA4Zx7yT0nSKQw6Lrfzsrq2vrGZm4rv72zu7dfODhsmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGN1O/+ci1EbG6x1HC/Yj2lQgFo2ilVumpgzHxzrqFolt2ZyDLxMtIETLUuoWvTi9macQVMkmNaXtugv6YahRM8km+kxqeUDakfd62VNGIG388u3dCTq3SI2Gs7VNIZurvjTGNjBlFgZ2MKA7MojcV//PaKYZX/lioJEWu2PyjMJXEZpyGJz2hOUM5soQyLeythA2opgxtRXlbgrcYeZk0zsveRblyVylWr7M6cnAMJ1ACDy6hCrdQgzowkPAMr/DmPDgvzrvzMR9dcbKdI/gD5/MH0SOPLg==</latexit>

(z ! 1)

So the b.c. for mode slns., like the ODE, are symmetric under                      
but not under                        

<latexit sha1_base64="1jrM1VQ5IwTz0MbNsU8FUTYXyPc=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7ENQyaGMZwXxAchx7m71kye7tsTunhJDGv2JjoYitP8POf+MmuUITHww83pthZl6UCm7A876dldW19Y3NwlZxe2d3b989OGwalWnKGlQJpdsRMUzwhDWAg2DtVDMiI8Fa0fBm6rcemDZcJfcwSlkgST/hMacErBS6xzL0cVewGDTvD4BorR6xDCuhW/LK3gx4mfg5KaEc9dD96vYUzSRLgApiTMf3UgjGRAOngk2K3cywlNAh6bOOpQmRzATj2QMTfGaVHo6VtpUAnqm/J8ZEGjOSke2UBAZm0ZuK/3mdDOKrYMyTNAOW0PmiOBMYFJ6mgXtcMwpiZAmhmttbMR0QTSjYzIo2BH/x5WXSrJT9i3L1rlqqXedxFNAJOkXnyEeXqIZuUR01EEUT9Ixe0Zvz5Lw4787HvHXFyWeO0B84nz8qYZYl</latexit>m1 $ m2
<latexit sha1_base64="u5hD+Y/md04JvwQjXsmYl+/eLlE=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED1KSWtRj0YvHCvYD2hI22027dDcJuxOlhIIX/4oXD4p49U9489+4bXPQ1gcDj/dmmJnnx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFM8JDVgYNgrVgxIn3Bmv7weuI375nSPArvYBSzriT9kAecEjCSZx9IL3VPy+OOYAEo3h8AUSp6wNI78+yiU3KmwIvEzUgRZah59lenF9FEshCoIFq3XSeGbkoUcCrYuNBJNIsJHZI+axsaEsl0N53+MMbHRunhIFKmQsBT9fdESqTWI+mbTklgoOe9ifif104guOymPIwTYCGdLQoSgSHCk0BwjytGQYwMIVRxcyumA6IIBRNbwYTgzr+8SBrlknteqtxWitWrLI48OkRH6AS56AJV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrzVnZzD76A+vzB42sl3o=</latexit>m1,2 $ m3

<latexit sha1_base64="1RfvdHBfgN4PQJduFJ6VDZdnX5M="></latexit>

e�
1
2 (m1+m2�1) ln(z�1) ⇠ Rin

`m! ⇠ epz



Next express the ‘in’-sln. as a (Jaffé) expansion about               (Leaver´85):<latexit sha1_base64="CnZC2j9w4ihtzkeQQB6sw5q0nwk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJv6zSdUmify0YxSDGLalzzijBor+epGdc+7pbJbcWcgy8TLSRly1Lulr04vYVmM0jBBtW57bmqCMVWGM4GTYifTmFI2pH1sWyppjDoYz46dkFOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxE18GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2hC8xZeXSeOi4l1Wqg/Vcu02j6MAx3ACZ+DBFdTgHurgAwMOz/AKb450Xpx352PeuuLkM0fwB87nD1H+jmA=</latexit>r = r+
<latexit sha1_base64="TfVoSKuNMCFn/WdWwlGoOJ1IWSw=">AAAChHicbVFNbxMxFPQuUEr4CuXIxSJCpCqN1mkpXIoquHAsiLSV4mTldd4mVm3vyvYiJZZ/Cf+KG/8GJ5sDtH2SpdHMvOfncVFLYV2 W/UnSe/cf7DzcfdR5/OTps+fdF3sXtmoMhxGvZGWuCmZBCg0jJ5yEq9oAU4WEy+L6y1q//AnGikr/cMsaJorNtSgFZy5SeffX96kXOuSegpRY0UrBnIVTmPq6vzok+yEiWhrGPQl+GPoqJwcqHx4MVX4UZSo1Xq09h3eYWr0dg6ltVO71aRbiQKFLtwy4yDWVULp+2xyNwa8CNWK+cPvTuF0vG2SbwrcB2YIe2tZ53v1NZxVvFGjHJbN2TLLaTTwzTnAJoUMbCzXj12wO4wg1U2AnfhNiwG8iM8NlZeLRDm/Yfzs8U9YuVRGdirmFvamtybu0cePKj5MYct040Ly9qGwkdhVe/wieCQPcyWUEjBsRd8V8wWIgLv5bJ4ZAbj75NrgYDsjJ4Pjbce/s8zaOXfQKvUZ9RNAHdIa+onM0QjxJkrdJlpB0J32XHqXvW2uabHteov8q/fQXlV7BMQ==</latexit>

Rin
`m! = ep(z�1)e

1
2 (m1+m2+2m3�1) ln ze�

1
2 (m1+m2�1) ln(z�1)

1X

n=0

bn

✓
z � 1

z

◆n

<latexit sha1_base64="PmrIdRx3wvqGsj+GHmY31DGGCmk=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKqUlkaJuhKIuXFawF2hrmEyn7dDJJMxMhBLyQm58FRFcVMStr+E0jVBbfxj4+c45nDm/GzAqlWVNjMzK6tr6RnYzt7W9s7tn7h80pB8KTOrYZ75ouUgSRjmpK6oYaQWCIM9lpOmObqb15hMRkvr8QY0D0vXQgNM+xUhp5Ji3HcSCIXL4Y1Qo2qcxdJ2IF+24OMetBPN5VPptLdnxleWYeatsJYLLxk5NHqSqOeZbp+fj0CNcYYakbNtWoLoREopiRuJcJ5QkQHiEBqStLUcekd0ouTaGJ5r0YN8X+nEFEzo/ESFPyrHn6k4PqaFcrE3hf7V2qPqX3YjyIFSE49mifsig8uE0OtijgmDFxtogLKj+K8RDJBBWOuCcDsFePHnZNM7K9nm5cl/JV6/TOLLgCByDArDBBaiCO1ADdYDBM3gFE/BhvBjvxqfxNWvNGOnMIfgj4/sH/iKmIg==</latexit>

↵(+1)
n bn+1 + ↵(0)

n bn + ↵(�1)
n bn�1 = 0

with coeffs. satisfying a 3-term recurrence rln.

The coefficients            and           depend on 
<latexit sha1_base64="guYcrtzVYJ3mYubCU4bmRMoAyLI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF6UkUtRl0Y0boYJ9QBvKZHrTDp1JwsxEKKHgr7hxoYhbv8Odf+OkzUJbD1zu4Zx7mTvHjzlT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJRICk0a8Uh2fKKAsxCammkOnVgCET6Htj++yfz2I0jFovBBT2LwBBmGLGCUaCP17aO7CiYV3IsEDLMOnFew6Ntlp+rMgJeJm5MyytHo21+9QUQTAaGmnCjVdZ1YeymRmlEO01IvURATOiZD6BoaEgHKS2fnT/GpUQY4iKSpUOOZ+nsjJUKpifDNpCB6pBa9TPzP6yY6uPJSFsaJhpDOHwoSjnWEsyzwgEmgmk8MIVQycyumIyIJ1SaxkgnBXfzyMmmdV92Lau2+Vq5f53EU0TE6QWfIRZeojm5RAzURRSl6Rq/ozXqyXqx362M+WrDynUP0B9bnD1Jck88=</latexit>

M,a,!, `,m
<latexit sha1_base64="bEwOxFOu0+NnAsmcwfh6znf2KHo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCQWjSjvOt1VaW9/Y3CpvV3Z29/YP7MNqVyWpxKSDE5bIfogUYZSTjqaakb6QBMUhI71wcjPze49EKprwez0VxI/RiNOIYqSNFNhVDzExRgF/yOqeiKF7lgd2zWk4c8BV4hakBgq0A/vLGyY4jQnXmCGlBq4jtJ8hqSlmJK94qSIC4QkakYGhHMVE+dn89hyeGmUIo0Sa4hrO1d8TGYqVmsah6YyRHqtlbyb+5w1SHV35GeUi1YTjxaIoZVAncBYEHFJJsGZTQxCW1NwK8RhJhLWJq2JCcJdfXiXd84Z70WjeNWut6yKOMjgGJ6AOXHAJWuAWtEEHYPAEnsEreLNy68V6tz4WrSWrmDkCf2B9/gAD2pPI</latexit>

↵(±1)
n

<latexit sha1_base64="Lkohep4K+5O0styYYUMVhAGYtd8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QpmWy3bRLN5uwu1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjpooSSWiDRDySbR8V5UzQhmaa03YsKYY+py1/fDvzW49UKhaJBz2JqRfiULCAEdRG6nWRxyPsi15ads6n/WLJqThz2KvEzUgJMtT7xa/uICJJSIUmHJXquE6svRSlZoTTaaGbKBojGeOQdgwVGFLlpfOrp/aZUQZ2EElTQttz9fdEiqFSk9A3nSHqkVr2ZuJ/XifRwbWXMhEnmgqyWBQk3NaRPYvAHjBJieYTQ5BIZm61yQglEm2CKpgQ3OWXV0nzouJeVqr31VLtJosjDydwCmVw4QpqcAd1aAABCc/wCm/Wk/VivVsfi9aclc0cwx9Ynz/T8pIV</latexit>

↵(0)
n

<latexit sha1_base64="bEwOxFOu0+NnAsmcwfh6znf2KHo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCQWjSjvOt1VaW9/Y3CpvV3Z29/YP7MNqVyWpxKSDE5bIfogUYZSTjqaakb6QBMUhI71wcjPze49EKprwez0VxI/RiNOIYqSNFNhVDzExRgF/yOqeiKF7lgd2zWk4c8BV4hakBgq0A/vLGyY4jQnXmCGlBq4jtJ8hqSlmJK94qSIC4QkakYGhHMVE+dn89hyeGmUIo0Sa4hrO1d8TGYqVmsah6YyRHqtlbyb+5w1SHV35GeUi1YTjxaIoZVAncBYEHFJJsGZTQxCW1NwK8RhJhLWJq2JCcJdfXiXd84Z70WjeNWut6yKOMjgGJ6AOXHAJWuAWtEEHYPAEnsEreLNy68V6tz4WrSWrmDkCf2B9/gAD2pPI</latexit>

↵(±1)
n are not symmetric under <latexit sha1_base64="u5hD+Y/md04JvwQjXsmYl+/eLlE=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED1KSWtRj0YvHCvYD2hI22027dDcJuxOlhIIX/4oXD4p49U9489+4bXPQ1gcDj/dmmJnnx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFM8JDVgYNgrVgxIn3Bmv7weuI375nSPArvYBSzriT9kAecEjCSZx9IL3VPy+OOYAEo3h8AUSp6wNI78+yiU3KmwIvEzUgRZah59lenF9FEshCoIFq3XSeGbkoUcCrYuNBJNIsJHZI+axsaEsl0N53+MMbHRunhIFKmQsBT9fdESqTWI+mbTklgoOe9ifif104guOymPIwTYCGdLQoSgSHCk0BwjytGQYwMIVRxcyumA6IIBRNbwYTgzr+8SBrlknteqtxWitWrLI48OkRH6AS56AJV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrzVnZzD76A+vzB42sl3o=</latexit>m1,2 $ m3



Next express the ‘in’-sln. as a (Jaffé) expansion about               (Leaver´85):<latexit sha1_base64="CnZC2j9w4ihtzkeQQB6sw5q0nwk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJv6zSdUmify0YxSDGLalzzijBor+epGdc+7pbJbcWcgy8TLSRly1Lulr04vYVmM0jBBtW57bmqCMVWGM4GTYifTmFI2pH1sWyppjDoYz46dkFOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxE18GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2hC8xZeXSeOi4l1Wqg/Vcu02j6MAx3ACZ+DBFdTgHurgAwMOz/AKb450Xpx352PeuuLkM0fwB87nD1H+jmA=</latexit>r = r+
<latexit sha1_base64="TfVoSKuNMCFn/WdWwlGoOJ1IWSw=">AAAChHicbVFNbxMxFPQuUEr4CuXIxSJCpCqN1mkpXIoquHAsiLSV4mTldd4mVm3vyvYiJZZ/Cf+KG/8GJ5sDtH2SpdHMvOfncVFLYV2 W/UnSe/cf7DzcfdR5/OTps+fdF3sXtmoMhxGvZGWuCmZBCg0jJ5yEq9oAU4WEy+L6y1q//AnGikr/cMsaJorNtSgFZy5SeffX96kXOuSegpRY0UrBnIVTmPq6vzok+yEiWhrGPQl+GPoqJwcqHx4MVX4UZSo1Xq09h3eYWr0dg6ltVO71aRbiQKFLtwy4yDWVULp+2xyNwa8CNWK+cPvTuF0vG2SbwrcB2YIe2tZ53v1NZxVvFGjHJbN2TLLaTTwzTnAJoUMbCzXj12wO4wg1U2AnfhNiwG8iM8NlZeLRDm/Yfzs8U9YuVRGdirmFvamtybu0cePKj5MYct040Ly9qGwkdhVe/wieCQPcyWUEjBsRd8V8wWIgLv5bJ4ZAbj75NrgYDsjJ4Pjbce/s8zaOXfQKvUZ9RNAHdIa+onM0QjxJkrdJlpB0J32XHqXvW2uabHteov8q/fQXlV7BMQ==</latexit>

Rin
`m! = ep(z�1)e

1
2 (m1+m2+2m3�1) ln ze�

1
2 (m1+m2�1) ln(z�1)

1X

n=0

bn

✓
z � 1

z

◆n

<latexit sha1_base64="PmrIdRx3wvqGsj+GHmY31DGGCmk=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKqUlkaJuhKIuXFawF2hrmEyn7dDJJMxMhBLyQm58FRFcVMStr+E0jVBbfxj4+c45nDm/GzAqlWVNjMzK6tr6RnYzt7W9s7tn7h80pB8KTOrYZ75ouUgSRjmpK6oYaQWCIM9lpOmObqb15hMRkvr8QY0D0vXQgNM+xUhp5Ji3HcSCIXL4Y1Qo2qcxdJ2IF+24OMetBPN5VPptLdnxleWYeatsJYLLxk5NHqSqOeZbp+fj0CNcYYakbNtWoLoREopiRuJcJ5QkQHiEBqStLUcekd0ouTaGJ5r0YN8X+nEFEzo/ESFPyrHn6k4PqaFcrE3hf7V2qPqX3YjyIFSE49mifsig8uE0OtijgmDFxtogLKj+K8RDJBBWOuCcDsFePHnZNM7K9nm5cl/JV6/TOLLgCByDArDBBaiCO1ADdYDBM3gFE/BhvBjvxqfxNWvNGOnMIfgj4/sH/iKmIg==</latexit>

↵(+1)
n bn+1 + ↵(0)

n bn + ↵(�1)
n bn�1 = 0

with coeffs. satisfying a 3-term recurrence rln.

The coefficients            and           depend on 
<latexit sha1_base64="guYcrtzVYJ3mYubCU4bmRMoAyLI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF6UkUtRl0Y0boYJ9QBvKZHrTDp1JwsxEKKHgr7hxoYhbv8Odf+OkzUJbD1zu4Zx7mTvHjzlT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJRICk0a8Uh2fKKAsxCammkOnVgCET6Htj++yfz2I0jFovBBT2LwBBmGLGCUaCP17aO7CiYV3IsEDLMOnFew6Ntlp+rMgJeJm5MyytHo21+9QUQTAaGmnCjVdZ1YeymRmlEO01IvURATOiZD6BoaEgHKS2fnT/GpUQY4iKSpUOOZ+nsjJUKpifDNpCB6pBa9TPzP6yY6uPJSFsaJhpDOHwoSjnWEsyzwgEmgmk8MIVQycyumIyIJ1SaxkgnBXfzyMmmdV92Lau2+Vq5f53EU0TE6QWfIRZeojm5RAzURRSl6Rq/ozXqyXqx362M+WrDynUP0B9bnD1Jck88=</latexit>

M,a,!, `,m
<latexit sha1_base64="bEwOxFOu0+NnAsmcwfh6znf2KHo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCQWjSjvOt1VaW9/Y3CpvV3Z29/YP7MNqVyWpxKSDE5bIfogUYZSTjqaakb6QBMUhI71wcjPze49EKprwez0VxI/RiNOIYqSNFNhVDzExRgF/yOqeiKF7lgd2zWk4c8BV4hakBgq0A/vLGyY4jQnXmCGlBq4jtJ8hqSlmJK94qSIC4QkakYGhHMVE+dn89hyeGmUIo0Sa4hrO1d8TGYqVmsah6YyRHqtlbyb+5w1SHV35GeUi1YTjxaIoZVAncBYEHFJJsGZTQxCW1NwK8RhJhLWJq2JCcJdfXiXd84Z70WjeNWut6yKOMjgGJ6AOXHAJWuAWtEEHYPAEnsEreLNy68V6tz4WrSWrmDkCf2B9/gAD2pPI</latexit>

↵(±1)
n

<latexit sha1_base64="Lkohep4K+5O0styYYUMVhAGYtd8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QpmWy3bRLN5uwu1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjpooSSWiDRDySbR8V5UzQhmaa03YsKYY+py1/fDvzW49UKhaJBz2JqRfiULCAEdRG6nWRxyPsi15ads6n/WLJqThz2KvEzUgJMtT7xa/uICJJSIUmHJXquE6svRSlZoTTaaGbKBojGeOQdgwVGFLlpfOrp/aZUQZ2EElTQttz9fdEiqFSk9A3nSHqkVr2ZuJ/XifRwbWXMhEnmgqyWBQk3NaRPYvAHjBJieYTQ5BIZm61yQglEm2CKpgQ3OWXV0nzouJeVqr31VLtJosjDydwCmVw4QpqcAd1aAABCc/wCm/Wk/VivVsfi9aclc0cwx9Ynz/T8pIV</latexit>

↵(0)
n

<latexit sha1_base64="bEwOxFOu0+NnAsmcwfh6znf2KHo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCQWjSjvOt1VaW9/Y3CpvV3Z29/YP7MNqVyWpxKSDE5bIfogUYZSTjqaakb6QBMUhI71wcjPze49EKprwez0VxI/RiNOIYqSNFNhVDzExRgF/yOqeiKF7lgd2zWk4c8BV4hakBgq0A/vLGyY4jQnXmCGlBq4jtJ8hqSlmJK94qSIC4QkakYGhHMVE+dn89hyeGmUIo0Sa4hrO1d8TGYqVmsah6YyRHqtlbyb+5w1SHV35GeUi1YTjxaIoZVAncBYEHFJJsGZTQxCW1NwK8RhJhLWJq2JCcJdfXiXd84Z70WjeNWut6yKOMjgGJ6AOXHAJWuAWtEEHYPAEnsEreLNy68V6tz4WrSWrmDkCf2B9/gAD2pPI</latexit>

↵(±1)
n are not symmetric under <latexit sha1_base64="u5hD+Y/md04JvwQjXsmYl+/eLlE=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED1KSWtRj0YvHCvYD2hI22027dDcJuxOlhIIX/4oXD4p49U9489+4bXPQ1gcDj/dmmJnnx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFM8JDVgYNgrVgxIn3Bmv7weuI375nSPArvYBSzriT9kAecEjCSZx9IL3VPy+OOYAEo3h8AUSp6wNI78+yiU3KmwIvEzUgRZah59lenF9FEshCoIFq3XSeGbkoUcCrYuNBJNIsJHZI+axsaEsl0N53+MMbHRunhIFKmQsBT9fdESqTWI+mbTklgoOe9ifif104guOymPIwTYCGdLQoSgSHCk0BwjytGQYwMIVRxcyumA6IIBRNbwYTgzr+8SBrlknteqtxWitWrLI48OkRH6AS56AJV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrzVnZzD76A+vzB42sl3o=</latexit>m1,2 $ m3

b.c. at

<latexit sha1_base64="6oJZOzkVgbT9P7GmNjduViTRpsU=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1GXRjcsq9gFNDJPpTTt0JgkzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6acKe0439bS8srq2nppo7y5tb2za+/tt1SSSQpNmvBEdkKigLMYmpppDp1UAhEhh3Y4vB777UeQiiXxvR6l4AvSj1nEKNFGCuzDu4ecxUWQe8A5Fl4ioE+KwK44VWcCvEjcGamgGRqB/eX1EpoJiDXlRKmu66Taz4nUjHIoyl6mICV0SPrQNTQmApSfT84v8IlRejhKpKlY44n6eyInQqmRCE2nIHqg5r2x+J/XzXR06Zv30kxDTKeLooxjneBxFrjHJFDNR4YQKpm5FdMBkYRqk1jZhODOv7xIWmdV97xau61V6lezOEroCB2jU+SiC1RHN6iBmoiiHD2jV/RmPVkv1rv1MW1dsmYzB+gPrM8flqaV5w==</latexit>

Rin
`m!

The above expansion readily guarantees that           satisfies the ‘in’-sln. b.c. 
at                  (i.e.,            )

<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit> [
<latexit sha1_base64="CnZC2j9w4ihtzkeQQB6sw5q0nwk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJv6zSdUmify0YxSDGLalzzijBor+epGdc+7pbJbcWcgy8TLSRly1Lulr04vYVmM0jBBtW57bmqCMVWGM4GTYifTmFI2pH1sWyppjDoYz46dkFOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxE18GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2hC8xZeXSeOi4l1Wqg/Vcu02j6MAx3ACZ+DBFdTgHurgAwMOz/AKb450Xpx352PeuuLkM0fwB87nD1H+jmA=</latexit>r = r+

<latexit sha1_base64="C5XawWm5XDbOs8YiWeerE8jD3hA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHiOYByRJmJ51kyOzsMjMrxCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupn6zUdUmkfywYxj9EM6kLzPGTVWun+68rrFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezUyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf1LP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukcVb2zsuVu0qpep3FkYcjOIZT8OACqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8f3fGNiQ==</latexit>

z = 1

<latexit sha1_base64="CnZC2j9w4ihtzkeQQB6sw5q0nwk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJv6zSdUmify0YxSDGLalzzijBor+epGdc+7pbJbcWcgy8TLSRly1Lulr04vYVmM0jBBtW57bmqCMVWGM4GTYifTmFI2pH1sWyppjDoYz46dkFOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxE18GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2hC8xZeXSeOi4l1Wqg/Vcu02j6MAx3ACZ+DBFdTgHurgAwMOz/AKb450Xpx352PeuuLkM0fwB87nD1H+jmA=</latexit>r = r+



Next express the ‘in’-sln. as a (Jaffé) expansion about               (Leaver´85):<latexit sha1_base64="CnZC2j9w4ihtzkeQQB6sw5q0nwk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJv6zSdUmify0YxSDGLalzzijBor+epGdc+7pbJbcWcgy8TLSRly1Lulr04vYVmM0jBBtW57bmqCMVWGM4GTYifTmFI2pH1sWyppjDoYz46dkFOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxE18GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2hC8xZeXSeOi4l1Wqg/Vcu02j6MAx3ACZ+DBFdTgHurgAwMOz/AKb450Xpx352PeuuLkM0fwB87nD1H+jmA=</latexit>r = r+
<latexit sha1_base64="TfVoSKuNMCFn/WdWwlGoOJ1IWSw=">AAAChHicbVFNbxMxFPQuUEr4CuXIxSJCpCqN1mkpXIoquHAsiLSV4mTldd4mVm3vyvYiJZZ/Cf+KG/8GJ5sDtH2SpdHMvOfncVFLYV2 W/UnSe/cf7DzcfdR5/OTps+fdF3sXtmoMhxGvZGWuCmZBCg0jJ5yEq9oAU4WEy+L6y1q//AnGikr/cMsaJorNtSgFZy5SeffX96kXOuSegpRY0UrBnIVTmPq6vzok+yEiWhrGPQl+GPoqJwcqHx4MVX4UZSo1Xq09h3eYWr0dg6ltVO71aRbiQKFLtwy4yDWVULp+2xyNwa8CNWK+cPvTuF0vG2SbwrcB2YIe2tZ53v1NZxVvFGjHJbN2TLLaTTwzTnAJoUMbCzXj12wO4wg1U2AnfhNiwG8iM8NlZeLRDm/Yfzs8U9YuVRGdirmFvamtybu0cePKj5MYct040Ly9qGwkdhVe/wieCQPcyWUEjBsRd8V8wWIgLv5bJ4ZAbj75NrgYDsjJ4Pjbce/s8zaOXfQKvUZ9RNAHdIa+onM0QjxJkrdJlpB0J32XHqXvW2uabHteov8q/fQXlV7BMQ==</latexit>

Rin
`m! = ep(z�1)e

1
2 (m1+m2+2m3�1) ln ze�

1
2 (m1+m2�1) ln(z�1)

1X

n=0

bn

✓
z � 1

z

◆n

<latexit sha1_base64="PmrIdRx3wvqGsj+GHmY31DGGCmk=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKqUlkaJuhKIuXFawF2hrmEyn7dDJJMxMhBLyQm58FRFcVMStr+E0jVBbfxj4+c45nDm/GzAqlWVNjMzK6tr6RnYzt7W9s7tn7h80pB8KTOrYZ75ouUgSRjmpK6oYaQWCIM9lpOmObqb15hMRkvr8QY0D0vXQgNM+xUhp5Ji3HcSCIXL4Y1Qo2qcxdJ2IF+24OMetBPN5VPptLdnxleWYeatsJYLLxk5NHqSqOeZbp+fj0CNcYYakbNtWoLoREopiRuJcJ5QkQHiEBqStLUcekd0ouTaGJ5r0YN8X+nEFEzo/ESFPyrHn6k4PqaFcrE3hf7V2qPqX3YjyIFSE49mifsig8uE0OtijgmDFxtogLKj+K8RDJBBWOuCcDsFePHnZNM7K9nm5cl/JV6/TOLLgCByDArDBBaiCO1ADdYDBM3gFE/BhvBjvxqfxNWvNGOnMIfgj4/sH/iKmIg==</latexit>

↵(+1)
n bn+1 + ↵(0)

n bn + ↵(�1)
n bn�1 = 0

with coeffs. satisfying a 3-term recurrence rln.

The coefficients            and           depend on 
<latexit sha1_base64="guYcrtzVYJ3mYubCU4bmRMoAyLI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF6UkUtRl0Y0boYJ9QBvKZHrTDp1JwsxEKKHgr7hxoYhbv8Odf+OkzUJbD1zu4Zx7mTvHjzlT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJRICk0a8Uh2fKKAsxCammkOnVgCET6Htj++yfz2I0jFovBBT2LwBBmGLGCUaCP17aO7CiYV3IsEDLMOnFew6Ntlp+rMgJeJm5MyytHo21+9QUQTAaGmnCjVdZ1YeymRmlEO01IvURATOiZD6BoaEgHKS2fnT/GpUQY4iKSpUOOZ+nsjJUKpifDNpCB6pBa9TPzP6yY6uPJSFsaJhpDOHwoSjnWEsyzwgEmgmk8MIVQycyumIyIJ1SaxkgnBXfzyMmmdV92Lau2+Vq5f53EU0TE6QWfIRZeojm5RAzURRSl6Rq/ozXqyXqx362M+WrDynUP0B9bnD1Jck88=</latexit>

M,a,!, `,m
<latexit sha1_base64="bEwOxFOu0+NnAsmcwfh6znf2KHo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCQWjSjvOt1VaW9/Y3CpvV3Z29/YP7MNqVyWpxKSDE5bIfogUYZSTjqaakb6QBMUhI71wcjPze49EKprwez0VxI/RiNOIYqSNFNhVDzExRgF/yOqeiKF7lgd2zWk4c8BV4hakBgq0A/vLGyY4jQnXmCGlBq4jtJ8hqSlmJK94qSIC4QkakYGhHMVE+dn89hyeGmUIo0Sa4hrO1d8TGYqVmsah6YyRHqtlbyb+5w1SHV35GeUi1YTjxaIoZVAncBYEHFJJsGZTQxCW1NwK8RhJhLWJq2JCcJdfXiXd84Z70WjeNWut6yKOMjgGJ6AOXHAJWuAWtEEHYPAEnsEreLNy68V6tz4WrSWrmDkCf2B9/gAD2pPI</latexit>

↵(±1)
n

<latexit sha1_base64="Lkohep4K+5O0styYYUMVhAGYtd8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QpmWy3bRLN5uwu1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjpooSSWiDRDySbR8V5UzQhmaa03YsKYY+py1/fDvzW49UKhaJBz2JqRfiULCAEdRG6nWRxyPsi15ads6n/WLJqThz2KvEzUgJMtT7xa/uICJJSIUmHJXquE6svRSlZoTTaaGbKBojGeOQdgwVGFLlpfOrp/aZUQZ2EElTQttz9fdEiqFSk9A3nSHqkVr2ZuJ/XifRwbWXMhEnmgqyWBQk3NaRPYvAHjBJieYTQ5BIZm61yQglEm2CKpgQ3OWXV0nzouJeVqr31VLtJosjDydwCmVw4QpqcAd1aAABCc/wCm/Wk/VivVsfi9aclc0cwx9Ynz/T8pIV</latexit>

↵(0)
n

<latexit sha1_base64="bEwOxFOu0+NnAsmcwfh6znf2KHo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCQWjSjvOt1VaW9/Y3CpvV3Z29/YP7MNqVyWpxKSDE5bIfogUYZSTjqaakb6QBMUhI71wcjPze49EKprwez0VxI/RiNOIYqSNFNhVDzExRgF/yOqeiKF7lgd2zWk4c8BV4hakBgq0A/vLGyY4jQnXmCGlBq4jtJ8hqSlmJK94qSIC4QkakYGhHMVE+dn89hyeGmUIo0Sa4hrO1d8TGYqVmsah6YyRHqtlbyb+5w1SHV35GeUi1YTjxaIoZVAncBYEHFJJsGZTQxCW1NwK8RhJhLWJq2JCcJdfXiXd84Z70WjeNWut6yKOMjgGJ6AOXHAJWuAWtEEHYPAEnsEreLNy68V6tz4WrSWrmDkCf2B9/gAD2pPI</latexit>

↵(±1)
n are not symmetric under <latexit sha1_base64="u5hD+Y/md04JvwQjXsmYl+/eLlE=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED1KSWtRj0YvHCvYD2hI22027dDcJuxOlhIIX/4oXD4p49U9489+4bXPQ1gcDj/dmmJnnx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFM8JDVgYNgrVgxIn3Bmv7weuI375nSPArvYBSzriT9kAecEjCSZx9IL3VPy+OOYAEo3h8AUSp6wNI78+yiU3KmwIvEzUgRZah59lenF9FEshCoIFq3XSeGbkoUcCrYuNBJNIsJHZI+axsaEsl0N53+MMbHRunhIFKmQsBT9fdESqTWI+mbTklgoOe9ifif104guOymPIwTYCGdLQoSgSHCk0BwjytGQYwMIVRxcyumA6IIBRNbwYTgzr+8SBrlknteqtxWitWrLI48OkRH6AS56AJV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFrzVnZzD76A+vzB42sl3o=</latexit>m1,2 $ m3

b.c. at

<latexit sha1_base64="6oJZOzkVgbT9P7GmNjduViTRpsU=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1GXRjcsq9gFNDJPpTTt0JgkzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6acKe0439bS8srq2nppo7y5tb2za+/tt1SSSQpNmvBEdkKigLMYmpppDp1UAhEhh3Y4vB777UeQiiXxvR6l4AvSj1nEKNFGCuzDu4ecxUWQe8A5Fl4ioE+KwK44VWcCvEjcGamgGRqB/eX1EpoJiDXlRKmu66Taz4nUjHIoyl6mICV0SPrQNTQmApSfT84v8IlRejhKpKlY44n6eyInQqmRCE2nIHqg5r2x+J/XzXR06Zv30kxDTKeLooxjneBxFrjHJFDNR4YQKpm5FdMBkYRqk1jZhODOv7xIWmdV97xau61V6lezOEroCB2jU+SiC1RHN6iBmoiiHD2jV/RmPVkv1rv1MW1dsmYzB+gPrM8flqaV5w==</latexit>

Rin
`m!

The above expansion readily guarantees that           satisfies the ‘in’-sln. b.c. 
at                  (i.e.,            )

<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit> [
<latexit sha1_base64="CnZC2j9w4ihtzkeQQB6sw5q0nwk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJv6zSdUmify0YxSDGLalzzijBor+epGdc+7pbJbcWcgy8TLSRly1Lulr04vYVmM0jBBtW57bmqCMVWGM4GTYifTmFI2pH1sWyppjDoYz46dkFOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxE18GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2hC8xZeXSeOi4l1Wqg/Vcu02j6MAx3ACZ+DBFdTgHurgAwMOz/AKb450Xpx352PeuuLkM0fwB87nD1H+jmA=</latexit>r = r+

<latexit sha1_base64="C5XawWm5XDbOs8YiWeerE8jD3hA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHiOYByRJmJ51kyOzsMjMrxCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupn6zUdUmkfywYxj9EM6kLzPGTVWun+68rrFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezUyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf1LP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukcVb2zsuVu0qpep3FkYcjOIZT8OACqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8f3fGNiQ==</latexit>

z = 1

<latexit sha1_base64="CnZC2j9w4ihtzkeQQB6sw5q0nwk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJv6zSdUmify0YxSDGLalzzijBor+epGdc+7pbJbcWcgy8TLSRly1Lulr04vYVmM0jBBtW57bmqCMVWGM4GTYifTmFI2pH1sWyppjDoYz46dkFOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxE18GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2hC8xZeXSeOi4l1Wqg/Vcu02j6MAx3ACZ+DBFdTgHurgAwMOz/AKb450Xpx352PeuuLkM0fwB87nD1H+jmA=</latexit>r = r+

<latexit sha1_base64="9OM83PSNzsh3uu3ru+6DfCDhqQg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtMu3Wzi7kQIpX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWD5gl3I/oQIlQMIpWauvrrlAhZr1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QX9MNQom+aTUTQ1PKBvRAe9YqmjEjT+e3TshJ1bpkzDWthSSmfp7YkwjY7IosJ0RxaFZ9Kbif14nxfDKHwuVpMgVmy8KU0kwJtPnSV9ozlBmllCmhb2VsCHVlKGNqGRD8BZfXibNs6p3UT2/P6/UbvI4inAEx3AKHlxCDe6gDg1gIOEZXuHNeXRenHfnY95acPKZQ/gD5/MHHOGQCA==</latexit>r = 1

b.c. at <latexit sha1_base64="9OM83PSNzsh3uu3ru+6DfCDhqQg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtMu3Wzi7kQIpX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWD5gl3I/oQIlQMIpWauvrrlAhZr1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QX9MNQom+aTUTQ1PKBvRAe9YqmjEjT+e3TshJ1bpkzDWthSSmfp7YkwjY7IosJ0RxaFZ9Kbif14nxfDKHwuVpMgVmy8KU0kwJtPnSV9ozlBmllCmhb2VsCHVlKGNqGRD8BZfXibNs6p3UT2/P6/UbvI4inAEx3AKHlxCDe6gDg1gIOEZXuHNeXRenHfnY95acPKZQ/gD5/MHHOGQCA==</latexit>r = 1

<latexit sha1_base64="7POxo7vFgrBtvWmL4OJ79dcm+1k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fvTOM6A==</latexit> [

In order to also satisfy the mode sln. b.c. also at                 (             )
we need for the infinite n-series to converge there

<latexit sha1_base64="KtDmWw2b8T/O9SYMEoPgoF1uMdM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1ItQ9OKxgv2ANpTNdtMu3Wzi7kSIoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zM82PBNTrOt1VYWV1b3yhulra2d3b3yvsHLR0lirImjUSkOj7RTHDJmshRsE6sGAl9wdr++Gbqtx+Z0jyS95jGzAvJUPKAU4JG6jxd9bgMMO2XK07VmcFeJm5OKpCj0S9/9QYRTUImkQqiddd1YvQyopBTwSalXqJZTOiYDFnXUElCpr1sdu/EPjHKwA4iZUqiPVN/T2Qk1DoNfdMZEhzpRW8q/ud1EwwuvYzLOEEm6XxRkAgbI3v6vD3gilEUqSGEKm5utemIKELRRFQyIbiLLy+T1lnVPa/W7mqV+nUeRxGO4BhOwYULqMMtNKAJFAQ8wyu8WQ/Wi/VufcxbC1Y+cwh/YH3+ACk5kBA=</latexit>z = 1



<latexit sha1_base64="E+IEyg5fKW8pWcdbABZ+RxSHp/s="></latexit>

0 = ↵(0)
0 +

�↵(+1)
0 ↵(�1)

1

↵(0)
1 + �↵(+1)

1 ↵(�1)
2

↵(0)
2 +

�↵
(+1)
2 ↵

(�1)
3

···

equivalent to the mode freqs.                    satisfying a continued fraction eq.<latexit sha1_base64="AjCFgwJUU5jhczcagjkYLBTom7M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWIVdCWojBG0sI5gHJMsyO7lJhsxjmZkVwpLGX7GxUMTWz7Dzb5w8Ck08cLmHc+5l5p444cxY3//2ciura+sb+c3C1vbO7l5x/6BhVKop1KniSrdiYoAzCXXLLIdWooGImEMzHt5O/OYjaMOUfLCjBEJB+pL1GCXWSVHxqKME9Mn1rEVZBzjHQo6jYskv+1PgZRLMSQnNUYuKX52uoqkAaSknxrQDP7FhRrRllMO40EkNJIQOSR/ajkoiwITZ9IAxPnVKF/eUdiUtnqq/NzIijBmJ2E0KYgdm0ZuI/3nt1PauwozJJLUg6eyhXsqxVXiSBu4yDdTykSOEaub+iumAaEKty6zgQggWT14mjfNycFGu3FdK1Zt5HHl0jE7QGQrQJaqiO1RDdUTRGD2jV/TmPXkv3rv3MRvNefOdQ/QH3ucPyx2WjA==</latexit>! = !`mn

It can be shown that requiring for the series to converge at              is

<latexit sha1_base64="3mHeBAL8RqGY2D+bemJGlCrNGsM="></latexit>

↵(+1)
n�1↵

(�1)
n = n {[n� �1][n(n� �1) + �2] + �3}

<latexit sha1_base64="7SK4ej8Y32mGRrVD9RaPDYmvlNY="></latexit>

↵(0)
n = E +

1

4
+ 2n(p� n) + (2n+ 1� p)�1 � �2

<latexit sha1_base64="EjJBovHJtEYZ3e97n7Pxvck8EB0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSIIQklqUZdFNy4r2Ac0IUymk3bozCTOTAoldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOde7r0nTBhV2nG+raXlldW19cJGcXNre2fX3ttvqjiVmDRwzGLZDpEijArS0FQz0k4kQTxkpBUObiZ+a0ikorG416OE+Bz1BI0oRtpIgX3kKdrjKMjcsUceUjqEPHDPeFAxdR7YJafsTAEXiZuTEs hRD+wvrxvjlBOhMUNKdVwn0X6GpKaYkXHRSxVJEB6gHukYKhAnys+mX4zhiVG6MIqlKaHhVP09kSGu1IiHppMj3Vfz3kT8z+ukOrryMyqSVBOBZ4uilEEdw0kksEslwZqNDEFYUnMrxH0kEdYmuKIJwZ1/eZE0K2X3oly9q5Zq13kcBXAIjsEpcMElqIFbUAcNgMEjeAav4M16sl6sd+tj1rpk5TMH4A+szx8s2Je3</latexit>

�1 ⌘ m1 +m2 +m3
<latexit sha1_base64="1QA/ZMWPR3Mj9QXXmyIul6zPHHU=">AAACEHicbVDLSgMxFM34rPU16tJNsIiCUGbGoi6LblxWsA/oDEMmTdvQJDMmmUIZ+glu/BU3LhRx69Kdf2PazkJbD1zu4Zx7Se6JEkaVdpxva2l5ZXVtvbBR3Nza3tm19/YbKk4lJnUcs1i2IqQIo4LUNdWMtBJJEI8YaUaDm4nfHBKpaCzu9SghAUc9QbsUI22k0D7xFe1xFGbe2CcPKR1CHrqmvLNZPzfdMy20S07ZmQIuEjcnJZCjFtpffifGKSdCY4aUartOooMMSU0xI+OinyqSIDxAPdI2VCBOVJBNDxrDY6N0YDeWpoSGU/X3Roa4UiMemUmOdF/NexPxP6+d6u5VkFGRpJoIPHuomzKoYzhJB3aoJFizkSEIS2r+CnEfSYS1ybBoQnDnT14kDa/sXpQrd5VS9TqPowAOwRE4BS64BFVwC2qgDjB4BM/gFbxZT9aL9W59zEaXrHznAPyB9fkDKMmbYA==</latexit>

�2 ⌘ m1m2 +m1m3 +m2m3

<latexit sha1_base64="hI9/1ahcumdMgMirtgItocXHoHM=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUlbAWMFC2OR6ENqoshxndaq7QTbqVRFXVj4FRYGEGLlH9j4G9w2A7Qc6UhH59wr+54wYVRpx/m2VlbX1jc2C1vF7Z3dvX374LCl4lRi0sQxi2UnRIowKkhTU81IJ5EE8ZCRdji8mebtEZGKxuJejxPic9QXNKIYaWMF9omnaJ+jIKtOPPKQ0hHkgWtYMawGdskpOzPAZeHmogRyNA L7y+vFOOVEaMyQUl3XSbSfIakpZmRS9FJFEoSHqE+6RgrEifKz2RUTeGacHoxiaSg0nLm/NzLElRrz0ExypAdqMZua/2XdVEdXfkZFkmoi8PyhKGVQx3BaCexRSbBmYyMQltT8FeIBkghrU1zRlOAunrwsWpWye1Gu3dVK9eu8jgI4BqfgHLjgEtTBLWiAJsDgETyDV/BmPVkv1rv1MR9dsfKdI/AH1ucPDkCXow==</latexit>�3 ⌘ m1m2m3

where

are invariant under any exchange                      , with 
<latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj

<latexit sha1_base64="Asko4NrC32V044mVmYeCh3qa5aU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIHkpJalGPRS8eK9gPaELZbLft2s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDmTGnH+bZya+sbm1v57cLO7t5+0T44bKkokYQ2ScQj2QmwopwJ2tRMc9qJJcVhwGk7GN/M/PYjlYpF4l5PYuqHeCjYgBGsjdSzi6z84DHhpW65Wj73pj275FScOdAqcTNSggyNnv3l9SOShFRowrFSXdeJtZ9iqRnhdFrwEkVjTMZ4SLuGChxS5afzw6fo1Ch9NIikKaHRXP09keJQqUkYmM4Q65Fa9mbif1430YMrP2UiTjQVZLFokHCkIzRLAfWZpETziSGYSGZuRWSEJSbaZFUwIbjLL6+SVrXiXlRqd7VS/TqLIw/HcAJn4MIl1OEWGtAEAgk8wyu8WU/Wi/VufSxac1Y2cwR/YH3+AB8rkho=</latexit>

i, j 2 {1, 2, 3}

<latexit sha1_base64="9OM83PSNzsh3uu3ru+6DfCDhqQg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtMu3Wzi7kQIpX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWD5gl3I/oQIlQMIpWauvrrlAhZr1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QX9MNQom+aTUTQ1PKBvRAe9YqmjEjT+e3TshJ1bpkzDWthSSmfp7YkwjY7IosJ0RxaFZ9Kbif14nxfDKHwuVpMgVmy8KU0kwJtPnSV9ozlBmllCmhb2VsCHVlKGNqGRD8BZfXibNs6p3UT2/P6/UbvI4inAEx3AKHlxCDe6gDg1gIOEZXuHNeXRenHfnY95acPKZQ/gD5/MHHOGQCA==</latexit>r = 1



<latexit sha1_base64="Fnklz8D/Q9NB4wwvmA4fZImATUA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsglJYZKepGKLpxWcE+oB2GTJq2oUlmSDJqGfspblwo4tYvceffmGlnoa0H7uVwzr3k5gQRo0o7zreVW1ldW9/Ibxa2tnd29+zifkuFscSkiUMWyk6AFGFUkKammpFOJAniASPtYHyd+u17IhUNxZ2eRMTjaCjogGKkjeTbRe67l6rSe6R+pZz2sm+XnKozA1wmbkZKIEPDt796/RDHnAiNGVKq6zqR9hIkNcWMTAu9WJEI4TEakq6hAnGivGR2+hQeG6UPB6E0JTScqb83EsSVmvDATHKkR2rRS8X/vG6sBxdeQkUUayLw/KFBzKAOYZoD7FNJsGYTQxCW1NwK8QhJhLVJq2BCcBe/vExap1X3rFq7rZXqV1kceXAIjsAJcME5qIMb0ABNgMEDeAav4M16sl6sd+tjPpqzsp0D8AfW5w+d/ZLz</latexit>

m1 = s� ⇠� + ⇠+
<latexit sha1_base64="YSZ33k74GDOiswMQYcQGjfHP7cU=">AAAB+HicbVDLSgMxFM34rPXRUZdugkUQimWmFHUjFN24rGAf0A5DJs20oUlmSDJiHfolblwo4tZPceffmGlnoa0H7uVwzr3k5gQxo0o7zre1srq2vrFZ2Cpu7+zulez9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgm8zsPRCoaiXs9iYnH0VDQkGKkjeTbJe7XrvqP1D+rZL3i22Wn6swAl4mbkzLI0fTtr/4gwgknQmOGlOq5Tqy9FElNMSPTYj9RJEZ4jIakZ6hAnCgvnR0+hSdGGcAwkqaEhjP190aKuFITHphJjvRILXqZ+J/XS3R46aVUxIkmAs8fChMGdQSzFOCASoI1mxiCsKTmVohHSCKsTVZFE4K7+OVl0q5V3fNq/a5eblzncRTAETgGp8AFF6ABbkETtAAGCXgGr+DNerJerHfrYz66YuU7h+APrM8fWPeSQA==</latexit>

m2 = ⇠� + ⇠+
<latexit sha1_base64="GaSzr4I50B+1UwPYheZQYtbKh5s=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsglJYZLepGKLpxWcE+oB2GTJppQ5PMkGSkpfRX3LhQxK0/4s6/MdPOQlsP3MvhnHvJzQliRpV2nG8rt7a+sbmV3y7s7O7tH9iHxZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegu9dtPRCoaiUc9iYnH0UDQkGKkjeTbRe5f3FRUpTemfqWc9rJvl5yqMwdcJW5GSiBDw7e/ev0IJ5wIjRlSqus6sfamSGqKGZkVeokiMcIjNCBdQwXiRHnT+e0zeGqUPgwjaUpoOFd/b0wRV2rCAzPJkR6qZS8V//O6iQ6vvSkVcaKJwIuHwoRBHcE0CNinkmDNJoYgLKm5FeIhkghrE1fBhOAuf3mVtM6r7mW19lAr1W+zOPLgGJyAM+CCK1AH96ABmgCDMXgGr+DNmlkv1rv1sRjNWdnOEfgD6/MHDgyTLA==</latexit>

m3 = �s� ⇠� + ⇠+

Remember the SQCD masses:

<latexit sha1_base64="rrg5/YB7ivGBegkOSCEyCJ4uXdI=">AAACHHicbVDLSgMxFM34rPVVdekmWAQXUma0qMuiG5cV7AM6pWTSOzU0mYlJpliGfogbf8WNC0XcuBD8GzNtF9p64MLJOfeSe08gOdPGdb+dhcWl5ZXV3Fp+fWNza7uws1vXcaIo1GjMY9UMiAbOIqgZZjg0pQIiAg6NoH+V+Y0BKM3i6NYMJbQF6UUsZJQYK3UKp/4D6/hS+HCfsAFm/jH2Q0Vo6scCeiSzRulJpvaJlJN3p1B0S+4YeJ54U1JEU1Q7hU+/G9NEQGQoJ1q3PFeadkqUYZTDKO8nGiShfdKDlqUREaDb6fi4ET60SheHsbIVGTxWf0+kRGg9FIHtFMTc6VkvE//zWokJL9opi2RiIKKTj8KEYxPjLCncZQqo4UNLCFXM7orpHbHZGJtn3obgzZ48T+onJe+sVL4pFyuX0zhyaB8doCPkoXNUQdeoimqIokf0jF7Rm/PkvDjvzsekdcGZzuyhP3C+fgARIqH+</latexit>

⇠± ⌘ i
!±
2±

<latexit sha1_base64="HsdCk+QwmmUiRvle7s2p/y2lAME=">AAACEXicbVBNS8NAEN34WetX1KOXxSL0YkmkqMeiF29WsB/QhLDZTtulu0nc3RRK6F/w4l/x4kERr968+W9M2oDa+mDg8d4MM/P8iDOlLevLWFpeWV1bL2wUN7e2d3bNvf2mCmNJoUFDHsq2TxRwFkBDM82hHUkgwufQ8odXmd8agVQsDO70OAJXkH7AeowSnUqeWXZCAX3iJU4kJg7cx2yEZ9KJcG5+rKJnlqyKNQVeJHZOSihH3TM/nW5IYwGBppwo1bGtSLsJkZpRDpOiEyuICB2SPnRSGhAByk2mH03wcap0cS+UaQUaT9XfEwkRSo2Fn3YKogdq3svE/7xOrHsXbsKCKNYQ0NmiXsyxDnEWD+4yCVTzcUoIlSy9FdMBkYTqNMQsBHv+5UXSPK3YZ5XqbbVUu8zjKKBDdITKyEbnqIauUR01EEUP6Am9oFfj0Xg23oz3WeuSkc8coD8wPr4B/TCdvQ==</latexit>

!± ⌘ ! �m⌦±

Therefore, the mode freqs.             are also symmetric under <latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="KI93f3QzPyHXXpzfdRI9Ylrm41w=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0IWy203bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5ccqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxMNnEloGWY4dFMFRMQcOvH4fu53JqA0S+STmaYQCjKUbMAoMVaKXDdIBAxJlAfAORZyFrlVr+YtgNeJX5AqKtCM3K+gn9BMgDSUE617vpeaMCfKMMphVgkyDSmhYzKEnqWSCNBhvrh8hi+s0seDRNmSBi/U3xM5EVpPRWw7BTEjverNxf+8XmYGt2HOZJoZkHS5aJBxbBI8jwH3mQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5l/X6o/1auOuiKOMztA5ukQ+ukEN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/lrSTpA==</latexit>!`mn



<latexit sha1_base64="Fnklz8D/Q9NB4wwvmA4fZImATUA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsglJYZKepGKLpxWcE+oB2GTJq2oUlmSDJqGfspblwo4tYvceffmGlnoa0H7uVwzr3k5gQRo0o7zreVW1ldW9/Ibxa2tnd29+zifkuFscSkiUMWyk6AFGFUkKammpFOJAniASPtYHyd+u17IhUNxZ2eRMTjaCjogGKkjeTbRe67l6rSe6R+pZz2sm+XnKozA1wmbkZKIEPDt796/RDHnAiNGVKq6zqR9hIkNcWMTAu9WJEI4TEakq6hAnGivGR2+hQeG6UPB6E0JTScqb83EsSVmvDATHKkR2rRS8X/vG6sBxdeQkUUayLw/KFBzKAOYZoD7FNJsGYTQxCW1NwK8QhJhLVJq2BCcBe/vExap1X3rFq7rZXqV1kceXAIjsAJcME5qIMb0ABNgMEDeAav4M16sl6sd+tjPpqzsp0D8AfW5w+d/ZLz</latexit>

m1 = s� ⇠� + ⇠+
<latexit sha1_base64="YSZ33k74GDOiswMQYcQGjfHP7cU=">AAAB+HicbVDLSgMxFM34rPXRUZdugkUQimWmFHUjFN24rGAf0A5DJs20oUlmSDJiHfolblwo4tZPceffmGlnoa0H7uVwzr3k5gQxo0o7zre1srq2vrFZ2Cpu7+zulez9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgm8zsPRCoaiXs9iYnH0VDQkGKkjeTbJe7XrvqP1D+rZL3i22Wn6swAl4mbkzLI0fTtr/4gwgknQmOGlOq5Tqy9FElNMSPTYj9RJEZ4jIakZ6hAnCgvnR0+hSdGGcAwkqaEhjP190aKuFITHphJjvRILXqZ+J/XS3R46aVUxIkmAs8fChMGdQSzFOCASoI1mxiCsKTmVohHSCKsTVZFE4K7+OVl0q5V3fNq/a5eblzncRTAETgGp8AFF6ABbkETtAAGCXgGr+DNerJerHfrYz66YuU7h+APrM8fWPeSQA==</latexit>

m2 = ⇠� + ⇠+
<latexit sha1_base64="GaSzr4I50B+1UwPYheZQYtbKh5s=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsglJYZLepGKLpxWcE+oB2GTJppQ5PMkGSkpfRX3LhQxK0/4s6/MdPOQlsP3MvhnHvJzQliRpV2nG8rt7a+sbmV3y7s7O7tH9iHxZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegu9dtPRCoaiUc9iYnH0UDQkGKkjeTbRe5f3FRUpTemfqWc9rJvl5yqMwdcJW5GSiBDw7e/ev0IJ5wIjRlSqus6sfamSGqKGZkVeokiMcIjNCBdQwXiRHnT+e0zeGqUPgwjaUpoOFd/b0wRV2rCAzPJkR6qZS8V//O6iQ6vvSkVcaKJwIuHwoRBHcE0CNinkmDNJoYgLKm5FeIhkghrE1fBhOAuf3mVtM6r7mW19lAr1W+zOPLgGJyAM+CCK1AH96ABmgCDMXgGr+DNmlkv1rv1sRjNWdnOEfgD6/MHDgyTLA==</latexit>

m3 = �s� ⇠� + ⇠+

Remember the SQCD masses:

<latexit sha1_base64="rrg5/YB7ivGBegkOSCEyCJ4uXdI=">AAACHHicbVDLSgMxFM34rPVVdekmWAQXUma0qMuiG5cV7AM6pWTSOzU0mYlJpliGfogbf8WNC0XcuBD8GzNtF9p64MLJOfeSe08gOdPGdb+dhcWl5ZXV3Fp+fWNza7uws1vXcaIo1GjMY9UMiAbOIqgZZjg0pQIiAg6NoH+V+Y0BKM3i6NYMJbQF6UUsZJQYK3UKp/4D6/hS+HCfsAFm/jH2Q0Vo6scCeiSzRulJpvaJlJN3p1B0S+4YeJ54U1JEU1Q7hU+/G9NEQGQoJ1q3PFeadkqUYZTDKO8nGiShfdKDlqUREaDb6fi4ET60SheHsbIVGTxWf0+kRGg9FIHtFMTc6VkvE//zWokJL9opi2RiIKKTj8KEYxPjLCncZQqo4UNLCFXM7orpHbHZGJtn3obgzZ48T+onJe+sVL4pFyuX0zhyaB8doCPkoXNUQdeoimqIokf0jF7Rm/PkvDjvzsekdcGZzuyhP3C+fgARIqH+</latexit>

⇠± ⌘ i
!±
2±

<latexit sha1_base64="HsdCk+QwmmUiRvle7s2p/y2lAME=">AAACEXicbVBNS8NAEN34WetX1KOXxSL0YkmkqMeiF29WsB/QhLDZTtulu0nc3RRK6F/w4l/x4kERr968+W9M2oDa+mDg8d4MM/P8iDOlLevLWFpeWV1bL2wUN7e2d3bNvf2mCmNJoUFDHsq2TxRwFkBDM82hHUkgwufQ8odXmd8agVQsDO70OAJXkH7AeowSnUqeWXZCAX3iJU4kJg7cx2yEZ9KJcG5+rKJnlqyKNQVeJHZOSihH3TM/nW5IYwGBppwo1bGtSLsJkZpRDpOiEyuICB2SPnRSGhAByk2mH03wcap0cS+UaQUaT9XfEwkRSo2Fn3YKogdq3svE/7xOrHsXbsKCKNYQ0NmiXsyxDnEWD+4yCVTzcUoIlSy9FdMBkYTqNMQsBHv+5UXSPK3YZ5XqbbVUu8zjKKBDdITKyEbnqIauUR01EEUP6Am9oFfj0Xg23oz3WeuSkc8coD8wPr4B/TCdvQ==</latexit>

!± ⌘ ! �m⌦±

Therefore, the mode freqs.             are also symmetric under <latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="KI93f3QzPyHXXpzfdRI9Ylrm41w=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0IWy203bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5ccqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxMNnEloGWY4dFMFRMQcOvH4fu53JqA0S+STmaYQCjKUbMAoMVaKXDdIBAxJlAfAORZyFrlVr+YtgNeJX5AqKtCM3K+gn9BMgDSUE617vpeaMCfKMMphVgkyDSmhYzKEnqWSCNBhvrh8hi+s0seDRNmSBi/U3xM5EVpPRWw7BTEjverNxf+8XmYGt2HOZJoZkHS5aJBxbBI8jwH3mQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5l/X6o/1auOuiKOMztA5ukQ+ukEN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/lrSTpA==</latexit>!`mn

is a trivial symmetry of the system<latexit sha1_base64="1jrM1VQ5IwTz0MbNsU8FUTYXyPc=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7ENQyaGMZwXxAchx7m71kye7tsTunhJDGv2JjoYitP8POf+MmuUITHww83pthZl6UCm7A876dldW19Y3NwlZxe2d3b989OGwalWnKGlQJpdsRMUzwhDWAg2DtVDMiI8Fa0fBm6rcemDZcJfcwSlkgST/hMacErBS6xzL0cVewGDTvD4BorR6xDCuhW/LK3gx4mfg5KaEc9dD96vYUzSRLgApiTMf3UgjGRAOngk2K3cywlNAh6bOOpQmRzATj2QMTfGaVHo6VtpUAnqm/J8ZEGjOSke2UBAZm0ZuK/3mdDOKrYMyTNAOW0PmiOBMYFJ6mgXtcMwpiZAmhmttbMR0QTSjYzIo2BH/x5WXSrJT9i3L1rlqqXedxFNAJOkXnyEeXqIZuUR01EEUT9Ixe0Zvz5Lw4787HvHXFyWeO0B84nz8qYZYl</latexit>m1 $ m2



corresponds to the mode spectrum being invariant under
<latexit sha1_base64="BYj+pRhEHtTsMXBLOXtoEJ78Xn4=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgxjIjRV0W3bisYB/QDiWT3mlDM5khyQhl6Ee4caGIW7/HnX9j2s5CWw8EDufcS+45QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzSRBP6JDyUPOqLFSW/dMTC50v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7ulJxZZUDCWNknDZmrvzcyGmk9iQI7GVEz0sveTPzP66YmvPEzLpPUoGSLj8JUEJtxlp0MuEJmxMQSyhS3txI2oooyYxsq2RK85cirpHVZ9a6qtYdapX6b11GEEziFc/DgGupwDw1oAoMxPMMrvDmJ8+K8Ox+L0YKT7xzDHzifP83Jjzs=</latexit>

s ! �s  (which follows from Teukolsky-Starobinsky differential ids.)

<latexit sha1_base64="n12P5QtNsjqFGmJAuaMw85MJK0o=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSLeqx6MVjBfsBbQib7aZdupuE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guH1xG/dM6V5HN3BKGGeJP2Ih5wSMJJvH0jf7QoWguL9ARCl4gcs/TPfLjsVZwq8SNyclFGOum9/dXsxTSWLgAqidcd1EvAyooBTwcalbqpZQuiQ9FnH0IhIpr1sev8YHxulh8NYmYoAT9XfExmRWo9kYDolgYGe9ybif14nhfDSy3iUpMAiOlsUpgJDjCdh4B5XjIIYGUKo4uZWTAdEEQomspIJwZ1/eZE0TyvueaV6Wy3XrvI4iugQHaET5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx/SzJX8</latexit>m1 $ m3

<latexit sha1_base64="Fnklz8D/Q9NB4wwvmA4fZImATUA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsglJYZKepGKLpxWcE+oB2GTJq2oUlmSDJqGfspblwo4tYvceffmGlnoa0H7uVwzr3k5gQRo0o7zreVW1ldW9/Ibxa2tnd29+zifkuFscSkiUMWyk6AFGFUkKammpFOJAniASPtYHyd+u17IhUNxZ2eRMTjaCjogGKkjeTbRe67l6rSe6R+pZz2sm+XnKozA1wmbkZKIEPDt796/RDHnAiNGVKq6zqR9hIkNcWMTAu9WJEI4TEakq6hAnGivGR2+hQeG6UPB6E0JTScqb83EsSVmvDATHKkR2rRS8X/vG6sBxdeQkUUayLw/KFBzKAOYZoD7FNJsGYTQxCW1NwK8QhJhLVJq2BCcBe/vExap1X3rFq7rZXqV1kceXAIjsAJcME5qIMb0ABNgMEDeAav4M16sl6sd+tjPpqzsp0D8AfW5w+d/ZLz</latexit>

m1 = s� ⇠� + ⇠+
<latexit sha1_base64="YSZ33k74GDOiswMQYcQGjfHP7cU=">AAAB+HicbVDLSgMxFM34rPXRUZdugkUQimWmFHUjFN24rGAf0A5DJs20oUlmSDJiHfolblwo4tZPceffmGlnoa0H7uVwzr3k5gQxo0o7zre1srq2vrFZ2Cpu7+zulez9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgm8zsPRCoaiXs9iYnH0VDQkGKkjeTbJe7XrvqP1D+rZL3i22Wn6swAl4mbkzLI0fTtr/4gwgknQmOGlOq5Tqy9FElNMSPTYj9RJEZ4jIakZ6hAnCgvnR0+hSdGGcAwkqaEhjP190aKuFITHphJjvRILXqZ+J/XS3R46aVUxIkmAs8fChMGdQSzFOCASoI1mxiCsKTmVohHSCKsTVZFE4K7+OVl0q5V3fNq/a5eblzncRTAETgGp8AFF6ABbkETtAAGCXgGr+DNerJerHfrYz66YuU7h+APrM8fWPeSQA==</latexit>

m2 = ⇠� + ⇠+
<latexit sha1_base64="GaSzr4I50B+1UwPYheZQYtbKh5s=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsglJYZLepGKLpxWcE+oB2GTJppQ5PMkGSkpfRX3LhQxK0/4s6/MdPOQlsP3MvhnHvJzQliRpV2nG8rt7a+sbmV3y7s7O7tH9iHxZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegu9dtPRCoaiUc9iYnH0UDQkGKkjeTbRe5f3FRUpTemfqWc9rJvl5yqMwdcJW5GSiBDw7e/ev0IJ5wIjRlSqus6sfamSGqKGZkVeokiMcIjNCBdQwXiRHnT+e0zeGqUPgwjaUpoOFd/b0wRV2rCAzPJkR6qZS8V//O6iQ6vvSkVcaKJwIuHwoRBHcE0CNinkmDNJoYgLKm5FeIhkghrE1fBhOAuf3mVtM6r7mW19lAr1W+zOPLgGJyAM+CCK1AH96ABmgCDMXgGr+DNmlkv1rv1sRjNWdnOEfgD6/MHDgyTLA==</latexit>

m3 = �s� ⇠� + ⇠+

Remember the SQCD masses:

<latexit sha1_base64="rrg5/YB7ivGBegkOSCEyCJ4uXdI=">AAACHHicbVDLSgMxFM34rPVVdekmWAQXUma0qMuiG5cV7AM6pWTSOzU0mYlJpliGfogbf8WNC0XcuBD8GzNtF9p64MLJOfeSe08gOdPGdb+dhcWl5ZXV3Fp+fWNza7uws1vXcaIo1GjMY9UMiAbOIqgZZjg0pQIiAg6NoH+V+Y0BKM3i6NYMJbQF6UUsZJQYK3UKp/4D6/hS+HCfsAFm/jH2Q0Vo6scCeiSzRulJpvaJlJN3p1B0S+4YeJ54U1JEU1Q7hU+/G9NEQGQoJ1q3PFeadkqUYZTDKO8nGiShfdKDlqUREaDb6fi4ET60SheHsbIVGTxWf0+kRGg9FIHtFMTc6VkvE//zWokJL9opi2RiIKKTj8KEYxPjLCncZQqo4UNLCFXM7orpHbHZGJtn3obgzZ48T+onJe+sVL4pFyuX0zhyaB8doCPkoXNUQdeoimqIokf0jF7Rm/PkvDjvzsekdcGZzuyhP3C+fgARIqH+</latexit>

⇠± ⌘ i
!±
2±

<latexit sha1_base64="HsdCk+QwmmUiRvle7s2p/y2lAME=">AAACEXicbVBNS8NAEN34WetX1KOXxSL0YkmkqMeiF29WsB/QhLDZTtulu0nc3RRK6F/w4l/x4kERr968+W9M2oDa+mDg8d4MM/P8iDOlLevLWFpeWV1bL2wUN7e2d3bNvf2mCmNJoUFDHsq2TxRwFkBDM82hHUkgwufQ8odXmd8agVQsDO70OAJXkH7AeowSnUqeWXZCAX3iJU4kJg7cx2yEZ9KJcG5+rKJnlqyKNQVeJHZOSihH3TM/nW5IYwGBppwo1bGtSLsJkZpRDpOiEyuICB2SPnRSGhAByk2mH03wcap0cS+UaQUaT9XfEwkRSo2Fn3YKogdq3svE/7xOrHsXbsKCKNYQ0NmiXsyxDnEWD+4yCVTzcUoIlSy9FdMBkYTqNMQsBHv+5UXSPK3YZ5XqbbVUu8zjKKBDdITKyEbnqIauUR01EEUP6Am9oFfj0Xg23oz3WeuSkc8coD8wPr4B/TCdvQ==</latexit>

!± ⌘ ! �m⌦±

Therefore, the mode freqs.             are also symmetric under <latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="KI93f3QzPyHXXpzfdRI9Ylrm41w=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0IWy203bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5ccqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxMNnEloGWY4dFMFRMQcOvH4fu53JqA0S+STmaYQCjKUbMAoMVaKXDdIBAxJlAfAORZyFrlVr+YtgNeJX5AqKtCM3K+gn9BMgDSUE617vpeaMCfKMMphVgkyDSmhYzKEnqWSCNBhvrh8hi+s0seDRNmSBi/U3xM5EVpPRWw7BTEjverNxf+8XmYGt2HOZJoZkHS5aJBxbBI8jwH3mQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5l/X6o/1auOuiKOMztA5ukQ+ukEN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/lrSTpA==</latexit>!`mn

is a trivial symmetry of the system<latexit sha1_base64="1jrM1VQ5IwTz0MbNsU8FUTYXyPc=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7ENQyaGMZwXxAchx7m71kye7tsTunhJDGv2JjoYitP8POf+MmuUITHww83pthZl6UCm7A876dldW19Y3NwlZxe2d3b989OGwalWnKGlQJpdsRMUzwhDWAg2DtVDMiI8Fa0fBm6rcemDZcJfcwSlkgST/hMacErBS6xzL0cVewGDTvD4BorR6xDCuhW/LK3gx4mfg5KaEc9dD96vYUzSRLgApiTMf3UgjGRAOngk2K3cywlNAh6bOOpQmRzATj2QMTfGaVHo6VtpUAnqm/J8ZEGjOSke2UBAZm0ZuK/3mdDOKrYMyTNAOW0PmiOBMYFJ6mgXtcMwpiZAmhmttbMR0QTSjYzIo2BH/x5WXSrJT9i3L1rlqqXedxFNAJOkXnyEeXqIZuUR01EEUT9Ixe0Zvz5Lw4787HvHXFyWeO0B84nz8qYZYl</latexit>m1 $ m2



<latexit sha1_base64="N0CddHckVeqkl0/MYGg67IoEGg8=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSi3osevFYwX5AG8Jmu2mX7iZhd6KU2IN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzAsSwTU4zre1tLyyurZe2Chubm3v7Np7+00dp4qyBo1FrNoB0UzwiDWAg2DtRDEiA8FawfB64rfumdI8ju5glDBPkn7EQ04JGMm3D6Vf6QoWguL9ARCl4gcs/TPfLjllZwq8SNyclFCOum9/dXsxTSWLgAqidcd1EvAyooBTwcbFbqpZQuiQ9FnH0IhIpr1sev8Ynxilh8NYmYoAT9XfExmRWo9kYDolgYGe9ybif14nhfDSy3iUpMAiOlsUpgJDjCdh4B5XjIIYGUKo4uZWTAdEEQomsqIJwZ1/eZE0K2X3vFy9rZZqV3kcBXSEjtEpctEFqqEbVEcNRNEjekav6M16sl6sd+tj1rpk5TMH6A+szx/UY5X9</latexit>m2 $ m3                       corresponds to Whiting’s integral transformation

corresponds to the mode spectrum being invariant under
<latexit sha1_base64="BYj+pRhEHtTsMXBLOXtoEJ78Xn4=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgxjIjRV0W3bisYB/QDiWT3mlDM5khyQhl6Ee4caGIW7/HnX9j2s5CWw8EDufcS+45QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzSRBP6JDyUPOqLFSW/dMTC50v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7ulJxZZUDCWNknDZmrvzcyGmk9iQI7GVEz0sveTPzP66YmvPEzLpPUoGSLj8JUEJtxlp0MuEJmxMQSyhS3txI2oooyYxsq2RK85cirpHVZ9a6qtYdapX6b11GEEziFc/DgGupwDw1oAoMxPMMrvDmJ8+K8Ox+L0YKT7xzDHzifP83Jjzs=</latexit>

s ! �s  (which follows from Teukolsky-Starobinsky differential ids.)

<latexit sha1_base64="n12P5QtNsjqFGmJAuaMw85MJK0o=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSLeqx6MVjBfsBbQib7aZdupuE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guH1xG/dM6V5HN3BKGGeJP2Ih5wSMJJvH0jf7QoWguL9ARCl4gcs/TPfLjsVZwq8SNyclFGOum9/dXsxTSWLgAqidcd1EvAyooBTwcalbqpZQuiQ9FnH0IhIpr1sev8YHxulh8NYmYoAT9XfExmRWo9kYDolgYGe9ybif14nhfDSy3iUpMAiOlsUpgJDjCdh4B5XjIIYGUKo4uZWTAdEEQomspIJwZ1/eZE0TyvueaV6Wy3XrvI4iugQHaET5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx/SzJX8</latexit>m1 $ m3

<latexit sha1_base64="Fnklz8D/Q9NB4wwvmA4fZImATUA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsglJYZKepGKLpxWcE+oB2GTJq2oUlmSDJqGfspblwo4tYvceffmGlnoa0H7uVwzr3k5gQRo0o7zreVW1ldW9/Ibxa2tnd29+zifkuFscSkiUMWyk6AFGFUkKammpFOJAniASPtYHyd+u17IhUNxZ2eRMTjaCjogGKkjeTbRe67l6rSe6R+pZz2sm+XnKozA1wmbkZKIEPDt796/RDHnAiNGVKq6zqR9hIkNcWMTAu9WJEI4TEakq6hAnGivGR2+hQeG6UPB6E0JTScqb83EsSVmvDATHKkR2rRS8X/vG6sBxdeQkUUayLw/KFBzKAOYZoD7FNJsGYTQxCW1NwK8QhJhLVJq2BCcBe/vExap1X3rFq7rZXqV1kceXAIjsAJcME5qIMb0ABNgMEDeAav4M16sl6sd+tjPpqzsp0D8AfW5w+d/ZLz</latexit>

m1 = s� ⇠� + ⇠+
<latexit sha1_base64="YSZ33k74GDOiswMQYcQGjfHP7cU=">AAAB+HicbVDLSgMxFM34rPXRUZdugkUQimWmFHUjFN24rGAf0A5DJs20oUlmSDJiHfolblwo4tZPceffmGlnoa0H7uVwzr3k5gQxo0o7zre1srq2vrFZ2Cpu7+zulez9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgm8zsPRCoaiXs9iYnH0VDQkGKkjeTbJe7XrvqP1D+rZL3i22Wn6swAl4mbkzLI0fTtr/4gwgknQmOGlOq5Tqy9FElNMSPTYj9RJEZ4jIakZ6hAnCgvnR0+hSdGGcAwkqaEhjP190aKuFITHphJjvRILXqZ+J/XS3R46aVUxIkmAs8fChMGdQSzFOCASoI1mxiCsKTmVohHSCKsTVZFE4K7+OVl0q5V3fNq/a5eblzncRTAETgGp8AFF6ABbkETtAAGCXgGr+DNerJerHfrYz66YuU7h+APrM8fWPeSQA==</latexit>

m2 = ⇠� + ⇠+
<latexit sha1_base64="GaSzr4I50B+1UwPYheZQYtbKh5s=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsglJYZLepGKLpxWcE+oB2GTJppQ5PMkGSkpfRX3LhQxK0/4s6/MdPOQlsP3MvhnHvJzQliRpV2nG8rt7a+sbmV3y7s7O7tH9iHxZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegu9dtPRCoaiUc9iYnH0UDQkGKkjeTbRe5f3FRUpTemfqWc9rJvl5yqMwdcJW5GSiBDw7e/ev0IJ5wIjRlSqus6sfamSGqKGZkVeokiMcIjNCBdQwXiRHnT+e0zeGqUPgwjaUpoOFd/b0wRV2rCAzPJkR6qZS8V//O6iQ6vvSkVcaKJwIuHwoRBHcE0CNinkmDNJoYgLKm5FeIhkghrE1fBhOAuf3mVtM6r7mW19lAr1W+zOPLgGJyAM+CCK1AH96ABmgCDMXgGr+DNmlkv1rv1sRjNWdnOEfgD6/MHDgyTLA==</latexit>

m3 = �s� ⇠� + ⇠+

Remember the SQCD masses:

<latexit sha1_base64="rrg5/YB7ivGBegkOSCEyCJ4uXdI=">AAACHHicbVDLSgMxFM34rPVVdekmWAQXUma0qMuiG5cV7AM6pWTSOzU0mYlJpliGfogbf8WNC0XcuBD8GzNtF9p64MLJOfeSe08gOdPGdb+dhcWl5ZXV3Fp+fWNza7uws1vXcaIo1GjMY9UMiAbOIqgZZjg0pQIiAg6NoH+V+Y0BKM3i6NYMJbQF6UUsZJQYK3UKp/4D6/hS+HCfsAFm/jH2Q0Vo6scCeiSzRulJpvaJlJN3p1B0S+4YeJ54U1JEU1Q7hU+/G9NEQGQoJ1q3PFeadkqUYZTDKO8nGiShfdKDlqUREaDb6fi4ET60SheHsbIVGTxWf0+kRGg9FIHtFMTc6VkvE//zWokJL9opi2RiIKKTj8KEYxPjLCncZQqo4UNLCFXM7orpHbHZGJtn3obgzZ48T+onJe+sVL4pFyuX0zhyaB8doCPkoXNUQdeoimqIokf0jF7Rm/PkvDjvzsekdcGZzuyhP3C+fgARIqH+</latexit>

⇠± ⌘ i
!±
2±

<latexit sha1_base64="HsdCk+QwmmUiRvle7s2p/y2lAME=">AAACEXicbVBNS8NAEN34WetX1KOXxSL0YkmkqMeiF29WsB/QhLDZTtulu0nc3RRK6F/w4l/x4kERr968+W9M2oDa+mDg8d4MM/P8iDOlLevLWFpeWV1bL2wUN7e2d3bNvf2mCmNJoUFDHsq2TxRwFkBDM82hHUkgwufQ8odXmd8agVQsDO70OAJXkH7AeowSnUqeWXZCAX3iJU4kJg7cx2yEZ9KJcG5+rKJnlqyKNQVeJHZOSihH3TM/nW5IYwGBppwo1bGtSLsJkZpRDpOiEyuICB2SPnRSGhAByk2mH03wcap0cS+UaQUaT9XfEwkRSo2Fn3YKogdq3svE/7xOrHsXbsKCKNYQ0NmiXsyxDnEWD+4yCVTzcUoIlSy9FdMBkYTqNMQsBHv+5UXSPK3YZ5XqbbVUu8zjKKBDdITKyEbnqIauUR01EEUP6Am9oFfj0Xg23oz3WeuSkc8coD8wPr4B/TCdvQ==</latexit>

!± ⌘ ! �m⌦±

Therefore, the mode freqs.             are also symmetric under <latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="KI93f3QzPyHXXpzfdRI9Ylrm41w=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0IWy203bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5ccqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxMNnEloGWY4dFMFRMQcOvH4fu53JqA0S+STmaYQCjKUbMAoMVaKXDdIBAxJlAfAORZyFrlVr+YtgNeJX5AqKtCM3K+gn9BMgDSUE617vpeaMCfKMMphVgkyDSmhYzKEnqWSCNBhvrh8hi+s0seDRNmSBi/U3xM5EVpPRWw7BTEjverNxf+8XmYGt2HOZJoZkHS5aJBxbBI8jwH3mQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5l/X6o/1auOuiKOMztA5ukQ+ukEN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/lrSTpA==</latexit>!`mn

is a trivial symmetry of the system<latexit sha1_base64="1jrM1VQ5IwTz0MbNsU8FUTYXyPc=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7ENQyaGMZwXxAchx7m71kye7tsTunhJDGv2JjoYitP8POf+MmuUITHww83pthZl6UCm7A876dldW19Y3NwlZxe2d3b989OGwalWnKGlQJpdsRMUzwhDWAg2DtVDMiI8Fa0fBm6rcemDZcJfcwSlkgST/hMacErBS6xzL0cVewGDTvD4BorR6xDCuhW/LK3gx4mfg5KaEc9dD96vYUzSRLgApiTMf3UgjGRAOngk2K3cywlNAh6bOOpQmRzATj2QMTfGaVHo6VtpUAnqm/J8ZEGjOSke2UBAZm0ZuK/3mdDOKrYMyTNAOW0PmiOBMYFJ6mgXtcMwpiZAmhmttbMR0QTSjYzIo2BH/x5WXSrJT9i3L1rlqqXedxFNAJOkXnyEeXqIZuUR01EEUT9Ixe0Zvz5Lw4787HvHXFyWeO0B84nz8qYZYl</latexit>m1 $ m2



<latexit sha1_base64="N0CddHckVeqkl0/MYGg67IoEGg8=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSi3osevFYwX5AG8Jmu2mX7iZhd6KU2IN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzAsSwTU4zre1tLyyurZe2Chubm3v7Np7+00dp4qyBo1FrNoB0UzwiDWAg2DtRDEiA8FawfB64rfumdI8ju5glDBPkn7EQ04JGMm3D6Vf6QoWguL9ARCl4gcs/TPfLjllZwq8SNyclFCOum9/dXsxTSWLgAqidcd1EvAyooBTwcbFbqpZQuiQ9FnH0IhIpr1sev8Ynxilh8NYmYoAT9XfExmRWo9kYDolgYGe9ybif14nhfDSy3iUpMAiOlsUpgJDjCdh4B5XjIIYGUKo4uZWTAdEEQomsqIJwZ1/eZE0K2X3vFy9rZZqV3kcBXSEjtEpctEFqqEbVEcNRNEjekav6M16sl6sd+tj1rpk5TMH6A+szx/UY5X9</latexit>m2 $ m3                       corresponds to Whiting’s integral transformation

corresponds to the mode spectrum being invariant under
<latexit sha1_base64="BYj+pRhEHtTsMXBLOXtoEJ78Xn4=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgxjIjRV0W3bisYB/QDiWT3mlDM5khyQhl6Ee4caGIW7/HnX9j2s5CWw8EDufcS+45QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzSRBP6JDyUPOqLFSW/dMTC50v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7ulJxZZUDCWNknDZmrvzcyGmk9iQI7GVEz0sveTPzP66YmvPEzLpPUoGSLj8JUEJtxlp0MuEJmxMQSyhS3txI2oooyYxsq2RK85cirpHVZ9a6qtYdapX6b11GEEziFc/DgGupwDw1oAoMxPMMrvDmJ8+K8Ox+L0YKT7xzDHzifP83Jjzs=</latexit>

s ! �s  (which follows from Teukolsky-Starobinsky differential ids.)

<latexit sha1_base64="n12P5QtNsjqFGmJAuaMw85MJK0o=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSLeqx6MVjBfsBbQib7aZdupuE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guH1xG/dM6V5HN3BKGGeJP2Ih5wSMJJvH0jf7QoWguL9ARCl4gcs/TPfLjsVZwq8SNyclFGOum9/dXsxTSWLgAqidcd1EvAyooBTwcalbqpZQuiQ9FnH0IhIpr1sev8YHxulh8NYmYoAT9XfExmRWo9kYDolgYGe9ybif14nhfDSy3iUpMAiOlsUpgJDjCdh4B5XjIIYGUKo4uZWTAdEEQomspIJwZ1/eZE0TyvueaV6Wy3XrvI4iugQHaET5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx/SzJX8</latexit>m1 $ m3

This thus provides a new, simpler (no need for integral nor differential 
transformations!) proof of mode stability of (subextremal) Kerr BHs

<latexit sha1_base64="Fnklz8D/Q9NB4wwvmA4fZImATUA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsglJYZKepGKLpxWcE+oB2GTJq2oUlmSDJqGfspblwo4tYvceffmGlnoa0H7uVwzr3k5gQRo0o7zreVW1ldW9/Ibxa2tnd29+zifkuFscSkiUMWyk6AFGFUkKammpFOJAniASPtYHyd+u17IhUNxZ2eRMTjaCjogGKkjeTbRe67l6rSe6R+pZz2sm+XnKozA1wmbkZKIEPDt796/RDHnAiNGVKq6zqR9hIkNcWMTAu9WJEI4TEakq6hAnGivGR2+hQeG6UPB6E0JTScqb83EsSVmvDATHKkR2rRS8X/vG6sBxdeQkUUayLw/KFBzKAOYZoD7FNJsGYTQxCW1NwK8QhJhLVJq2BCcBe/vExap1X3rFq7rZXqV1kceXAIjsAJcME5qIMb0ABNgMEDeAav4M16sl6sd+tjPpqzsp0D8AfW5w+d/ZLz</latexit>

m1 = s� ⇠� + ⇠+
<latexit sha1_base64="YSZ33k74GDOiswMQYcQGjfHP7cU=">AAAB+HicbVDLSgMxFM34rPXRUZdugkUQimWmFHUjFN24rGAf0A5DJs20oUlmSDJiHfolblwo4tZPceffmGlnoa0H7uVwzr3k5gQxo0o7zre1srq2vrFZ2Cpu7+zulez9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgm8zsPRCoaiXs9iYnH0VDQkGKkjeTbJe7XrvqP1D+rZL3i22Wn6swAl4mbkzLI0fTtr/4gwgknQmOGlOq5Tqy9FElNMSPTYj9RJEZ4jIakZ6hAnCgvnR0+hSdGGcAwkqaEhjP190aKuFITHphJjvRILXqZ+J/XS3R46aVUxIkmAs8fChMGdQSzFOCASoI1mxiCsKTmVohHSCKsTVZFE4K7+OVl0q5V3fNq/a5eblzncRTAETgGp8AFF6ABbkETtAAGCXgGr+DNerJerHfrYz66YuU7h+APrM8fWPeSQA==</latexit>

m2 = ⇠� + ⇠+
<latexit sha1_base64="GaSzr4I50B+1UwPYheZQYtbKh5s=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsglJYZLepGKLpxWcE+oB2GTJppQ5PMkGSkpfRX3LhQxK0/4s6/MdPOQlsP3MvhnHvJzQliRpV2nG8rt7a+sbmV3y7s7O7tH9iHxZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegu9dtPRCoaiUc9iYnH0UDQkGKkjeTbRe5f3FRUpTemfqWc9rJvl5yqMwdcJW5GSiBDw7e/ev0IJ5wIjRlSqus6sfamSGqKGZkVeokiMcIjNCBdQwXiRHnT+e0zeGqUPgwjaUpoOFd/b0wRV2rCAzPJkR6qZS8V//O6iQ6vvSkVcaKJwIuHwoRBHcE0CNinkmDNJoYgLKm5FeIhkghrE1fBhOAuf3mVtM6r7mW19lAr1W+zOPLgGJyAM+CCK1AH96ABmgCDMXgGr+DNmlkv1rv1sRjNWdnOEfgD6/MHDgyTLA==</latexit>

m3 = �s� ⇠� + ⇠+

Remember the SQCD masses:

<latexit sha1_base64="rrg5/YB7ivGBegkOSCEyCJ4uXdI=">AAACHHicbVDLSgMxFM34rPVVdekmWAQXUma0qMuiG5cV7AM6pWTSOzU0mYlJpliGfogbf8WNC0XcuBD8GzNtF9p64MLJOfeSe08gOdPGdb+dhcWl5ZXV3Fp+fWNza7uws1vXcaIo1GjMY9UMiAbOIqgZZjg0pQIiAg6NoH+V+Y0BKM3i6NYMJbQF6UUsZJQYK3UKp/4D6/hS+HCfsAFm/jH2Q0Vo6scCeiSzRulJpvaJlJN3p1B0S+4YeJ54U1JEU1Q7hU+/G9NEQGQoJ1q3PFeadkqUYZTDKO8nGiShfdKDlqUREaDb6fi4ET60SheHsbIVGTxWf0+kRGg9FIHtFMTc6VkvE//zWokJL9opi2RiIKKTj8KEYxPjLCncZQqo4UNLCFXM7orpHbHZGJtn3obgzZ48T+onJe+sVL4pFyuX0zhyaB8doCPkoXNUQdeoimqIokf0jF7Rm/PkvDjvzsekdcGZzuyhP3C+fgARIqH+</latexit>

⇠± ⌘ i
!±
2±

<latexit sha1_base64="HsdCk+QwmmUiRvle7s2p/y2lAME=">AAACEXicbVBNS8NAEN34WetX1KOXxSL0YkmkqMeiF29WsB/QhLDZTtulu0nc3RRK6F/w4l/x4kERr968+W9M2oDa+mDg8d4MM/P8iDOlLevLWFpeWV1bL2wUN7e2d3bNvf2mCmNJoUFDHsq2TxRwFkBDM82hHUkgwufQ8odXmd8agVQsDO70OAJXkH7AeowSnUqeWXZCAX3iJU4kJg7cx2yEZ9KJcG5+rKJnlqyKNQVeJHZOSihH3TM/nW5IYwGBppwo1bGtSLsJkZpRDpOiEyuICB2SPnRSGhAByk2mH03wcap0cS+UaQUaT9XfEwkRSo2Fn3YKogdq3svE/7xOrHsXbsKCKNYQ0NmiXsyxDnEWD+4yCVTzcUoIlSy9FdMBkYTqNMQsBHv+5UXSPK3YZ5XqbbVUu8zjKKBDdITKyEbnqIauUR01EEUP6Am9oFfj0Xg23oz3WeuSkc8coD8wPr4B/TCdvQ==</latexit>

!± ⌘ ! �m⌦±

Therefore, the mode freqs.             are also symmetric under <latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="KI93f3QzPyHXXpzfdRI9Ylrm41w=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0IWy203bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5ccqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxMNnEloGWY4dFMFRMQcOvH4fu53JqA0S+STmaYQCjKUbMAoMVaKXDdIBAxJlAfAORZyFrlVr+YtgNeJX5AqKtCM3K+gn9BMgDSUE617vpeaMCfKMMphVgkyDSmhYzKEnqWSCNBhvrh8hi+s0seDRNmSBi/U3xM5EVpPRWw7BTEjverNxf+8XmYGt2HOZJoZkHS5aJBxbBI8jwH3mQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5l/X6o/1auOuiKOMztA5ukQ+ukEN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/lrSTpA==</latexit>!`mn

is a trivial symmetry of the system<latexit sha1_base64="1jrM1VQ5IwTz0MbNsU8FUTYXyPc=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7ENQyaGMZwXxAchx7m71kye7tsTunhJDGv2JjoYitP8POf+MmuUITHww83pthZl6UCm7A876dldW19Y3NwlZxe2d3b989OGwalWnKGlQJpdsRMUzwhDWAg2DtVDMiI8Fa0fBm6rcemDZcJfcwSlkgST/hMacErBS6xzL0cVewGDTvD4BorR6xDCuhW/LK3gx4mfg5KaEc9dD96vYUzSRLgApiTMf3UgjGRAOngk2K3cywlNAh6bOOpQmRzATj2QMTfGaVHo6VtpUAnqm/J8ZEGjOSke2UBAZm0ZuK/3mdDOKrYMyTNAOW0PmiOBMYFJ6mgXtcMwpiZAmhmttbMR0QTSjYzIo2BH/x5WXSrJT9i3L1rlqqXedxFNAJOkXnyEeXqIZuUR01EEUT9Ixe0Zvz5Lw4787HvHXFyWeO0B84nz8qYZYl</latexit>m1 $ m2



Stability of Extremal Kerr

- There’re no unstable modes in extremal Kerr [Teixeira da Costa’20 
by extending Whiting’s integral transformation]

All results so far were for subextremal Kerr. In extremal Kerr (            ) :
<latexit sha1_base64="ngfMJKpoAI+ggtPYjbqre49FFVQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IsXIaJ5QLKE2UknGTI7u8zMCmHJJ3jxoIhXv8ibf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6mfvMJleaRfDTjGP2QDiTvc0aNlR7o1V23WHLL7gxkmXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10duqEnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6adcxolByeaL+okgJiLTv0mPK2RGjC2hTHF7K2FDqigzNp2CDcFbfHmZNM7K3nm5cl8pVa+zOPJwBMdwCh5cQBVuoQZ1YDCAZ3iFN0c4L8678zFvzTnZzCH8gfP5A+JLjYw=</latexit>

a = M



Stability of Extremal Kerr

- But…transverse derivatives of axisymmetric field on the horizon grow! 
[Aretakis’10] (growth undetermined)

- There’re no unstable modes in extremal Kerr [Teixeira da Costa’20 
by extending Whiting’s integral transformation]

All results so far were for subextremal Kerr. In extremal Kerr (            ) :
<latexit sha1_base64="ngfMJKpoAI+ggtPYjbqre49FFVQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IsXIaJ5QLKE2UknGTI7u8zMCmHJJ3jxoIhXv8ibf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6mfvMJleaRfDTjGP2QDiTvc0aNlR7o1V23WHLL7gxkmXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10duqEnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6adcxolByeaL+okgJiLTv0mPK2RGjC2hTHF7K2FDqigzNp2CDcFbfHmZNM7K3nm5cl8pVa+zOPJwBMdwCh5cQBVuoQZ1YDCAZ3iFN0c4L8678zFvzTnZzCH8gfP5A+JLjYw=</latexit>
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Stability of Extremal Kerr

- But…transverse derivatives of axisymmetric field on the horizon grow! 
[Aretakis’10] (growth undetermined)

- There’re no unstable modes in extremal Kerr [Teixeira da Costa’20 
by extending Whiting’s integral transformation]

All results so far were for subextremal Kerr. In extremal Kerr (            ) :
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- Derivatives on horizon for nonaxisymmetry are dominant and grow as 
[Casals, Gralla & Zimmerman’16, due to a new BC at                    ]  
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Stability of Extremal Kerr

- But…transverse derivatives of axisymmetric field on the horizon grow! 
[Aretakis’10] (growth undetermined)

- There’re no unstable modes in extremal Kerr [Teixeira da Costa’20 
by extending Whiting’s integral transformation]

All results so far were for subextremal Kerr. In extremal Kerr (            ) :
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- Derivatives on horizon for nonaxisymmetry are dominant and grow as 
[Casals, Gralla & Zimmerman’16, due to a new BC at                    ]  
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! = m⌦+

- Such behaviour is due to an emergent 
near-horizon conformal symmetry (          ) 
of extremal BHs [Gralla & Zimmerman’18]  

<latexit sha1_base64="xQT8/7i/raVskvV+8nW6M7satII=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lKUY9VLx4rmrbQhrLZbNqlm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbZXW1jc2t8rblZ3dvf0D+/CorZJMEuqRhCeyG2BFORPU00xz2k0lxXHAaScY3878zhOViiXiUU9S6sd4KFjECNZG8q7Dh0F9YFedmjMHWiVuQapQoDWwv/phQrKYCk04VqrnOqn2cyw1I5xOK/1M0RSTMR7SnqECx1T5+fzYKTozSoiiRJoSGs3V3xM5jpWaxIHpjLEeqWVvJv7n9TIdXfk5E2mmqSCLRVHGkU7Q7HMUMkmJ5hNDMJHM3IrICEtMtMmnYkJwl19eJe16zb2oNe4b1eZNEUcZTuAUzsGFS2jCHbTAAwIMnuEV3ixhvVjv1seitWQVM8fwB9bnDx3pjj4=</latexit>

AdS2



Full linear stability of Kerr?

 Note: the full linear sln. of Teukolsky eq. is obtained from infinite 
sums/integrals of frequency modes                    

<latexit sha1_base64="fZzpM6JBCXuEBivrAiwj6YeMzxM=">AAACFXicbZDLSgMxFIYz3q23qks3wSK40DIjRV2KblxWsCp06pBJz9RgkhmSM0IZ+hJufBU3LhRxK7jzbUzbWXg7EPLx/+eQnD/OpLDo+5/exOTU9Mzs3HxlYXFpeaW6unZh09xwaPFUpuYqZhak0NBCgRKuMgNMxRIu49uToX95B8aKVJ9jP4OOYj0tEsEZOimq7oQ2V1ERgpQ7VA1CoTEqdt2VYH9wXZTQDVMFPRZVa37dHxX9C0EJNVJWM6p+hN2U5wo0csmsbQd+hp2CGRRcwqAS5hYyxm9ZD9oONVNgO8VoqwHdckqXJqlxRyMdqd8nCqas7avYdSqGN/a3NxT/89o5JoedQugsR9B8/FCSS4opHUZEu8IAR9l3wLgR7q+U3zDDOLogKy6E4PfKf+Firx7s1xtnjdrRcRnHHNkgm2SbBOSAHJFT0iQtwsk9eSTP5MV78J68V+9t3DrhlTPr5Ed5718ulqAc</latexit>X

`,m

Z 1

�1
d!

so non-existence of unstable modes does not guarantee full linear 
stability



 Kerr is fully (ie, not just modal) linearly stable under scalar 
perturbations (Dafermos, Rodnianski & Shlapentokh-Rothman’16)

Full linear stability of Kerr?

 Note: the full linear sln. of Teukolsky eq. is obtained from infinite 
sums/integrals of frequency modes                    

<latexit sha1_base64="fZzpM6JBCXuEBivrAiwj6YeMzxM=">AAACFXicbZDLSgMxFIYz3q23qks3wSK40DIjRV2KblxWsCp06pBJz9RgkhmSM0IZ+hJufBU3LhRxK7jzbUzbWXg7EPLx/+eQnD/OpLDo+5/exOTU9Mzs3HxlYXFpeaW6unZh09xwaPFUpuYqZhak0NBCgRKuMgNMxRIu49uToX95B8aKVJ9jP4OOYj0tEsEZOimq7oQ2V1ERgpQ7VA1CoTEqdt2VYH9wXZTQDVMFPRZVa37dHxX9C0EJNVJWM6p+hN2U5wo0csmsbQd+hp2CGRRcwqAS5hYyxm9ZD9oONVNgO8VoqwHdckqXJqlxRyMdqd8nCqas7avYdSqGN/a3NxT/89o5JoedQugsR9B8/FCSS4opHUZEu8IAR9l3wLgR7q+U3zDDOLogKy6E4PfKf+Firx7s1xtnjdrRcRnHHNkgm2SbBOSAHJFT0iQtwsk9eSTP5MV78J68V+9t3DrhlTPr5Ed5718ulqAc</latexit>X

`,m

Z 1

�1
d!

so non-existence of unstable modes does not guarantee full linear 
stability



 Kerr is fully (ie, not just modal) linearly stable under scalar 
perturbations (Dafermos, Rodnianski & Shlapentokh-Rothman’16)

Open question: full linear stability of Kerr under gravitational 
perturbations

Full linear stability of Kerr?

 Note: the full linear sln. of Teukolsky eq. is obtained from infinite 
sums/integrals of frequency modes                    

<latexit sha1_base64="fZzpM6JBCXuEBivrAiwj6YeMzxM=">AAACFXicbZDLSgMxFIYz3q23qks3wSK40DIjRV2KblxWsCp06pBJz9RgkhmSM0IZ+hJufBU3LhRxK7jzbUzbWXg7EPLx/+eQnD/OpLDo+5/exOTU9Mzs3HxlYXFpeaW6unZh09xwaPFUpuYqZhak0NBCgRKuMgNMxRIu49uToX95B8aKVJ9jP4OOYj0tEsEZOimq7oQ2V1ERgpQ7VA1CoTEqdt2VYH9wXZTQDVMFPRZVa37dHxX9C0EJNVJWM6p+hN2U5wo0csmsbQd+hp2CGRRcwqAS5hYyxm9ZD9oONVNgO8VoqwHdckqXJqlxRyMdqd8nCqas7avYdSqGN/a3NxT/89o5JoedQugsR9B8/FCSS4opHUZEu8IAR9l3wLgR7q+U3zDDOLogKy6E4PfKf+Firx7s1xtnjdrRcRnHHNkgm2SbBOSAHJFT0iQtwsk9eSTP5MV78J68V+9t3DrhlTPr5Ed5718ulqAc</latexit>X

`,m

Z 1

�1
d!

so non-existence of unstable modes does not guarantee full linear 
stability



2. Stability properties of Kerr

1. BH Perturbations

3. Stability properties of Kerr-de Sitter

4. Conclusions



Kerr-de Sitter metric represents a rotating BH in a de Sitter Universe

It’s similar to the Kerr metric but with 3(+1) horizons:

cosmological 
horizon

event horizon

Cauchy 
horizon

Each horizon j= - -, - , +, c  has
<latexit sha1_base64="36X9s8M5DDj9YV/HKjuvTkWI+Qg=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIsgCCUpRd0IRTfurGAf0KThZjppp508mJkIJWTjxl9x40IRt/6DO//G6WOhrQcuHM65l3vv8WJGhTTNby23tLyyupZfL2xsbm3v6Lt7DRElHJM6jljEWx4IwmhI6pJKRloxJxB4jDS94fXYbz4QLmgU3stRTJwAeiH1KQapJFc/tG8D0gN3cGn7HHAKWcrdQad8Cp1y5upFs2ROYCwSa0aKaIaaq3/Z3QgnAQklZiBE2zJj6aTAJcWMZAU7ESQGPIQeaSsaQkCEk06+yIxjpXQNP+KqQmlM1N8TKQRCjAJPdQYg+2LeG4v/ee1E+hdOSsM4kSTE00V+wgwZGeNIjC7lBEs2UgQwp+pWA/dBpSFVcAUVgjX/8iJplEvWWalyVylWr2Zx5NEBOkInyELnqIpuUA3VEUaP6Bm9ojftSXvR3rWPaWtOm83soz/QPn8AB0KYRw==</latexit>

⌦j =
a

r2j + a2angular velocity and surface gravity <latexit sha1_base64="5qIc/fTsaZ6hMc88Ah2j11QeUfc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUCbbTbt2s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGN1O/9cSU5rG8N+OE+REOJA85RWOldneESYK9h1654lbdGcgy8XJSgRz1Xvmr249pGjFpqECtO56bGD9DZTgVbFLqppolSEc4YB1LJUZM+9ns3gk5sUqfhLGyJQ2Zqb8nMoy0HkeB7YzQDPWiNxX/8zqpCa/8jMskNUzS+aIwFcTEZPo86XPFqBFjS5Aqbm8ldIgKqbERlWwI3uLLy6R5VvUuqud355XadR5HEY7gGE7Bg0uowS3UoQEUBDzDK7w5j86L8+58zFsLTj5zCH/gfP4AGOuQBQ==</latexit>j

Kerr-de Sitter Black Holes

<latexit sha1_base64="e9zh4YYRZIOy19dmw/HHM3IcD6A=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRZBkJYZKeqii6IblxXsA9phyKRpG5rJDElGqEPxV9y4UMSt/+HOvzFtZ6GtBw4czrmX3Jwg5kxpx/m2lpZXVtfWcxv5za3tnV17b7+hokQSWicRj2QrwIpyJmhdM81pK5YUhwGnzWB4M8mbD1QqFol7PYqpF+K+YD1GsDaWbx9KPy0WxxWnIv2i4Zkh8e2CU3KmQIvCzUQBMtR8+6vTjUgSUqEJx0q1XSfWXoqlZoTTcb6TKBpjMsR92jZS4JAqL51eP0YnxumiXiQNhUZT9/dGikOlRmFgJkOsB2o+m5j/Ze1E9668lIk40VSQ2UO9hCMdoUkVqMskJZqPjMBEMnMrIgMsMdGmsLwpwZ3/8qJonJfci1L5rlyoXmd15OAIjuEUXLiEKtxCDepA4BGe4RXerCfrxXq3PmajS1a2cwB/YH3+AGtZk+0=</latexit>

r�� < 0 < r� < r+ < rc

Cosmological const.

<latexit sha1_base64="O2jGcZvQt1nqJ+UZvEfb5ao2yFA=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEqlDIjRV0W3bhQqGAf0A4lk8m0oZnMmGQKZeh3uHGhiFs/xp1/Y9rOQlsPBA7nnMu9OV7MmdK2/W2trK6tb2zmtvLbO7t7+4WDw6aKEklog0Q8km0PK8qZoA3NNKftWFIcepy2vOHN1G+NqFQsEo96HFM3xH3BAkawNpJbui/jcvfO5H181isU7Yo9A1omTkaKkKHeK3x1/YgkIRWacKxUx7Fj7aZYakY4neS7iaIxJkPcpx1DBQ6pctPZ0RN0ahQfBZE0T2g0U39PpDhUahx6JhliPVCL3lT8z+skOrhyUybiRFNB5ouChCMdoWkDyGeSEs3HhmAimbkVkQGWmGjTU96U4Cx+eZk0zyvORaX6UC3WrrM6cnAMJ1ACBy6hBrdQhwYQeIJneIU3a2S9WO/Wxzy6YmUzR/AH1ucPAqeQ+Q==</latexit>

(M,a,⇤)

<latexit sha1_base64="BoIb11LP2UFZ6W6/HJU5ZMho5ms="></latexit>

� = (r2 + a2)

✓
1� ⇤r2

3

◆
� 2Mr = �⇤

3
(r � r��)(r � r�)(r � r+)(r � rc)



Carter-Penrose diagram of Kerr-de Sitter

sing.

<latexit sha1_base64="HkHF6EBenOyorn+40ZwpazXlCgQ=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgCCWRoi6LbrqsYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jJM1CWw8MHM65l3vmeBFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k7vU70ypVCwUD3oWUTfAI8F8RrA2ktsPsB4TzJPG/PFiUK7YVTsDWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHA6L/VjRSNMJnhEe4YKHFDlJlnoOTozyhD5oTRPaJSpvzcSHCg1CzwzmYZUy14q/uf1Yu3fuAkTUaypIItDfsyRDlHaABoySYnmM0MwkcxkRWSMJSba9FQyJTjLX14l7cuqc1Wt3dcq9du8jiKcwCmcgwPXUIcGNKEFBJ7gGV7hzZpaL9a79bEYLVj5zjH8gfX5A6DOkgQ=</latexit>

H
+

<latexit sha1_base64="6vxmjNGO81UXOOMulKAjbEidTm4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgxpJIUZdFN11WsA9oY5lMJ+3QySTOTAol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3qd6ZUKhaKBz2LqBvgkWA+I1gbye0HWI8J5klj/ngxKFfsqp0BrRInJxXI0RyUv/rDkMQBFZpwrFTPsSPtJlhqRjidl/qxohEmEzyiPUMFDqhykyz0HJ0ZZYj8UJonNMrU3xsJDpSaBZ6ZTEOqZS8V//N6sfZv3ISJKNZUkMUhP+ZIhyhtAA2ZpETzmSGYSGayIjLGEhNteiqZEpzlL6+S9mXVuarW7muV+m1eRxFO4BTOwYFrqEMDmtACAk/wDK/wZk2tF+vd+liMFqx85xj+wPr8AaPWkgY=</latexit>

H
�

<latexit sha1_base64="WMrwRmkUG5/BUZGvwsM9r1gc3MA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLYTZcV7AOaUCbTSTt0MgnzEErob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63U9rY3NreKe9W9vYPDo+qxyddlRhJaIckPJH9ECvKmaAdzTSn/VRSHIec9sJpM/d7T1QqlohHPUtpEOOxYBEjWFvJ92OsJwTzrNmaD6s1t+4ugNaJV5AaFGgPq1/+KCEmpkITjpUaeG6qgwxLzQin84pvFE0xmeIxHVgqcExVkC0yz9GFVUYoSqR9QqOF+nsjw7FSszi0k3lGterl4n/ewOjoLsiYSI2mgiwPRYYjnaC8ADRikhLNZ5ZgIpnNisgES0y0raliS/BWv7xOuld176Z+/XBda9wXdZThDM7hEjy4hQa0oA0dIJDCM7zCm2OcF+fd+ViOlpxi5xT+wPn8AQypkbQ=</latexit>

CH

black hole

(future) cosmological horizon
<latexit sha1_base64="x+unpBCHH2NRlwcyIEefgDht8xk=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJUkJJIUS+FohePFewHtCFstpt26WYTdieFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFtr6xubW9uFneLu3v7BoX103NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjO5nfnvMlOaxfIJJwryIDCQPOSVgJN+2y1DrcRnC5FLVlE8vfLvkVJw58Cpxc1JCORq+/dXrxzSNmAQqiNZd10nAy4gCTgWbFnupZgmhIzJgXUMliZj2svnlU3xulD4OY2VKAp6rvycyEmk9iQLTGREY6mVvJv7ndVMIb72MyyQFJuliUZgKDDGexYD7XDEKYmIIoYqbWzEdEkUomLCKJgR3+eVV0rqquNeV6mO1VL/L4yigU3SGyshFN6iOHlADNRFFY/SMXtGblVkv1rv1sWhds/KZE/QH1ucPeOSS6w==</latexit>

(t = 1, r = rc)

<latexit sha1_base64="xfij1nmo4q0Dm5HaC5R54uo69eE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahgpZEinopFL14rGA/oA1hs920SzebsDtRSuxP8eJBEa/+Em/+G7dtDtr6YODx3gwz8/yYMwW2/W3kVlbX1jfym4Wt7Z3dPbO431JRIgltkohHsuNjRTkTtAkMOO3EkuLQ57Ttj26mfvuBSsUicQ/jmLohHggWMIJBS55ZLEPtrMdEAONTWZMeOfHMkl2xZ7CWiZOREsrQ8MyvXj8iSUgFEI6V6jp2DG6KJTDC6aTQSxSNMRnhAe1qKnBIlZvOTp9Yx1rpW0EkdQmwZurviRSHSo1DX3eGGIZq0ZuK/3ndBIIrN2UiToAKMl8UJNyCyJrmYPWZpAT4WBNMJNO3WmSIJSag0yroEJzFl5dJ67ziXFSqd9VS/TqLI48O0REqIwddojq6RQ3URAQ9omf0it6MJ+PFeDc+5q05I5s5QH9gfP4A5VuTIg==</latexit>

(t = �1, r = rc)

(t = 1, r = r+)
<latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit><latexit sha1_base64="a9JmI6BmvB9YUzFbVuKn+xsjgkI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahopREBL0Uil48VrAf0Iaw2W7apZtN2J0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz84JEcA2O820V1tY3NreK26Wd3b39A/vwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN3P/PaYKc1j+QSThHkRGUgeckrASL5tV6DW4zKEyaWqKf/i3LfLTtWZA68SNydllKPh21+9fkzTiEmggmjddZ0EvIwo4FSwaamXapYQOiID1jVUkohpL5tfPsVnRunjMFamJOC5+nsiI5HWkygwnRGBoV72ZuJ/XjeF8NbLuExSYJIuFoWpwBDjWQy4zxWjICaGEKq4uRXTIVGEggmrZEJwl19eJa2rqutU3cfrcv0uj6OITtApqiAX3aA6ekAN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8fIN6Sqg==</latexit>

(t = �1, r = r+)
<latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit><latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit><latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit><latexit sha1_base64="srVzwSrYMkNEQMva5a2/9O//Vzk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRahopZEBL0Uil48VrAf0Iaw2W7axc0m7E6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTIFtfxuFpeWV1bXiemljc2t7xyzvtlWUSEJbJOKR7PpYUc4EbQEDTruxpDj0Oe3499cTv/NApWKRuIM0pm6Ih4IFjGDQkmeWq1A/7TMRQHoi69I7PvLMil2zp7AWiZOTCsrR9Myv/iAiSUgFEI6V6jl2DG6GJTDC6bjUTxSNMbnHQ9rTVOCQKjebnj62DrUysIJI6hJgTdXfExkOlUpDX3eGGEZq3puI/3m9BIJLN2MiToAKMlsUJNyCyJrkYA2YpAR4qgkmkulbLTLCEhPQaZV0CM78y4ukfVZz7Jpze15pXOVxFNE+OkBV5KAL1EA3qIlaiKBH9Ixe0ZvxZLwY78bHrLVg5DN76A+Mzx+NVZLh</latexit>

<latexit sha1_base64="YrDeoMQmkKvvbMDzIJ+lPJijw+E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1ItQ9OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOgkUwx9lohEtUKqUXCJvuFGYCtVSONQYDMc3k395hMqzRP5aEYpBjHtSx5xRo2VfHWjuufdUtmtuDOQZeLlpAw56t3SV6eXsCxGaZigWrc9NzXBmCrDmcBJsZNpTCkb0j62LZU0Rh2MZ8dOyKlVeiRKlC1pyEz9PTGmsdajOLSdMTUDvehNxf+8dmai62DMZZoZlGy+KMoEMQmZfk56XCEzYmQJZYrbWwkbUEWZsfkUbQje4svLpHFR8S4r1YdquXabx1GAYziBM/DgCmpwD3XwgQGHZ3iFN0c6L8678zFvXXHymSP4A+fzB1UGjmI=</latexit>r = r�

<latexit sha1_base64="CNP2YpXWcRLIPa7yrjT1l38xZiI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHtS12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8A0D2NgA==</latexit>

r = 0

<latexit sha1_base64="EpObTedpcsqiOdoekXyR9ryHXLI=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEEoSRS1GXRTZcV7APaGCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5ttbWNza3tks75d29/YND++i4reJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfJ/7nQmVisXiUU8T6kV4KFjICNZG8m27H2E9IphnjdnTpU/Kvl1xqs4caJW4BalAgaZvf/UHMUkjKjThWKme6yTay7DUjHA6K/dTRRNMxnhIe4YKHFHlZfPkM3RulAEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XS3V462VMJKmmgiwOhSlHOkZ5DWjAJCWaTw3BRDKTFZERlphoU1Zegrv85VXSvqq619XaQ61SvyvqKMEpnMEFuHADdWhAE1pAYALP8ApvVma9WO/Wx2J0zSp2TuAPrM8fzQiTHw==</latexit>

H
+
c

<latexit sha1_base64="1URtcekDc079MYpj3UqjJ4JZ3jM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWBIp6rLopssK9gFtDJPppB06mYSZSaGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfXTcVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wvs/9zoRKxWLxqKcJ9SI8FCxkBGsj+bbdj7AeEcyzxuzp0idl3644VWcOtErcglSgQNO3v/qDmKQRFZpwrFTPdRLtZVhqRjidlfupogkmYzykPUMFjqjysnnyGTo3ygCFsTRPaDRXf29kOFJqGgVmMs+plr1c/M/rpTq89TImklRTQRaHwpQjHaO8BjRgkhLNp4ZgIpnJisgIS0y0KSsvwV3+8ippX1Xd62rtoVap3xV1lOAUzuACXLiBOjSgCS0gMIFneIU3K7NerHfrYzG6ZhU7J/AH1ucP0BaTIQ==</latexit>

H
�
c



Perturbations of Kerr-de Sitter

Massless spin-field perturbations      of Kerr-de Sitter obey a Teukolsky 
master PDE (similar to the one in Kerr)

<latexit sha1_base64="bWyyv4V09Qiz+7FnGYpansjHW3Q=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRom6Eoht3VugLmhAm00k7dDIJMxOxhO7c+CtuXCji1l9w5984abPQ1gPDHM65l3vv8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+vM79wTIWnEm2ocEzdEA04DipHSkmceOiFSQ4xY6gyRgrcTJ5a08nBy2fSk/jyzbFWtKeAisXNSBjkanvnl9COchIQrzJCUPduKlZsioShmZFJyEklihEdoQHqachQS6abTOybwWCt9GERCP67gVP3dkaJQynHo68psaznvZeJ/Xi9RwYWbUh4ninA8GxQkDKoIZqHAPhUEKzbWBGFB9a4QD5FAWOnoSjoEe/7kRdI+rdpn1dpdrVy/yuMoggNwBCrABuegDm5AA7QABo/gGbyCN+PJeDHejY9ZacHIe/bBHxifP+2HmLM=</latexit>

Ô (x) = Ts(x)

<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 



Perturbations of Kerr-de Sitter

Massless spin-field perturbations      of Kerr-de Sitter obey a Teukolsky 
master PDE (similar to the one in Kerr)

<latexit sha1_base64="bWyyv4V09Qiz+7FnGYpansjHW3Q=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRom6Eoht3VugLmhAm00k7dDIJMxOxhO7c+CtuXCji1l9w5984abPQ1gPDHM65l3vv8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+vM79wTIWnEm2ocEzdEA04DipHSkmceOiFSQ4xY6gyRgrcTJ5a08nBy2fSk/jyzbFWtKeAisXNSBjkanvnl9COchIQrzJCUPduKlZsioShmZFJyEklihEdoQHqachQS6abTOybwWCt9GERCP67gVP3dkaJQynHo68psaznvZeJ/Xi9RwYWbUh4ninA8GxQkDKoIZqHAPhUEKzbWBGFB9a4QD5FAWOnoSjoEe/7kRdI+rdpn1dpdrVy/yuMoggNwBCrABuegDm5AA7QABo/gGbyCN+PJeDHejY9ZacHIe/bBHxifP+2HmLM=</latexit>

Ô (x) = Ts(x)

Again, it separates by variables

Gret =
X

`,m

Z 1

�1
d! eim'�i!tS`m!(✓)S`m!(✓

0)G`m!(r, r
0)

<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 



Perturbations of Kerr-de Sitter

Massless spin-field perturbations      of Kerr-de Sitter obey a Teukolsky 
master PDE (similar to the one in Kerr)

<latexit sha1_base64="bWyyv4V09Qiz+7FnGYpansjHW3Q=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRom6Eoht3VugLmhAm00k7dDIJMxOxhO7c+CtuXCji1l9w5984abPQ1gPDHM65l3vv8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+vM79wTIWnEm2ocEzdEA04DipHSkmceOiFSQ4xY6gyRgrcTJ5a08nBy2fSk/jyzbFWtKeAisXNSBjkanvnl9COchIQrzJCUPduKlZsioShmZFJyEklihEdoQHqachQS6abTOybwWCt9GERCP67gVP3dkaJQynHo68psaznvZeJ/Xi9RwYWbUh4ninA8GxQkDKoIZqHAPhUEKzbWBGFB9a4QD5FAWOnoSjoEe/7kRdI+rdpn1dpdrVy/yuMoggNwBCrABuegDm5AA7QABo/gGbyCN+PJeDHejY9ZacHIe/bBHxifP+2HmLM=</latexit>

Ô (x) = Ts(x)

Again, it separates by variables

Gret =
X

`,m

Z 1

�1
d! eim'�i!tS`m!(✓)S`m!(✓

0)G`m!(r, r
0)

and the GF modes obey a 2nd order linear, radial ODE (similar to the 
one in Kerr)

<latexit sha1_base64="BrV3bAYHm8Cp62wdfg39iwdtyW8="></latexit>

Ôr G`m!(r, r
0) = �(r, r0)

<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 



Perturbations of Kerr-de Sitter

Massless spin-field perturbations      of Kerr-de Sitter obey a Teukolsky 
master PDE (similar to the one in Kerr)

<latexit sha1_base64="bWyyv4V09Qiz+7FnGYpansjHW3Q=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRom6Eoht3VugLmhAm00k7dDIJMxOxhO7c+CtuXCji1l9w5984abPQ1gPDHM65l3vv8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+vM79wTIWnEm2ocEzdEA04DipHSkmceOiFSQ4xY6gyRgrcTJ5a08nBy2fSk/jyzbFWtKeAisXNSBjkanvnl9COchIQrzJCUPduKlZsioShmZFJyEklihEdoQHqachQS6abTOybwWCt9GERCP67gVP3dkaJQynHo68psaznvZeJ/Xi9RwYWbUh4ninA8GxQkDKoIZqHAPhUEKzbWBGFB9a4QD5FAWOnoSjoEe/7kRdI+rdpn1dpdrVy/yuMoggNwBCrABuegDm5AA7QABo/gGbyCN+PJeDHejY9ZacHIe/bBHxifP+2HmLM=</latexit>

Ô (x) = Ts(x)

Again, it separates by variables

Gret =
X

`,m

Z 1

�1
d! eim'�i!tS`m!(✓)S`m!(✓

0)G`m!(r, r
0)

and the GF modes obey a 2nd order linear, radial ODE (similar to the 
one in Kerr)

<latexit sha1_base64="BrV3bAYHm8Cp62wdfg39iwdtyW8="></latexit>

Ôr G`m!(r, r
0) = �(r, r0)

Casals & Teixeira da Costa’22 analyzed it, found mass symmetries and 
used them to investigate the mode stability of Kerr-de Sitter as follows

<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>

 



We expressed the radial Teukolsky operator in Kerr-de Sitter as

`Mass’ symmetries in Kerr-de Sitter

<latexit sha1_base64="Fnklz8D/Q9NB4wwvmA4fZImATUA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsglJYZKepGKLpxWcE+oB2GTJq2oUlmSDJqGfspblwo4tYvceffmGlnoa0H7uVwzr3k5gQRo0o7zreVW1ldW9/Ibxa2tnd29+zifkuFscSkiUMWyk6AFGFUkKammpFOJAniASPtYHyd+u17IhUNxZ2eRMTjaCjogGKkjeTbRe67l6rSe6R+pZz2sm+XnKozA1wmbkZKIEPDt796/RDHnAiNGVKq6zqR9hIkNcWMTAu9WJEI4TEakq6hAnGivGR2+hQeG6UPB6E0JTScqb83EsSVmvDATHKkR2rRS8X/vG6sBxdeQkUUayLw/KFBzKAOYZoD7FNJsGYTQxCW1NwK8QhJhLVJq2BCcBe/vExap1X3rFq7rZXqV1kceXAIjsAJcME5qIMb0ABNgMEDeAav4M16sl6sd+tjPpqzsp0D8AfW5w+d/ZLz</latexit>

m1 = s� ⇠� + ⇠+

<latexit sha1_base64="YSZ33k74GDOiswMQYcQGjfHP7cU=">AAAB+HicbVDLSgMxFM34rPXRUZdugkUQimWmFHUjFN24rGAf0A5DJs20oUlmSDJiHfolblwo4tZPceffmGlnoa0H7uVwzr3k5gQxo0o7zre1srq2vrFZ2Cpu7+zulez9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgm8zsPRCoaiXs9iYnH0VDQkGKkjeTbJe7XrvqP1D+rZL3i22Wn6swAl4mbkzLI0fTtr/4gwgknQmOGlOq5Tqy9FElNMSPTYj9RJEZ4jIakZ6hAnCgvnR0+hSdGGcAwkqaEhjP190aKuFITHphJjvRILXqZ+J/XS3R46aVUxIkmAs8fChMGdQSzFOCASoI1mxiCsKTmVohHSCKsTVZFE4K7+OVl0q5V3fNq/a5eblzncRTAETgGp8AFF6ABbkETtAAGCXgGr+DNerJerHfrYz66YuU7h+APrM8fWPeSQA==</latexit>

m2 = ⇠� + ⇠+

<latexit sha1_base64="GaSzr4I50B+1UwPYheZQYtbKh5s=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsglJYZLepGKLpxWcE+oB2GTJppQ5PMkGSkpfRX3LhQxK0/4s6/MdPOQlsP3MvhnHvJzQliRpV2nG8rt7a+sbmV3y7s7O7tH9iHxZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegu9dtPRCoaiUc9iYnH0UDQkGKkjeTbRe5f3FRUpTemfqWc9rJvl5yqMwdcJW5GSiBDw7e/ev0IJ5wIjRlSqus6sfamSGqKGZkVeokiMcIjNCBdQwXiRHnT+e0zeGqUPgwjaUpoOFd/b0wRV2rCAzPJkR6qZS8V//O6iQ6vvSkVcaKJwIuHwoRBHcE0CNinkmDNJoYgLKm5FeIhkghrE1fBhOAuf3mVtM6r7mW19lAr1W+zOPLgGJyAM+CCK1AH96ABmgCDMXgGr+DNmlkv1rv1sRjNWdnOEfgD6/MHDgyTLA==</latexit>

m3 = �s� ⇠� + ⇠+

<latexit sha1_base64="Pz8F53wVGwaGHoIlP1lf6SFhBws=">AAACA3icbZDNSgMxFIUz9a/Wv1F3ugkWQSgtM6WoG6HoxmUF2wrtMGTSTBuaZIYkI5ZScOOruHGhiFtfwp1vY6adhbZeCPk4516Se4KYUaUd59vKLS2vrK7l1wsbm1vbO/buXktFicSkiSMWybsAKcKoIE1NNSN3sSSIB4y0g+FV6rfviVQ0Erd6FBOPo76gIcVIG8m3D7hfu+g+UL8MyzC9S7AEqylg3y46FWdacBHcDIogq4Zvf3V7EU44ERozpFTHdWLtjZHUFDMyKXQTRWKEh6hPOgYF4kR54+kOE3hslB4MI2mO0HCq/p4YI67UiAemkyM9UPNeKv7ndRIdnntjKuJEE4FnD4UJgzqCaSCwRyXBmo0MICyp+SvEAyQR1ia2ggnBnV95EVrVintaqd3UivXLLI48OARH4AS44AzUwTVogCbA4BE8g1fwZj1ZL9a79TFrzVnZzD74U9bnD4xplY4=</latexit>

m4 = ⇠� � ⇠+ + 2⇠c

<latexit sha1_base64="SvFmKguMXbtjrX7RTS+3ra4kWgk=">AAACFnicbVC7SgNBFJ31GeNr1dJmMAgWGnZDUMugjWUE84BsWGYnd5NJZh/OzAbDkq+w8VdsLBSxFTv/xtkkhSYeuHDmnHuZe48XcyaVZX0bS8srq2vruY385tb2zq65t1+XUSIo1GjEI9H0iATOQqgppjg0YwEk8Dg0vMF15jeGICSLwjs1iqEdkG7IfEaJ0pJrnjkPzO07cJ+wIWbOKXZ8QWjqRAF0idsfp6VMG5A4zl6uWbCK1gR4kdgzUkAzVF3zy+lENAkgVJQTKVu2Fat2SoRilMM47yQSYkIHpAstTUMSgGynk7PG+FgrHexHQleo8ET9PZGSQMpR4OnOgKienPcy8T+vlSj/sp2yME4UhHT6kZ9wrCKcZYQ7TABVfKQJoYLpXTHtEZ2L0knmdQj2/MmLpF4q2ufF8m25ULmaxZFDh+gInSAbXaAKukFVVEMUPaJn9IrejCfjxXg3PqatS8Zs5gD9gfH5AxS5n1U=</latexit>

⇠j ⌘ i
!j

2j
<latexit sha1_base64="4yCqmVCA2sOPyf19ZqZ12b9xOJ4=">AAACC3icbVC7TgJBFJ3FF+Jr1dJmAjGxULJriFoSbezERB4JuyGzwwVGZnbXmVkSQuht/BUbC42x9Qfs/BsHlkLBk9zkzDn3Zu49QcyZ0o7zbWWWlldW17LruY3Nre0de3evpqJEUqjSiEeyERAFnIVQ1UxzaMQSiAg41IP+1cSvD0AqFoV3ehiDL0g3ZB1GiTZSy857kYAuad178JCwAU6fJ8I7xt5N6rTsglN0psCLxJ2RApqh0rK/vHZEEwGhppwo1XSdWPsjIjWjHMY5L1EQE9onXWgaGhIByh9NbxnjQ6O0cSeSpkKNp+rviRERSg1FYDoF0T01703E/7xmojsX/oiFcaIhpOlHnYRjHeFJMLjNJFDNh4YQKpnZFdMekYRqE1/OhODOn7xIaqdF96xYui0VypezOLLoAOXREXLROSqja1RBVUTRI3pGr+jNerJerHfrI23NWLOZffQH1ucPSRSakQ==</latexit>

!j ⌘ ! �m⌦j

and we now have four ‘mass’ parameters:

<latexit sha1_base64="la5EeFTtlOna3eZ5cQGbrGFoaU0=">AAACD3icbVC7TsMwFHXKq5RXgZHFogKxtEpQBYwVLIxFog+piSLHdVqrjhNsp1Ia5Q9Y+BUWBhBiZWXjb3DbDNBypKt7dM69su/xIkalMs1vo7Cyura+UdwsbW3v7O6V9w/aMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vFGN1O/MyZC0pDfqyQiToAGnPoUI6Ult3w6sclDTMdw4tqU+yqxfYFwKqrCrWazllarWeaWK2bNnAEuEysnFZCj6Za/7H6I44BwhRmSsmeZkXJSJBTFjGQlO5YkQniEBqSnKUcBkU46uyeDJ1rpQz8UuriCM/X3RooCKZPA05MBUkO56E3F/7xerPwrJ6U8ihXheP6QHzOoQjgNB/apIFixRBOEBdV/hXiIdCBKR1jSIViLJy+T9nnNuqjV7+qVxnUeRxEcgWNwBixwCRrgFjRBC2DwCJ7BK3gznowX4934mI8WjHznEPyB8fkDhT+c9g==</latexit>

z ⌘ z1
r � r�
r � r��

<latexit sha1_base64="99uhFds6l1z+Epw1ktR1UKZ1sDo=">AAACEXicbZDLSsNAFIYn9VbrLerSTbAIBUlJpKjLohuXFewFmhAm00k7dDKJM5NCDHkFN76KGxeKuHXnzrdx2mahrT8MfPznHM6c348pEdKyvrXSyura+kZ5s7K1vbO7p+8fdESUcITbKKIR7/lQYEoYbksiKe7FHMPQp7jrj6+n9e4Ec0EidifTGLshHDISEASlsjy99uA5hAUydfB9QiZOwCHKuHdqci8zzTwv2Mw9vWrVrZmMZbALqIJCLU//cgYRSkLMJKJQiL5txdLNIJcEUZxXnETgGKIxHOK+QgZDLNxsdlFunChnYAQRV49JY+b+nshgKEQa+qozhHIkFmtT879aP5HBpZsRFicSMzRfFCTUkJExjccYEI6RpKkCiDhRfzXQCKpQpAqxokKwF09ehs5Z3T6vN24b1eZVEUcZHIFjUAM2uABNcANaoA0QeATP4BW8aU/ai/aufcxbS1oxcwj+SPv8AahunYQ=</latexit>

z1 ⌘ r+ � r��
r+ � r�

<latexit sha1_base64="zSONNsXwBGEA3dJCOSxMILc5sfU=">AAACFXicbZDLSsNAFIYnXmu9VV26GSyCC1OSUtRl0Y3LCvYCTQiT6aQdOpnEmUmhDXkJN76KGxeKuBXc+TZO2yy09YeBj/+cw5nz+zGjUlnWt7Gyura+sVnYKm7v7O7tlw4OWzJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2hzfTentEhKQRv1fjmLgh6nMaUIyUtrzS+cSrOuQhoSM48RzKAzV2AoFwKjxsCs/MckhNM8u8UtmqWDPBZbBzKINcDa/05fQinISEK8yQlF3bipWbIqEoZiQrOokkMcJD1CddjRyFRLrp7KoMnmqnB4NI6McVnLm/J1IUSjkOfd0ZIjWQi7Wp+V+tm6jgyk0pjxNFOJ4vChIGVQSnEcEeFQQrNtaAsKD6rxAPkA5F6SCLOgR78eRlaFUr9kWldlcr16/zOArgGJyAM2CDS1AHt6ABmgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/5DGfRw==</latexit>

z2 ⌘ z1
rc � r�
rc � r��

<latexit sha1_base64="64zSS/kKbGcRMqlS3vMUI2JW4fM=">AAACEnicbVDLSgMxFM3UV62vUZduBovQgpQZKepGKErBZQX7gE4pmTTTxmYyQ3JHLEO/wY2/4saFIm5dufNvzLRdaOuBkMM595Dc40WcKbDtbyOztLyyupZdz21sbm3vmLt7DRXGktA6CXkoWx5WlDNB68CA01YkKQ48Tpve8Cr1m/dUKhaKWxhFtBPgvmA+Ixi01DWL1Yuqy6kPBZfrVA8fu4n7wLp37lgzmd6uZP0BFLtm3i7ZE1iLxJmRPJqh1jW/3F5I4oAKIBwr1XbsCDoJlsAIp+OcGysaYTLEfdrWVOCAqk4yWWlsHWmlZ/mh1EeANVF/JxIcKDUKPD0ZYBioeS8V//PaMfjnnYSJKAYqyPQhP+YWhFbaj9VjkhLgI00wkUz/1SIDLDEB3WJOl+DMr7xIGicl57RUvinnK5ezOrLoAB2iAnLQGaqga1RDdUTQI3pGr+jNeDJejHfjYzqaMWaZffQHxucP1pCdnQ==</latexit>

E = E (�, {⇠j}, {rj})

<latexit sha1_base64="1eais8kBIQpcmKPyxj2gJlele0g="></latexit>

Ôr = z(z � 1)(z � z2)
d2

dz2
+

(4E � 1)z2 + 1

4
�

1

(z � z2)


1

4
z(z � 1)((m3 +m4)

2
� 1)�

<latexit sha1_base64="02E6jbdf9uEFJqd4m8huyvkv0Wg="></latexit>

m3m4(z � z2)

✓
z � 1

2

◆�
� 1

z(z � 1)


m1m2

⇣z
2
� z2

⌘
(z � 1) +

1

4
(z � z2)((m1 +m2)

2 � 1)

�

where

<latexit sha1_base64="2MkmJbCegfjHpycbriWbPlQdOtw="></latexit>

r = (r��, r�, r+, rc,1) $ z = (1, 0, 1, z2,1)



We expressed the radial Teukolsky operator in Kerr-de Sitter as

`Mass’ symmetries in Kerr-de Sitter

<latexit sha1_base64="Fnklz8D/Q9NB4wwvmA4fZImATUA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIsglJYZKepGKLpxWcE+oB2GTJq2oUlmSDJqGfspblwo4tYvceffmGlnoa0H7uVwzr3k5gQRo0o7zreVW1ldW9/Ibxa2tnd29+zifkuFscSkiUMWyk6AFGFUkKammpFOJAniASPtYHyd+u17IhUNxZ2eRMTjaCjogGKkjeTbRe67l6rSe6R+pZz2sm+XnKozA1wmbkZKIEPDt796/RDHnAiNGVKq6zqR9hIkNcWMTAu9WJEI4TEakq6hAnGivGR2+hQeG6UPB6E0JTScqb83EsSVmvDATHKkR2rRS8X/vG6sBxdeQkUUayLw/KFBzKAOYZoD7FNJsGYTQxCW1NwK8QhJhLVJq2BCcBe/vExap1X3rFq7rZXqV1kceXAIjsAJcME5qIMb0ABNgMEDeAav4M16sl6sd+tjPpqzsp0D8AfW5w+d/ZLz</latexit>

m1 = s� ⇠� + ⇠+

<latexit sha1_base64="YSZ33k74GDOiswMQYcQGjfHP7cU=">AAAB+HicbVDLSgMxFM34rPXRUZdugkUQimWmFHUjFN24rGAf0A5DJs20oUlmSDJiHfolblwo4tZPceffmGlnoa0H7uVwzr3k5gQxo0o7zre1srq2vrFZ2Cpu7+zulez9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfgm8zsPRCoaiXs9iYnH0VDQkGKkjeTbJe7XrvqP1D+rZL3i22Wn6swAl4mbkzLI0fTtr/4gwgknQmOGlOq5Tqy9FElNMSPTYj9RJEZ4jIakZ6hAnCgvnR0+hSdGGcAwkqaEhjP190aKuFITHphJjvRILXqZ+J/XS3R46aVUxIkmAs8fChMGdQSzFOCASoI1mxiCsKTmVohHSCKsTVZFE4K7+OVl0q5V3fNq/a5eblzncRTAETgGp8AFF6ABbkETtAAGCXgGr+DNerJerHfrYz66YuU7h+APrM8fWPeSQA==</latexit>

m2 = ⇠� + ⇠+

<latexit sha1_base64="GaSzr4I50B+1UwPYheZQYtbKh5s=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIsglJYZLepGKLpxWcE+oB2GTJppQ5PMkGSkpfRX3LhQxK0/4s6/MdPOQlsP3MvhnHvJzQliRpV2nG8rt7a+sbmV3y7s7O7tH9iHxZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegu9dtPRCoaiUc9iYnH0UDQkGKkjeTbRe5f3FRUpTemfqWc9rJvl5yqMwdcJW5GSiBDw7e/ev0IJ5wIjRlSqus6sfamSGqKGZkVeokiMcIjNCBdQwXiRHnT+e0zeGqUPgwjaUpoOFd/b0wRV2rCAzPJkR6qZS8V//O6iQ6vvSkVcaKJwIuHwoRBHcE0CNinkmDNJoYgLKm5FeIhkghrE1fBhOAuf3mVtM6r7mW19lAr1W+zOPLgGJyAM+CCK1AH96ABmgCDMXgGr+DNmlkv1rv1sRjNWdnOEfgD6/MHDgyTLA==</latexit>

m3 = �s� ⇠� + ⇠+

<latexit sha1_base64="Pz8F53wVGwaGHoIlP1lf6SFhBws=">AAACA3icbZDNSgMxFIUz9a/Wv1F3ugkWQSgtM6WoG6HoxmUF2wrtMGTSTBuaZIYkI5ZScOOruHGhiFtfwp1vY6adhbZeCPk4516Se4KYUaUd59vKLS2vrK7l1wsbm1vbO/buXktFicSkiSMWybsAKcKoIE1NNSN3sSSIB4y0g+FV6rfviVQ0Erd6FBOPo76gIcVIG8m3D7hfu+g+UL8MyzC9S7AEqylg3y46FWdacBHcDIogq4Zvf3V7EU44ERozpFTHdWLtjZHUFDMyKXQTRWKEh6hPOgYF4kR54+kOE3hslB4MI2mO0HCq/p4YI67UiAemkyM9UPNeKv7ndRIdnntjKuJEE4FnD4UJgzqCaSCwRyXBmo0MICyp+SvEAyQR1ia2ggnBnV95EVrVintaqd3UivXLLI48OARH4AS44AzUwTVogCbA4BE8g1fwZj1ZL9a79TFrzVnZzD74U9bnD4xplY4=</latexit>

m4 = ⇠� � ⇠+ + 2⇠c

<latexit sha1_base64="SvFmKguMXbtjrX7RTS+3ra4kWgk=">AAACFnicbVC7SgNBFJ31GeNr1dJmMAgWGnZDUMugjWUE84BsWGYnd5NJZh/OzAbDkq+w8VdsLBSxFTv/xtkkhSYeuHDmnHuZe48XcyaVZX0bS8srq2vruY385tb2zq65t1+XUSIo1GjEI9H0iATOQqgppjg0YwEk8Dg0vMF15jeGICSLwjs1iqEdkG7IfEaJ0pJrnjkPzO07cJ+wIWbOKXZ8QWjqRAF0idsfp6VMG5A4zl6uWbCK1gR4kdgzUkAzVF3zy+lENAkgVJQTKVu2Fat2SoRilMM47yQSYkIHpAstTUMSgGynk7PG+FgrHexHQleo8ET9PZGSQMpR4OnOgKienPcy8T+vlSj/sp2yME4UhHT6kZ9wrCKcZYQ7TABVfKQJoYLpXTHtEZ2L0knmdQj2/MmLpF4q2ufF8m25ULmaxZFDh+gInSAbXaAKukFVVEMUPaJn9IrejCfjxXg3PqatS8Zs5gD9gfH5AxS5n1U=</latexit>

⇠j ⌘ i
!j

2j
<latexit sha1_base64="4yCqmVCA2sOPyf19ZqZ12b9xOJ4=">AAACC3icbVC7TgJBFJ3FF+Jr1dJmAjGxULJriFoSbezERB4JuyGzwwVGZnbXmVkSQuht/BUbC42x9Qfs/BsHlkLBk9zkzDn3Zu49QcyZ0o7zbWWWlldW17LruY3Nre0de3evpqJEUqjSiEeyERAFnIVQ1UxzaMQSiAg41IP+1cSvD0AqFoV3ehiDL0g3ZB1GiTZSy857kYAuad178JCwAU6fJ8I7xt5N6rTsglN0psCLxJ2RApqh0rK/vHZEEwGhppwo1XSdWPsjIjWjHMY5L1EQE9onXWgaGhIByh9NbxnjQ6O0cSeSpkKNp+rviRERSg1FYDoF0T01703E/7xmojsX/oiFcaIhpOlHnYRjHeFJMLjNJFDNh4YQKpnZFdMekYRqE1/OhODOn7xIaqdF96xYui0VypezOLLoAOXREXLROSqja1RBVUTRI3pGr+jNerJerHfrI23NWLOZffQH1ucPSRSakQ==</latexit>

!j ⌘ ! �m⌦j

and we now have four ‘mass’ parameters:

<latexit sha1_base64="la5EeFTtlOna3eZ5cQGbrGFoaU0=">AAACD3icbVC7TsMwFHXKq5RXgZHFogKxtEpQBYwVLIxFog+piSLHdVqrjhNsp1Ia5Q9Y+BUWBhBiZWXjb3DbDNBypKt7dM69su/xIkalMs1vo7Cyura+UdwsbW3v7O6V9w/aMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vFGN1O/MyZC0pDfqyQiToAGnPoUI6Ult3w6sclDTMdw4tqU+yqxfYFwKqrCrWazllarWeaWK2bNnAEuEysnFZCj6Za/7H6I44BwhRmSsmeZkXJSJBTFjGQlO5YkQniEBqSnKUcBkU46uyeDJ1rpQz8UuriCM/X3RooCKZPA05MBUkO56E3F/7xerPwrJ6U8ihXheP6QHzOoQjgNB/apIFixRBOEBdV/hXiIdCBKR1jSIViLJy+T9nnNuqjV7+qVxnUeRxEcgWNwBixwCRrgFjRBC2DwCJ7BK3gznowX4934mI8WjHznEPyB8fkDhT+c9g==</latexit>

z ⌘ z1
r � r�
r � r��

<latexit sha1_base64="99uhFds6l1z+Epw1ktR1UKZ1sDo=">AAACEXicbZDLSsNAFIYn9VbrLerSTbAIBUlJpKjLohuXFewFmhAm00k7dDKJM5NCDHkFN76KGxeKuHXnzrdx2mahrT8MfPznHM6c348pEdKyvrXSyura+kZ5s7K1vbO7p+8fdESUcITbKKIR7/lQYEoYbksiKe7FHMPQp7jrj6+n9e4Ec0EidifTGLshHDISEASlsjy99uA5hAUydfB9QiZOwCHKuHdqci8zzTwv2Mw9vWrVrZmMZbALqIJCLU//cgYRSkLMJKJQiL5txdLNIJcEUZxXnETgGKIxHOK+QgZDLNxsdlFunChnYAQRV49JY+b+nshgKEQa+qozhHIkFmtT879aP5HBpZsRFicSMzRfFCTUkJExjccYEI6RpKkCiDhRfzXQCKpQpAqxokKwF09ehs5Z3T6vN24b1eZVEUcZHIFjUAM2uABNcANaoA0QeATP4BW8aU/ai/aufcxbS1oxcwj+SPv8AahunYQ=</latexit>

z1 ⌘ r+ � r��
r+ � r�

<latexit sha1_base64="zSONNsXwBGEA3dJCOSxMILc5sfU=">AAACFXicbZDLSsNAFIYnXmu9VV26GSyCC1OSUtRl0Y3LCvYCTQiT6aQdOpnEmUmhDXkJN76KGxeKuBXc+TZO2yy09YeBj/+cw5nz+zGjUlnWt7Gyura+sVnYKm7v7O7tlw4OWzJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2hzfTentEhKQRv1fjmLgh6nMaUIyUtrzS+cSrOuQhoSM48RzKAzV2AoFwKjxsCs/MckhNM8u8UtmqWDPBZbBzKINcDa/05fQinISEK8yQlF3bipWbIqEoZiQrOokkMcJD1CddjRyFRLrp7KoMnmqnB4NI6McVnLm/J1IUSjkOfd0ZIjWQi7Wp+V+tm6jgyk0pjxNFOJ4vChIGVQSnEcEeFQQrNtaAsKD6rxAPkA5F6SCLOgR78eRlaFUr9kWldlcr16/zOArgGJyAM2CDS1AHt6ABmgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/5DGfRw==</latexit>

z2 ⌘ z1
rc � r�
rc � r��

<latexit sha1_base64="64zSS/kKbGcRMqlS3vMUI2JW4fM=">AAACEnicbVDLSgMxFM3UV62vUZduBovQgpQZKepGKErBZQX7gE4pmTTTxmYyQ3JHLEO/wY2/4saFIm5dufNvzLRdaOuBkMM595Dc40WcKbDtbyOztLyyupZdz21sbm3vmLt7DRXGktA6CXkoWx5WlDNB68CA01YkKQ48Tpve8Cr1m/dUKhaKWxhFtBPgvmA+Ixi01DWL1Yuqy6kPBZfrVA8fu4n7wLp37lgzmd6uZP0BFLtm3i7ZE1iLxJmRPJqh1jW/3F5I4oAKIBwr1XbsCDoJlsAIp+OcGysaYTLEfdrWVOCAqk4yWWlsHWmlZ/mh1EeANVF/JxIcKDUKPD0ZYBioeS8V//PaMfjnnYSJKAYqyPQhP+YWhFbaj9VjkhLgI00wkUz/1SIDLDEB3WJOl+DMr7xIGicl57RUvinnK5ezOrLoAB2iAnLQGaqga1RDdUTQI3pGr+jNeDJejHfjYzqaMWaZffQHxucP1pCdnQ==</latexit>

E = E (�, {⇠j}, {rj})

The ODE is symmetric under                       or                        (but not others)
<latexit sha1_base64="JKAr5QxZ5F0Ckop43RxSqmjfFik=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSUtRj0YvHCvYD2hA22027dDcJuxOlxB78K148KOLVv+HNf+O2zUFbHww83pthZl6QCK7Bcb6twsrq2vpGcbO0tb2zu2fvH7R0nCrKmjQWseoERDPBI9YEDoJ1EsWIDARrB6Prqd++Z0rzOLqDccI8SQYRDzklYCTfPpK+2xMsBMUHQyBKxQ9Y+lXfLjsVZwa8TNyclFGOhm9/9foxTSWLgAqiddd1EvAyooBTwSalXqpZQuiIDFjX0IhIpr1sdv8Enxqlj8NYmYoAz9TfExmRWo9lYDolgaFe9Kbif143hfDSy3iUpMAiOl8UpgJDjKdh4D5XjIIYG0Ko4uZWTIdEEQomspIJwV18eZm0qhX3vFK7rZXrV3kcRXSMTtAZctEFqqMb1EBNRNEjekav6M16sl6sd+tj3lqw8plD9AfW5w/RSJX7</latexit>m1 $ m2

<latexit sha1_base64="ng71VLac3ZzKYInRnGBq6/1j/oE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSLeqx6MVjBfsBbQib7aZdupuE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guH1xG/dM6V5HN3BKGGeJP2Ih5wSMJJvH0j/rCtYCIr3B0CUih+w9Ku+XXYqzhR4kbg5KaMcdd/+6vZimkoWARVE647rJOBlRAGngo1L3VSzhNAh6bOOoRGRTHvZ9P4xPjZKD4exMhUBnqq/JzIitR7JwHRKAgM9703E/7xOCuGll/EoSYFFdLYoTAWGGE/CwD2uGAUxMoRQxc2tmA6IIhRMZCUTgjv/8iJpnlbc80r1tlquXeVxFNEhOkInyEUXqIZuUB01EEWP6Bm9ojfryXqx3q2PWWvBymf20R9Ynz/XfpX/</latexit>m3 $ m4

<latexit sha1_base64="1eais8kBIQpcmKPyxj2gJlele0g="></latexit>

Ôr = z(z � 1)(z � z2)
d2

dz2
+

(4E � 1)z2 + 1

4
�

1

(z � z2)


1

4
z(z � 1)((m3 +m4)

2
� 1)�

<latexit sha1_base64="02E6jbdf9uEFJqd4m8huyvkv0Wg="></latexit>

m3m4(z � z2)

✓
z � 1

2

◆�
� 1

z(z � 1)


m1m2

⇣z
2
� z2

⌘
(z � 1) +

1

4
(z � z2)((m1 +m2)

2 � 1)

�

where

<latexit sha1_base64="2MkmJbCegfjHpycbriWbPlQdOtw="></latexit>

r = (r��, r�, r+, rc,1) $ z = (1, 0, 1, z2,1)



The radial Teukolsky ODE in KdS in principle has 5 regular singular pts. 
but it can be transformed into a Heun eq. with just 4 regular singular pts.: 

<latexit sha1_base64="oZfB6GhTtlwXBBiRJoIDa4uMDxo=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqGjLjBR1IxTduKxgH9AOQybN1NDMgyQjlLELf8WNC0Xc+hvu/BvTdhbaeuDA4Zx7yc3xYs6ksqxvI7ewuLS8kl8trK1vbG6Z2ztNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vIG1+O89UCFZFF4p4YxdQLcD5nPCFbacs09cVkSblouj06EW9Y81iRHrlm0KtYEaF7YmShChrprfnV7EUkCGirCsZQd24qVk2KhGOF0VOgmksaYDHCfdrQMcUClk07uH6FD7fSQHwnNUKGJ+3sjxYGUw8DTkwFW93I2G5v/ZZ1E+RdOysI4UTQk04f8hCMVoXEZqMcEJYoPtcBEMH0rIvdYYKJ0ZQVdgj375XnRPK3YZ5XqbbVYu8rqyMM+HEAJbDiHGtxAHRpA4BGe4RXejCfjxXg3PqajOSPb2YU/MD5/AFlVlGU=</latexit>

r = (r��, r�, r+, rc)

<latexit sha1_base64="9OM83PSNzsh3uu3ru+6DfCDhqQg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtMu3Wzi7kQIpX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWD5gl3I/oQIlQMIpWauvrrlAhZr1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QX9MNQom+aTUTQ1PKBvRAe9YqmjEjT+e3TshJ1bpkzDWthSSmfp7YkwjY7IosJ0RxaFZ9Kbif14nxfDKHwuVpMgVmy8KU0kwJtPnSV9ozlBmllCmhb2VsCHVlKGNqGRD8BZfXibNs6p3UT2/P6/UbvI4inAEx3AKHlxCDe6gDg1gIOEZXuHNeXRenHfnY95acPKZQ/gD5/MHHOGQCA==</latexit>r = 1

(               is a removable singularity)<latexit sha1_base64="9OM83PSNzsh3uu3ru+6DfCDhqQg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtMu3Wzi7kQIpX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWD5gl3I/oQIlQMIpWauvrrlAhZr1yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QX9MNQom+aTUTQ1PKBvRAe9YqmjEjT+e3TshJ1bpkzDWthSSmfp7YkwjY7IosJ0RxaFZ9Kbif14nxfDKHwuVpMgVmy8KU0kwJtPnSV9ozlBmllCmhb2VsCHVlKGNqGRD8BZfXibNs6p3UT2/P6/UbvI4inAEx3AKHlxCDe6gDg1gIOEZXuHNeXRenHfnY95acPKZQ/gD5/MHHOGQCA==</latexit>r = 1

it’s not a confluent Heun eq. as the irregular sing.                in Kerr
has split into 2 regular sing. pts. here



B.c. for mode slns. ( ): purely 
ingoing waves into the event horizon and 
purely outgoing at the cosmological horizon

<latexit sha1_base64="AjCFgwJUU5jhczcagjkYLBTom7M=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWIVdCWojBG0sI5gHJMsyO7lJhsxjmZkVwpLGX7GxUMTWz7Dzb5w8Ck08cLmHc+5l5p444cxY3//2ciura+sb+c3C1vbO7l5x/6BhVKop1KniSrdiYoAzCXXLLIdWooGImEMzHt5O/OYjaMOUfLCjBEJB+pL1GCXWSVHxqKME9Mn1rEVZBzjHQo6jYskv+1PgZRLMSQnNUYuKX52uoqkAaSknxrQDP7FhRrRllMO40EkNJIQOSR/ajkoiwITZ9IAxPnVKF/eUdiUtnqq/NzIijBmJ2E0KYgdm0ZuI/3nt1PauwozJJLUg6eyhXsqxVXiSBu4yDdTykSOEaub+iumAaEKty6zgQggWT14mjfNycFGu3FdK1Zt5HHl0jE7QGQrQJaqiO1RDdUTRGD2jV/TmPXkv3rv3MRvNefOdQ/QH3ucPyx2WjA==</latexit>! = !`mn

H
�

H
+

<latexit sha1_base64="EpObTedpcsqiOdoekXyR9ryHXLI=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEEoSRS1GXRTZcV7APaGCbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cs+cIOFMacf5ttbWNza3tks75d29/YND++i4reJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfJ/7nQmVisXiUU8T6kV4KFjICNZG8m27H2E9IphnjdnTpU/Kvl1xqs4caJW4BalAgaZvf/UHMUkjKjThWKme6yTay7DUjHA6K/dTRRNMxnhIe4YKHFHlZfPkM3RulAEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XS3V462VMJKmmgiwOhSlHOkZ5DWjAJCWaTw3BRDKTFZERlphoU1Zegrv85VXSvqq619XaQ61SvyvqKMEpnMEFuHADdWhAE1pAYALP8ApvVma9WO/Wx2J0zSp2TuAPrM8fzQiTHw==</latexit>

H
+
c

<latexit sha1_base64="1URtcekDc079MYpj3UqjJ4JZ3jM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWBIp6rLopssK9gFtDJPppB06mYSZSaGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfXTcVnEqCW2RmMeyG2BFORO0pZnmtJtIiqOA004wvs/9zoRKxWLxqKcJ9SI8FCxkBGsj+bbdj7AeEcyzxuzp0idl3644VWcOtErcglSgQNO3v/qDmKQRFZpwrFTPdRLtZVhqRjidlfupogkmYzykPUMFjqjysnnyGTo3ygCFsTRPaDRXf29kOFJqGgVmMs+plr1c/M/rpTq89TImklRTQRaHwpQjHaO8BjRgkhLNp4ZgIpnJisgIS0y0KSsvwV3+8ippX1Xd62rtoVap3xV1lOAUzuACXLiBOjSgCS0gMIFneIU3K7NerHfrYzG6ZhU7J/AH1ucP0BaTIQ==</latexit>

H
�
c

<latexit sha1_base64="+6vXXVrvimKtgJMbvJQsOqn1qiQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBZBPJREinosevFYwX5AE8pmu2mXbnbD7kQIoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M387hPThiv5CFnCgpiMJI84JWAlXw8ufFA+lxFkg2rNrbtz4FXiFaSGCrQG1S9/qGgaMwlUEGP6nptAkBMNnAo2rfipYQmhEzJifUsliZkJ8vnNU3xmlSGOlLYlAc/V3xM5iY3J4tB2xgTGZtmbif95/RSimyDnMkmBSbpYFKUCg8KzAPCQa0ZBZJYQqrm9FdMx0YSCjaliQ/CWX14lncu6d1VvPDRqzdsijjI6QafoHHnoGjXRPWqhNqIoQc/oFb05qfPivDsfi9aSU8wcoz9wPn8AFb6Ruw==</latexit>

r⇤ ! 1<latexit sha1_base64="Dfwf88y04SmMKduLqgrercC2Iag=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBFEsCRS1GPRi8cK9gOaWDbbTbt0swm7E6WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSATX6Djf1tLyyuraemGjuLm1vbNb2ttv6jhVlDVoLGLVDohmgkvWQI6CtRPFSBQI1gqGNxO/9ciU5rG8x1HC/Ij0JQ85JWikB9U99TC2zzwuQxx1S2Wn4kxhLxI3J2XIUe+WvrxeTNOISaSCaN1xnQT9jCjkVLBx0Us1Swgdkj7rGCpJxLSfTa8e28dG6dlhrExJtKfq74mMRFqPosB0RgQHet6biP95nRTDKz/jMkmRSTpbFKbCNo9OIrB7XDGKYmQIoYqbW206IIpQNEEVTQju/MuLpHlecS8q1btquXadx1GAQziCE3DhEmpwC3VoAAUFz/AKb9aT9WK9Wx+z1iUrnzmAP7A+fwDaypIc</latexit>

r⇤ ! �1

<latexit sha1_base64="gxV8feuYG8e1G9fQ4hPBulcljR4=">AAACK3icbVDLSgMxFM3UV62vUZdugkUQxTIjRV2WunFZxT6g0w6Z9LYNTWaGJCOUof/jxl9xoQsfuPU/TB+CVg8EDuecy809QcyZ0o7zZmUWFpeWV7KrubX1jc0te3unpqJEUqjSiEeyERAFnIVQ1UxzaMQSiAg41IPB5div34FULApv9TCGliC9kHUZJdpIvl2GdnrCvEhAj/jHWPpHI08xgW/aKQtHfuoB51hM/aljBr7zdJL37bxTcCbAf4k7I3k0Q8W3n7xORBMBoaacKNV0nVi3UiI1oxxGOS9REBM6ID1oGhoSAaqVTm4d4QOjdHA3kuaFGk/UnxMpEUoNRWCSgui+mvfG4n9eM9Hdi5Y5Ok40hHS6qJtwrCM8Lg53mASq+dAQQiUzf8W0TySh2tSbMyW48yf/JbXTgntWKF4X86XyrI4s2kP76BC56ByV0BWqoCqi6B49ohf0aj1Yz9a79TGNZqzZzC76BevzC6Pvp/Q=</latexit>

e�i!+r⇤ ⇠ Rin
`m! ⇠ ei!cr⇤

<latexit sha1_base64="r5Sp0LqqGkW9JLL9qUufBO279NA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQN2VGirosunFZwT6wHUomzbShmcyQ3BFK6V+4caGIW//GnX9j2s5CWw8EDufcS+45QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqAccJ9yM6UCIUjKKVHsu6izHRPXbeK5bcijsHWSVeRkqQod4rfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nFU3JmlT4JY22fQjJXf29MaGTMOArsZERxaJa9mfif10kxvPYnQiUpcsUWH4WpJDblLD7pC80ZyrEllGlhbyVsSDVlaEsq2BK85cirpHlR8S4r1ftqqXaT1ZGHEziFMnhwBTW4gzo0gIGCZ3iFN8c4L86787EYzTnZzjH8gfP5A52bkD0=</latexit>

(r ! rc)
<latexit sha1_base64="UzLkCUaIdo8wRS5WVUz4yjo117U=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqQpmRoi6LblxWsA9sh5JJM21oJjMkd4RS+hduXCji1r9x59+YtrPQ1gOBwzn3kntOkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6d+84lrI2L1gKOE+xHtKxEKRtFKjyXdwZjo7vlZt1B0y+4MZJl4GSlChlq38NXpxSyNuEImqTFtz03QH1ONgkk+yXdSwxPKhrTP25YqGnHjj2cXT8ipVXokjLV9CslM/b0xppExoyiwkxHFgVn0puJ/XjvF8NofC5WkyBWbfxSmktiU0/ikJzRnKEeWUKaFvZWwAdWUoS0pb0vwFiMvk8ZF2bssV+4rxepNVkcOjuEESuDBFVThDmpQBwYKnuEV3hzjvDjvzsd8dMXJdo7gD5zPH0iDkAU=</latexit>

(r ! r+)

Re-expressed in the new variables:

<latexit sha1_base64="r5Sp0LqqGkW9JLL9qUufBO279NA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQN2VGirosunFZwT6wHUomzbShmcyQ3BFK6V+4caGIW//GnX9j2s5CWw8EDufcS+45QSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqAccJ9yM6UCIUjKKVHsu6izHRPXbeK5bcijsHWSVeRkqQod4rfnX7MUsjrpBJakzHcxP0J1SjYJJPC93U8ISyER3wjqWKRtz4k/nFU3JmlT4JY22fQjJXf29MaGTMOArsZERxaJa9mfif10kxvPYnQiUpcsUWH4WpJDblLD7pC80ZyrEllGlhbyVsSDVlaEsq2BK85cirpHlR8S4r1ftqqXaT1ZGHEziFMnhwBTW4gzo0gIGCZ3iFN8c4L86787EYzTnZzjH8gfP5A52bkD0=</latexit>

(r ! rc)
<latexit sha1_base64="UzLkCUaIdo8wRS5WVUz4yjo117U=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBEqQpmRoi6LblxWsA9sh5JJM21oJjMkd4RS+hduXCji1r9x59+YtrPQ1gOBwzn3kntOkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMb6d+84lrI2L1gKOE+xHtKxEKRtFKjyXdwZjo7vlZt1B0y+4MZJl4GSlChlq38NXpxSyNuEImqTFtz03QH1ONgkk+yXdSwxPKhrTP25YqGnHjj2cXT8ipVXokjLV9CslM/b0xppExoyiwkxHFgVn0puJ/XjvF8NofC5WkyBWbfxSmktiU0/ikJzRnKEeWUKaFvZWwAdWUoS0pb0vwFiMvk8ZF2bssV+4rxepNVkcOjuEESuDBFVThDmpQBwYKnuEV3hzjvDjvzsd8dMXJdo7gD5zPH0iDkAU=</latexit>

(r ! r+)

<latexit sha1_base64="+sRx6gfgAjKklVL6RzJk7K8sNMY=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWZE1GXRjcsK9gHtUDJppo3NJEOSEerQf3DjQhG3/o87/8a0nYW2HggczrmX3HPCRHBjPe8bFVZW19Y3ipulre2d3b3y/kHTqFRT1qBKKN0OiWGCS9aw3ArWTjQjcShYKxzdTP3WI9OGK3lvxwkLYjKQPOKUWCc1n7pWYb9XrnhVbwa8TPycVCBHvVf+6vYVTWMmLRXEmI7vJTbIiLacCjYpdVPDEkJHZMA6jkoSMxNks2sn+MQpfRwp7Z60eKb+3shIbMw4Dt1kTOzQLHpT8T+vk9roKsi4TFLLJJ1/FKUCu4jT6LjPNaNWjB0hVHN3K6ZDogm1rqCSK8FfjLxMmmdV/6J6fndeqV3ndRThCI7hFHy4hBrcQh0aQOEBnuEV3pBCL+gdfcxHCyjfOYQ/QJ8/CV+OyQ==</latexit>

z ! 1 <latexit sha1_base64="XeJKNo6FTOeBlt6GRNpImyoguOU=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GXRjcsK9gHtUDLpnTY0kxmTjNCW/oQbF4q49Xfc+Tem7Sy09UDgcM695J4TJIJr47rfztr6xubWdm4nv7u3f3BYODpu6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/ObT6g0j+WDGSXoR7QvecgZNVZqjTsmJuNuuVsouiV3DrJKvIwUIUOtW/jq9GKWRigNE1Trtucmxp9QZTgTOM13Uo0JZUPax7alkkao/cn83ik5t0qPhLGyTxoyV39vTGik9SgK7GREzUAvezPxP6+dmvDan3CZpAYlW3wUpoLYkLPwpMcVMiNGllCmuL2VsAFVlBlbUd6W4C1HXiWNcsm7LFXuK8XqTVZHDk7hDC7Agyuowh3UoA4MBDzDK7w5j86L8+58LEbXnGznBP7A+fwBormPtw==</latexit>z ! z2

So the b.c. for mode slns., like the ODE, are symmetric under                      
or     (but not others)

<latexit sha1_base64="ng71VLac3ZzKYInRnGBq6/1j/oE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSLeqx6MVjBfsBbQib7aZdupuE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guH1xG/dM6V5HN3BKGGeJP2Ih5wSMJJvH0j/rCtYCIr3B0CUih+w9Ku+XXYqzhR4kbg5KaMcdd/+6vZimkoWARVE647rJOBlRAGngo1L3VSzhNAh6bOOoRGRTHvZ9P4xPjZKD4exMhUBnqq/JzIitR7JwHRKAgM9703E/7xOCuGll/EoSYFFdLYoTAWGGE/CwD2uGAUxMoRQxc2tmA6IIhRMZCUTgjv/8iJpnlbc80r1tlquXeVxFNEhOkInyEUXqIZuUB01EEWP6Bm9ojfryXqx3q2PWWvBymf20R9Ynz/XfpX/</latexit>m3 $ m4

<latexit sha1_base64="1jrM1VQ5IwTz0MbNsU8FUTYXyPc=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7ENQyaGMZwXxAchx7m71kye7tsTunhJDGv2JjoYitP8POf+MmuUITHww83pthZl6UCm7A876dldW19Y3NwlZxe2d3b989OGwalWnKGlQJpdsRMUzwhDWAg2DtVDMiI8Fa0fBm6rcemDZcJfcwSlkgST/hMacErBS6xzL0cVewGDTvD4BorR6xDCuhW/LK3gx4mfg5KaEc9dD96vYUzSRLgApiTMf3UgjGRAOngk2K3cywlNAh6bOOpQmRzATj2QMTfGaVHo6VtpUAnqm/J8ZEGjOSke2UBAZm0ZuK/3mdDOKrYMyTNAOW0PmiOBMYFJ6mgXtcMwpiZAmhmttbMR0QTSjYzIo2BH/x5WXSrJT9i3L1rlqqXedxFNAJOkXnyEeXqIZuUR01EEUT9Ixe0Zvz5Lw4787HvHXFyWeO0B84nz8qYZYl</latexit>m1 $ m2

Mode slns. in Kerr-de Sitter

<latexit sha1_base64="DxI9hNVbw+pAaWtWAlf6D3mFjsY="></latexit>

dr⇤
dr

⌘
✓
1 +

a2⇤

3

◆
(r2 + a2)

�

<latexit sha1_base64="/4a6vQgoeQW/ZAyDntZrqaKkfik="></latexit>

e�
1
2 (m1+m2�1) ln(z�1) ⇠ Rin

`m! ⇠ e�
1
2 (m3+m4�1) ln(z�z2)



Instead of the Jaffé expansion about                which we used in Kerr for 
<latexit sha1_base64="CnZC2j9w4ihtzkeQQB6sw5q0nwk=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJv6zSdUmify0YxSDGLalzzijBor+epGdc+7pbJbcWcgy8TLSRly1Lulr04vYVmM0jBBtW57bmqCMVWGM4GTYifTmFI2pH1sWyppjDoYz46dkFOr9EiUKFvSkJn6e2JMY61HcWg7Y2oGetGbiv957cxE18GYyzQzKNl8UZQJYhIy/Zz0uEJmxMgSyhS3txI2oIoyY/Mp2hC8xZeXSeOi4l1Wqg/Vcu02j6MAx3ACZ+DBFdTgHurgAwMOz/AKb450Xpx352PeuuLkM0fwB87nD1H+jmA=</latexit>r = r+

<latexit sha1_base64="6oJZOzkVgbT9P7GmNjduViTRpsU=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1GXRjcsq9gFNDJPpTTt0JgkzE6GEgL/ixoUibv0Od/6N08dCWw9cOJxzL/feE6acKe0439bS8srq2nppo7y5tb2za+/tt1SSSQpNmvBEdkKigLMYmpppDp1UAhEhh3Y4vB777UeQiiXxvR6l4AvSj1nEKNFGCuzDu4ecxUWQe8A5Fl4ioE+KwK44VWcCvEjcGamgGRqB/eX1EpoJiDXlRKmu66Taz4nUjHIoyl6mICV0SPrQNTQmApSfT84v8IlRejhKpKlY44n6eyInQqmRCE2nIHqg5r2x+J/XzXR06Zv30kxDTKeLooxjneBxFrjHJFDNR4YQKpm5FdMBkYRqk1jZhODOv7xIWmdV97xau61V6lezOEroCB2jU+SiC1RHN6iBmoiiHD2jV/RmPVkv1rv1MW1dsmYzB+gPrM8flqaV5w==</latexit>

Rin
`m! we use an expansion in terms of confluent hypergeometric funcs.

<latexit sha1_base64="7OKJaAuZfbviCNCwi0yAlU/2s+U="></latexit>

Rin
`m! /

1X

n=0

bn 2F1

✓
�n, n+ 1�

P4
j=1mj ; 1�m1 �m2;

z � 1

z2 � 1

◆

Similarly to Kerr, the above expression corresponding to a mode sln. is 
equivalent to the convergence of the series in 

<latexit sha1_base64="MEux8v4ISUXXxETz+6lYR7HTInQ=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBUEoiRT0WvXisYD8gDWGz3bZLN5uwuxFq6C/x4kERr/4Ub/4bN20O2vpg4PHeDDPzwoQzpR3n21pZXVvf2Cxtlbd3dvcq9v5BW8WpJLRFYh7LbogV5UzQlmaa024iKY5CTjvh+Db3O49UKhaLBz1JqB/hoWADRrA2UmBXZI8J5Mng7FwGxC8HdtWpOTOgZeIWpAoFmoH91evHJI2o0IRjpTzXSbSfYakZ4XRa7qWKJpiM8ZB6hgocUeVns8On6MQofTSIpSmh0Uz9PZHhSKlJFJrOCOuRWvRy8T/PS/Xg2s+YSFJNBZkvGqQc6RjlKaA+k5RoPjEEE8nMrYiMsMREm6zyENzFl5dJ+6LmXtbq9/Vq46aIowRHcAyn4MIVNOAOmtACAik8wyu8WU/Wi/VufcxbV6xi5hD+wPr8AT3cki0=</latexit>

r 2 [r+, rc]

<latexit sha1_base64="PmrIdRx3wvqGsj+GHmY31DGGCmk=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKqUlkaJuhKIuXFawF2hrmEyn7dDJJMxMhBLyQm58FRFcVMStr+E0jVBbfxj4+c45nDm/GzAqlWVNjMzK6tr6RnYzt7W9s7tn7h80pB8KTOrYZ75ouUgSRjmpK6oYaQWCIM9lpOmObqb15hMRkvr8QY0D0vXQgNM+xUhp5Ji3HcSCIXL4Y1Qo2qcxdJ2IF+24OMetBPN5VPptLdnxleWYeatsJYLLxk5NHqSqOeZbp+fj0CNcYYakbNtWoLoREopiRuJcJ5QkQHiEBqStLUcekd0ouTaGJ5r0YN8X+nEFEzo/ESFPyrHn6k4PqaFcrE3hf7V2qPqX3YjyIFSE49mifsig8uE0OtijgmDFxtogLKj+K8RDJBBWOuCcDsFePHnZNM7K9nm5cl/JV6/TOLLgCByDArDBBaiCO1ADdYDBM3gFE/BhvBjvxqfxNWvNGOnMIfgj4/sH/iKmIg==</latexit>

↵(+1)
n bn+1 + ↵(0)

n bn + ↵(�1)
n bn�1 = 0

where the coefficients satisfy a 3-term recurrence rln.

<latexit sha1_base64="bEwOxFOu0+NnAsmcwfh6znf2KHo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vvCQWjSjvOt1VaW9/Y3CpvV3Z29/YP7MNqVyWpxKSDE5bIfogUYZSTjqaakb6QBMUhI71wcjPze49EKprwez0VxI/RiNOIYqSNFNhVDzExRgF/yOqeiKF7lgd2zWk4c8BV4hakBgq0A/vLGyY4jQnXmCGlBq4jtJ8hqSlmJK94qSIC4QkakYGhHMVE+dn89hyeGmUIo0Sa4hrO1d8TGYqVmsah6YyRHqtlbyb+5w1SHV35GeUi1YTjxaIoZVAncBYEHFJJsGZTQxCW1NwK8RhJhLWJq2JCcJdfXiXd84Z70WjeNWut6yKOMjgGJ6AOXHAJWuAWtEEHYPAEnsEreLNy68V6tz4WrSWrmDkCf2B9/gAD2pPI</latexit>

↵(±1)
n

<latexit sha1_base64="Lkohep4K+5O0styYYUMVhAGYtd8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRoh6LXjxWsB/QpmWy3bRLN5uwu1FK6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPz/JgzpR3n28qtrW9sbuW3Czu7e/sHxcOjpooSSWiDRDySbR8V5UzQhmaa03YsKYY+py1/fDvzW49UKhaJBz2JqRfiULCAEdRG6nWRxyPsi15ads6n/WLJqThz2KvEzUgJMtT7xa/uICJJSIUmHJXquE6svRSlZoTTaaGbKBojGeOQdgwVGFLlpfOrp/aZUQZ2EElTQttz9fdEiqFSk9A3nSHqkVr2ZuJ/XifRwbWXMhEnmgqyWBQk3NaRPYvAHjBJieYTQ5BIZm61yQglEm2CKpgQ3OWXV0nzouJeVqr31VLtJosjDydwCmVw4QpqcAd1aAABCc/wCm/Wk/VivVsfi9aclc0cwx9Ynz/T8pIV</latexit>

↵(0)
nand            and          , like the ODE, are invariant under                      or  

   (but not others)
<latexit sha1_base64="ng71VLac3ZzKYInRnGBq6/1j/oE=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSLeqx6MVjBfsBbQib7aZdupuE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guH1xG/dM6V5HN3BKGGeJP2Ih5wSMJJvH0j/rCtYCIr3B0CUih+w9Ku+XXYqzhR4kbg5KaMcdd/+6v ZimkoWARVE647rJOBlRAGngo1L3VSzhNAh6bOOoRGRTHvZ9P4xPjZKD4exMhUBnqq/JzIitR7JwHRKAgM9703E/7xOCuGll/EoSYFFdLYoTAWGGE/CwD2uGAUxMoRQxc2tmA6IIhRMZCUTgjv/8iJpnlbc80r1tlquXeVxFNEhOkInyEUXqIZuUB01EEWP6Bm9ojfryXqx3q2PWWvBymf20R9Ynz/XfpX/</latexit>m3 $ m4

<latexit sha1_base64="1jrM1VQ5IwTz0MbNsU8FUTYXyPc=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7ENQyaGMZwXxAchx7m71kye7tsTunhJDGv2JjoYitP8POf+MmuUITHww83pthZl6UCm7A876dldW19Y3NwlZxe2d3b989OGwalWnKGlQJpdsRMUzwhDWAg2DtVDMiI8Fa0fBm6rcemDZcJfcwSlkgST/hMacErBS6xzL0cVewGDTvD4BorR6xDCuhW/LK3gx4mfg5KaEc9dD96vYUzSRLgApiTMf3UgjGRAOngk2K3cywlNAh6bOOpQmRzATj2QMTfGaVHo6VtpUAnqm/J8ZEGjOSke2UBAZm0ZuK/3mdDOKrYMyTNAOW0PmiOBMYFJ6mgXtcMwpiZAmhmttbMR0QTSjYzIo2BH/x5WXSrJT9i3L1rlqqXedxFNAJOkXnyEeXqIZuUR01EEUT9Ixe0Zvz5Lw4787HvHXFyWeO0B84nz8qYZYl</latexit>m1 $ m2



Convergence of the series corresponds to a continued fraction eq. :
<latexit sha1_base64="E+IEyg5fKW8pWcdbABZ+RxSHp/s=">AAACmHicbZHZSgMxFIYz41brVhVv9CZYhJbSMlOLCiIUF9S7KnaBtpZMJtOGZhaSjFCGeSb fxTvfxrQdsNuBwH/+cz6SnGMFjAppGL+avra+sbmV2k7v7O7tH2QOjxrCDzkmdewzn7csJAijHqlLKhlpBZwg12KkaQ0fxvXmF+GC+t6HHAWk66K+Rx2KkVRWL/Nt3MEOYsEA9YzPKGfk40LH4QhHxRm3YObjJDVVWlRpHM0Yy5Q5T5UXqfJKqjxPXf5T2PaliGEc9zJZo2RMAi4LMxFZkEStl/np2D4OXeJJzJAQbdMIZDdCXFLMSJzuhIIECA9Rn7SV9JBLRDeaDDaGF8qxoeNzdTwJJ+4sESFXiJFrqU4XyYFYrI3NVbV2KJ2bbkS9IJTEw9OLnJBB6cPxlqBNOcGSjZRAmFP1VogHSM1Kql2m1RDMxS8vi0a5ZF6VKm+VbPU+GUcKnIFzkAMmuAZV8AJqoA6wdqLdao/ak36qV/Vn/XXaqmsJcwzmQn//AyDDxps=</latexit>

0 = ↵(0)
0 +

�↵(+1)
0 ↵(�1)

1

↵(0)
1 + �↵(+1)

1 ↵(�1)
2

↵(0)
2 +

�↵
(+1)
2 ↵

(�1)
3

···

<latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="5d5FDXShUN9Kqsb5d2m3BprPS4c=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBQyiJFvVY9OKxgv2AJpTNdtOu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxJGpXKcb6Owsrq2vlHcLG1t7+zumeX9loxTgUkTxywWnQBJwignTUUVI51EEBQFjLSD0fXUbz8QIWnM79Q4IX6EBpyGFCOlpZ5Zpva9R7mXufapfWbXvEnPrDhVZwZrmbg5qUCORs/88voxTiPCFWZIyq7rJMrPkFAUMzIpeakkCcIjNCBdTTmKiPSz2ekT61grfSuMhS6urJn6eyJDkZTjKNCdEVJDuehNxf+8bqrCSz+jPEkV4Xi+KEyZpWJrmoPVp4JgxcaaICyovtXCQyQQVjqtkg7BXXx5mbROq+55tXZbq9Sv8jiKcAhHcAIuXEAdbqABTcDwCM/wCm/Gk/FivBsf89aCkc8cwB8Ynz8D1JKO</latexit>

i, j 2 {1, 2, 3, 4}

where
<latexit sha1_base64="ofzLTzFvRAM0AzKO0tWFBiylCAY="></latexit>

↵(+1)
n�1↵

(�1)
n =

n2(n� �1)2
h
�1�3 � 4�4 + (�2 + (n� �1)n)

2
i

(�1 � 2n)2[(�1 � 2n)2 � 1]
+

n(n� �1)
⇥
�1 (�2�3 � �1�4)� �2

3

⇤

(�1 � 2n)2[(�1 � 2n)2 � 1]

<latexit sha1_base64="6hwjDgoavvADnAMZ3E7Em23oP8o="></latexit>

↵(0)
n =

[�3
1 � 4�1�2 + 8�3]�1

8(�2 + �1 � 2n)(�1 � 2n)
+

2(4E + 1)z2 + 2 + (z2 + 1)(�1 � 2n� 2)(�1 � 2n)� 2z2[�2
1 � 2�2]

8(z2 � 1)

<latexit sha1_base64="Ni02usoUX3/t2JkVh9mjqC1tpZo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkqBuh6MZlBfuAJobJdNpOO5PEeRRK6NKNv+LGhSJu/QR3/o3TNgttPXDhcM693HtPmDAqleN8W7ml5ZXVtfx6YWNza3vH3t2ry1gLTGo4ZrFohkgSRiNSU1Qx0kwEQTxkpBEOrid+Y0iEpHF0p0YJ8TnqRrRDMVJGCuxDT9IuR4HrkQdNh9CTmgdp/9Id35chD/qBXXRKzhRwkbgZKYIM1cD+8tox1pxECjMkZct1EuWnSCiKGRkXPC1JgvAAdUnL0AhxIv10+sgYHhulDTuxMBUpOFV/T6SISznioenkSPXkvDcR//NaWnUu/JRGiVYkwrNFHc2giuEkFdimgmDFRoYgLKi5FeIeEggrk13BhODOv7xI6qcl96xUvi0XK1dZHHlwAI7ACXDBOaiAG1AFNYDBI3gGr+DNerJerHfrY9aas7KZffAH1ucPA0GZVQ==</latexit>

�1 ⌘
4X

j=1

mj

<latexit sha1_base64="zMzN6AVpFUHrUcmCqU0b7+C0WTU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRIJ6kYounFZwT6giWEymbRTZ5I4MymU0K0bf8WNC0Xc+gfu/BunbRbaeuDC4Zx7ufeeIGVUKsv6NkpLyyura+X1ysbm1vaOubvXkkkmMGnihCWiEyBJGI1JU1HFSCcVBPGAkXZwfzXx20MiJE3iWzVKicdRL6YRxUhpyTehK2mPI99xyUNGh9BNRRL6+eDCHt85kPsD36xaNWsKuEjsglRBgYZvfrlhgjNOYoUZkrJrW6nyciQUxYyMK24mSYrwPeqRrqYx4kR6+fSTMTzSSgijROiKFZyqvydyxKUc8UB3cqT6ct6biP953UxF515O4zRTJMazRVHGoErgJBYYUkGwYiNNEBZU3wpxHwmElQ6vokOw519eJK2Tmn1ac26cav2yiKMMDsAhOAY2OAN1cA0aoAkweATP4BW8GU/Gi/FufMxaS0Yxsw/+wPj8AcqbmcI=</latexit>

�4 ⌘
4Y

j=1

mj

<latexit sha1_base64="KTGLY++Qfba15M45hTebgcjDEls=">AAACF3icbVA9SwNBEN3zM8avqKXNYhAsQrgLQW0E0cYyglEhdx57e5Nkk929y+6eEI78Cxv/io2FIrba+W/cxBR+PRh4vDfDzLwo5Uwb1/1wZmbn5hcWC0vF5ZXVtfXSxualTjJFoUkTnqjriGjgTELTMMPhOlVARMThKuqfjv2rW1CaJfLCDFMIBOlI1maUGCuFpaqvWUeQsObDIGO32E9VEoc5q/SOvAru+RIGmI1u6liETIS9sFR2q+4E+C/xpqSMpmiEpXc/TmgmQBrKidYtz01NkBNlGOUwKvqZhpTQPulAy1JJBOggn/w1wrtWiXE7UbakwRP1+0ROhNZDEdlOQUxX//bG4n9eKzPtwyBnMs0MSPq1qJ1xbBI8DgnHTAE1fGgJoYrZWzHtEkWosVEWbQje75f/ksta1duv1s/r5eOTaRwFtI120B7y0AE6RmeogZqIojv0gJ7Qs3PvPDovzutX64wzndlCP+C8fQKhFp71</latexit>

�2 ⌘
4Y

i,j=1,j 6=i

mimj

<latexit sha1_base64="caqrwubT+EF1gDCRa51XaaDpR9I="></latexit>

�3 ⌘
4Y

i,j,k=1,k 6=j 6=i

mimjmk

are symmetric under any exchange                    , with 



Therefore, the mode freqs.             are also symmetric under <latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="KI93f3QzPyHXXpzfdRI9Ylrm41w=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0IWy203bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5ccqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxMNnEloGWY4dFMFRMQcOvH4fu53JqA0S+STmaYQCjKUbMAoMVaKXDdIBAxJlAfAORZyFrlVr+YtgNeJX5AqKtCM3K+gn9BMgDSUE617vpeaMCfKMMphVgkyDSmhYzKEnqWSCNBhvrh8hi+s0seDRNmSBi/U3xM5EVpPRWw7BTEjverNxf+8XmYGt2HOZJoZkHS5aJBxbBI8jwH3mQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5l/X6o/1auOuiKOMztA5ukQ+ukEN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/lrSTpA==</latexit>!`mn



Open question: exclude unstable modes from the blue region so as to 
prove the mode stability of Kerr-de Sitter

Using                      we transformed to a radial ODE which allowed us to 
exclude unstable modes from a subregion of the superradiant frequency 
regime

<latexit sha1_base64="N0CddHckVeqkl0/MYGg67IoEGg8=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSi3osevFYwX5AG8Jmu2mX7iZhd6KU2IN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzAsSwTU4zre1tLyyurZe2Chubm3v7Np7+00dp4qyBo1FrNoB0UzwiDWAg2DtRDEiA8FawfB64rfumdI8ju5glDBPkn7EQ04JGMm3D6Vf6QoWguL9ARCl4gcs/TPfLjllZwq8SNyclFCOum9/dXsxTSWLgAqidcd1EvAyooBTwcbFbqpZQuiQ9FnH0IhIpr1sev8Ynxilh8NYmYoAT9XfExmRWo9kYDolgYGe9ybif14nhfDSy3iUpMAiOlsUpgJDjCdh4B5XjIIYGUKo4uZWTAdEEQomsqIJwZ1/eZE0K2X3vFy9rZZqV3kcBXSEjtEpctEFqqEbVEcNRNEjekav6M16sl6sd+tj1rpk5TMH6A+szx/UY5X9</latexit>m2 $ m3

0.2 0.4 0.6 0.8 1.0
a/M

0.1

0.2

0.3

0.4

�/m

superradiant but mode stable

superradiant and 
unknown if mode stable

non-superradiant and 
mode stable

Therefore, the mode freqs.             are also symmetric under <latexit sha1_base64="e1b0blEo5ovXb/qTGg+dbMld3Fg=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSKeqx6MVjBfsBbQib7aZdu5uE3YlSYg/+FS8eFPHq3/Dmv3Hb5qCtDwYe780wMy9IBNfgON9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngEWsAB8HaiWJEBoK1guHVxG/dM6V5HN3CKGGeJP2Ih5wSMJJvH0ifdwULQfH+AIhS8QOW/p1vl52KMwVeJG5OyihH3be/ur2YppJFQAXRuuM6CXgZUcCpYONSN9UsIXRI+qxjaEQk0142vX+Mj43Sw2GsTEWAp+rviYxIrUcyMJ2SwEDPexPxP6+TQnjhZTxKUmARnS0KU4EhxpMwcI8rRkGMDCFUcXMrpgOiCAUTWcmE4M6/vEiapxX3rFK9qZZrl3kcRXSIjtAJctE5qqFrVEcNRNEjekav6M16sl6sd+tj1lqw8pl99AfW5w9/P5Zr</latexit>mi $ mj
<latexit sha1_base64="KI93f3QzPyHXXpzfdRI9Ylrm41w=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkqMeiF48V7Ac0IWy203bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5ccqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxMNnEloGWY4dFMFRMQcOvH4fu53JqA0S+STmaYQCjKUbMAoMVaKXDdIBAxJlAfAORZyFrlVr+YtgNeJX5AqKtCM3K+gn9BMgDSUE617vpeaMCfKMMphVgkyDSmhYzKEnqWSCNBhvrh8hi+s0seDRNmSBi/U3xM5EVpPRWw7BTEjverNxf+8XmYGt2HOZJoZkHS5aJBxbBI8jwH3mQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5l/X6o/1auOuiKOMztA5ukQ+ukEN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/lrSTpA==</latexit>!`mn



4. Conclusions

2. Stability properties of Kerr

1. BH Perturbations

3. Stability properties of Kerr-de Sitter



Conclusions

Merci bien!

- Kerr: mode stability proven

- Kerr-de Sitter: only partial mode stability proven

Open question: prove full linear stability under grav. perturbations

Open question: complete proof of mode stability

Apart from the explicit (Killing) symmetries, Kerr harbours hidden 
symmetries (Killing Yano, ‘SQCD mass’, near-horizon conformal 
geometry, etc) which regularly surprise us and allow us to make 
analytical progress on the understanding of astrophysical BHs


