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Motivation

Motivation

Let us consider the Cauchy problem for the one-dimensional wave
equation including a spatial potential V:

10%u  &%u
gﬁ—W+V(x)u—O xeR t>0
u(0,x) = up(x) xeR
0
a—i(o,x) =ui(x) xeR

with ¢ > 0 and where ug and uy are given functions of x.
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Motivation

Motivation

Let us consider the Cauchy problem for the one-dimensional wave
equation including a spatial potential V:

10%u  0%u
gﬁ—ﬁ—i—V(X)u:O xeR t>0
u(0,x) = up(x) xeR
ou

E(O,x) =ui(x) xeR

with ¢ > 0 and where ug and uy are given functions of x.

Conservative equation

E(t):z/R<(thl( <) +c2{( (t, ))2+ V(x)u(t,x)2}> dx
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Motivation

Motivation

V> 0 on R and the two Cauchy data up and u; are supported in
R,.

Define for each t

Ei(t)::%/ <(‘;’;( ))+c2{( (tX)) (X)(u(t,x))2}>dx.
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Motivation

Motivation

V> 0 on R and the two Cauchy data up and u; are supported in
R,.

Define for each t

e)i= 5 [ ((Geten)* { (Ge0) + vidu(e 01} ) ox

Then E(t) = E_(t) + E+(t) and conservation of E through time
implies
Vt>0, Ei(t)<E(t)=E0)=EL(0).
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Motivation

Motivation

V> 0 on R and the two Cauchy data up and u; are supported in
R,.

Define for each t

e)i= 5 [ ((Geten)* { (Ge0) + vidu(e 01} ) ox

Then E(t) = E_(t) + E+(t) and conservation of E through time
implies
Vt>0, Ei(t)<E(t)=E0)=EL(0).

Consequently, the local energy evaluated on R is always smaller
than the initial one.
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Motivation

Motivation

V changes its sign on R (V>0 on R*, V<0 on R™) and Cauchy
data up and w; are still supported in R...

Then, conservation of E implies that if for some t > 0,

E(t)—é/ﬂ@_((gl;( ))+c2{< (t, x)) V(x )(u(t.x))2}>dx<0

we now have

Ei(t) > E_(t) + Eo(t) = E(t) = E(0) = E,(0).
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Motivation

Motivation

V changes its sign on R (V>0 on R*, V<0 on R™) and Cauchy
data up and w; are still supported in R...

Then, conservation of E implies that if for some t > 0,

E_(b) _;/R_<((3:( )) +c2{< (t, x)) V(x )(u(t.x))2}>dx< 0
we now have
E.(t) > E_(t) + E(t) = E(t) = E(0) = E,(0).

Hence, the energy evaluated on R at time t is strictly greater than
the one evaluated on R™ at initial time.
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Motivation

Motivation

Superradiance means that it is possible to get more local energy E.
than the initial one : the energy gain defined by g(t) := EL(t)/E+(0)

may become greater than 1. If g can be arbitrarily large, this is
hyperradiance.
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Motivation

Motivation

Superradiance means that it is possible to get more local energy E.
than the initial one : the energy gain defined by g(t) := EL(t)/E+(0)

may become greater than 1. If g can be arbitrarily large, this is
hyperradiance.

In this case, there is extraction of energy from the left half-line to
the right half-line.

E (1)
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Motivation

Motivation

Roughly speaking, superradiance means that

1 = 0 + 1 with2>1l
— -1 + 2

Event horizon i
Energy extraction

E+>0

observer

Potential
changes
sign
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Mathematical model

Mathematical model

Unknown function : charged scalar field ¢ = ¢(t, x) with charge g,
mass m and angular momentum /€ N (—Ag¢ = [+ 1)¢).

Evolution of ¢ outside a Reissner-Nordstrgm black hole is governed
by the equation

{62_2,q06 0> +F(r)</(/+1)+m2+F’Er)>—qZQZ}Qf):O-,

o2 “Trot o 2 2

with Q@ # 0, M > |Q| charge and mass of the black hole, x quantity
computed in terms of ron the form r = G(x) (Regge-Wheeler change
of coordinate) and
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Mathematical model

Mathematical model

We set

r+:M+\/MQ—QQ

as the black hole event horizon.

The black hole exterior is |ry, 00[ and an exterior observer cannot
access the region |0, r4].

We then have

x ifx— o0
ry ifx— —o0
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Mathematical model

Mathematical model

Conserved quantity :

e [ {00k + oo+ (Fo( 12 4w £) -8 Yo7} o

When the black hole is charged (Q # 0), the potential term

(141 P\ @
V:F(r)<( r2 )+m2+r>—"r2

can change sign.

Suggestion : consider in this case Cauchy data supported at the
right-hand side domain in order to detect the occurrence of super-
radiance.
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Mathematical model

Toy-model

(0 — iV(x))?¢ — 020 + P(x)¢ = 0,

with V and P functions on R. The spatial domain is splitted into
D_={x<-L}, Dp ={-L < x<0}and Dy = {x> 0}, where L
stands for a smoothing length.

Functions V and P are assumed to be constant on each half-line and
continuously connected on the transition interval D; .

@ Massless case : P=0, V= Vyon D_, V=0on D,.
@ Massive case : P=0, V=\Voon D_, P=Fy, V=0on Dy.

o Extremal case : L = 0 : discontinuous potentials generating
hyperradiant modes.
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Mathematical model

Aim of this study

General goal :

@ Construction of a numerical code that enables the simulation
of the model in realistic cases, with use of finite differences
discretization.

@ Simulation of hyperradiance for the toy-model.

@ Search for superradiance in the Reissner-Nordstrgm model for
a wide variety of parameters.
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Problem of boundary conditions

The problem of boundary conditions

When dealing with a partial differential equation, the model is set
on the whole space R"” (example : wave propagation in vacuum).

{P(at,ax)u:o xeR" t>0

(P) )
Cauchy data  x € R".
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Problem of boundary conditions

The problem of boundary conditions

When dealing with a partial differential equation, the model is set

on the whole space R"” (example : wave propagation in vacuum).
) P(0:,0x)u=0 xeR" t>0
Cauchy data  x € R".

Numerical resolution of (P) : use of a numerical method with dis-
cretization tools that require to deal with a bounded domain Q of
R". We thus need to consider the new problem

P(0¢, 0x)v =10 xeQ t>0
(P") Cauchy data xe
Boundary conditions x€ 9Q t> 0.
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Problem of boundary conditions

The problem of boundary conditions

Question : which conditions should be set at the boundary ' of Q
in order to get a "correct” solution v?

Optimal case : v = u|q (transparent boundary conditions).

OnRY timet=0 On Q, time t=0

Major drawback : these conditions are not explicitly given !l We
need to find out a strategy to derive them mathematically...
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Problem of boundary conditions

The problem of boundary conditions

Question : which conditions should be set at the boundary I' of Q
in order to get a "correct” solution v?

Optimal case : v = u|q (transparent boundary conditions).

OnRY timet=1t On Q, timet=1t;

Major drawback : these conditions are not explicitly given!! We
need to find out a strategy to derive them mathematically...
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Problem of boundary conditions

The problem of boundary conditions

Question : which conditions should be set at the boundary I' of Q
in order to get a "correct” solution v?

Optimal case : v = u|q (transparent boundary conditions).

On RY time t=t, On Q, timet=1t

Major drawback : these conditions are not explicitly given!! We
need to find out a strategy to derive them mathematically...
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Problem of boundary conditions

The problem of boundary conditions

Question : which conditions should be set at the boundary I' of Q
in order to get a "correct” solution v?

Optimal case : v = u|q (transparent boundary conditions).

On RY, time t = t3 On Q, timet=1t3

Major drawback : these conditions are not explicitly given!! We
need to find out a strategy to derive them mathematically...
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Problem of boundary conditions

The problem of boundary conditions

Question : which conditions should be set at the boundary I' of Q
in order to get a "correct” solution v?

Optimal case : v = u|q (transparent boundary conditions).

OnRY timet=1t, On Q, timet=1t,

Major drawback : these conditions are not explicitly given!! We
need to find out a strategy to derive them mathematically...
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Problem of boundary conditions

Model problem : the wave equation

Free-potential wave equation in the one-dimensional case :

10%u  0%u
u(0,x) = up(x) xeR
?;(O,X) =u(x) xeR

with ¢ > 0 and where ug are uy are given functions of x.

Goal : derivation of natural conditions at the boundary x = 0 of
the negative half-line | — 0o, O[ in such a way that the corresponding
solution will evolve as if the solution was computed on R.
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Problem of boundary conditions

Factorization of the wave operator :

For C? functions, one has the identity
P _LP _[o_ o)\ [0 0
ot? ox2 |0t Ox ot ox]J’

@ — —c— = T_ left-traveling transport operator,

@ — + c— := T right-traveling transport operator.
ot Ox
General form of the solutions :
u(t,x) = F(x+ ct) + G(x — ct),

where F and G can be computed in terms of the Cauchy data of the
problem : hence, u can be expressed as the sum U_ + U,, where
U_ and U, respectively satisfy 7_U_ =0 and 7. Uy = 0.
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Problem of boundary conditions

Factorization of the wave operator :

t = 0 : spatially localized Cauchy data.
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Problem of boundary conditions

Factorization of the wave operator :

t > 0 : a part of the solution travels with velocity +c and the
other one travels with velocity —c.

Velocity —c + Velocity +c

Laurent Di Menza
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Problem of boundary conditions

How to deal with the behaviour at the boundary ?
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Problem of boundary conditions

How to deal with the behaviour at the boundary ?

Left-side propagation Right-side propagation
forbidden !'!'| enabled

=
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Problem of boundary conditions

How to deal with the behaviour at the boundary ?

Left-side propagation Right-side propagation
forbidden !'I'! enabled

—<

= We thus set TLu= — +
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Problem of boundary conditions

Algebraic point of view

The previous factorization of the wave operator is connected to the
algebraic identity

7% — 22 = (ci¢ — it)(cié + iT)

that holds for the symbol of the wave operator.

Consequently, this boundary conditions can be derived in terms of
the time and space Fourier transform. One has to select the right
boundary operator.

In this case, the boundary operator is local in time.
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Problem of boundary conditions

Boundary problem

The same considerations can be made when dealing with the positive
half-line : this naturally gives the boundary condition
ou ou

T*UZE_C&:O’ l’>07 x=0.

Laurent Di Menza A Few Numerical Aspects for the Simulation of Superradiance



Problem of boundary conditions

Boundary problem

The same considerations can be made when dealing with the positive
half-line : this naturally gives the boundary condition

0 0
Tfu:,fu_c‘*u:oa t>07 x=0.
ot Ox
New problem on | — o0,0[ :
10%u &%u
ou Ou
C&—Fa—o x=0 t>0

u(0,x) = wo(x) x€]—00,0[
%(O,x) =uw(x) x€]—o0,0[.

This problem involves a first-order boundary condition.
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Problem of boundary conditions

What about the modified problem ?

New equation :

o . \? 9%u
<8t—l\/> U—gﬁ‘i‘PU—O.

The same strategy as before can be made. We finally obtain the
transparent condition

ou o .\
60X+\/P+<atlv> u=0, x=0.

that involves a pseudodifferential operator B. Serious drawback :
this condition is nonlocal. This can be very costly when dealing with
the numerical implementation.
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Problem of boundary conditions

What about the modified problem ?

Numerical trick :

We choose to deal with an extra contribution, say v, which is defined
on the whole numerical domain and that handles the nonlocality.

o \’-
v.—\/P—&—(m—lV) u

where u(t, x) = u(t, —x), it can be found that v solves on the same
equation as u. Since v is initially supported on the positive half-line,
we have the boundary condition

Setting
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Problem of boundary conditions

What about the modified problem ?

Boundary conditions

ou - ov
® Cox + v =0 (local condition) o Bv=0.

Since v is such that v(t,0) = Bu(t,0) = Bu(t,0), the second boun-

dary condition rewrites
o,
c——Bu=0
Ox ’

where B? is local. This finally gives the local boundary condition

2
cav—(a—iV> u— Pu=0.
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Problem of boundary conditions

What about the modified problem ?

It is thus found that the original problem involving the transparent
condition turns into the locally coupled problem

o .\’ d?u

<&—1v> u—czﬁ—kPU—O x<0 t>0

o .\’ Pv

<8t_lv> v—gﬁ—&—Pv—O x<0 t>0
ou
c—+v=0 x=0 t>0
Ox

ov (9 .\’

C8x_<8t_lv> U—PU—O x=0 t>0

u(t,0) = up(x), v(t,0)=0 xeR

ou ov

a(t,o) = U]_(X), a(t, 0) = 0 X e R

Laurent Di Menza A Few Numerical Aspects for the Simulation of Superradiance



Numerical results

Numerical results

Starting point :
(0r — iV(x)?u — C02u + P(x)p = 0.

The wave equation is written as the first-order system

e (1) (o )(7)-(2)

with wy = u, wy := (0¢ — iV)u and the Cauchy data wy(0) = u(0),
w2(0) = 0:u(0) — iVu(0). We then deal with the problem

61'2/{%’£,Z/{:0~

where £ = L(x, 0x) stands for a second-order differential operator.
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Numerical results

Discretization
Equation : U +LU=0

Time and space finite differences
discretization, with use of a semi- A
implicit scheme U;” = U(t,, x;)
written at gridpoints t, = ndt and

X = jh: thti
th

U
J = J + (Eun+1/2)j _ 07

with u™+1/2 = (u" + u™1)/2 : li- Xj Xjt+1
near system at each time iteration.

Space discretization of the problem is performed on J intervals and
transparent conditions are implemented at the boundary.
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Numerical results

Energy conservation

We aim to compute a approximate solution that preserves energy
conservation at a discrete level.

Discrete energy :

Eo= 23 (R +| 22 4 P + D sV

JEZ JEZ

(consistent with continuous energy).

Using the semi-implicit discretization on the whole space, one has
E,=Ey, VYn>0.
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Numerical results

Validation

Model problem :

(8: — iV)?¢ — CO26+ P =0,
where V/ and P constant.

Test with a Gaussian Cauchy data such that two opposite waves are
generated :

$(0,x) = e;  0:(0,x) = 0.

Numerical test : influence of the boundary condition on the solu-
tion and comparison with a reference solution computed on a larger
domain.
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Numerical results

Validation, case V=0, P=0

O Numerical solution
eference solution

0.6~ -
0.5
0.41—

0.3

40 -35 -30 -25 -20 -15 -10 -5 0
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Numerical results

Validation, case V=0, P

O Numerical solution
eference solution

0.6~ -
0.5
0.41—

0.3

40 -35 -30 -25 -20 -15 -10 -5 0
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Numerical results

Validation, case V=0, P=0

O Numerical solution
eference solution

0.6~ -
0.5
0.41—

0.3

40 -35 -30 -25 -20 -15 -10 -5 0
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Numerical results

Validation, case V=0, P=0

O Numerical solution
eference solution

0.6~ -
0.5
0.41—

0.3
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Numerical results

Validation, case V=0, P=0

O Numerical solution
eference solution

0.6~ -
0.5
0.41—

0.3
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Numerical results

Validation, case V=0, P=0

B0

Dirichlet Transparent Reference
conditions conditions solution
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Numerical results

Validation, case V=0, P

0.5

O Numerical solution
04l Reference solution| _|

0.2

0.1
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Numerical results

Validation, case V=0, P

0.5

O Numerical solution
04l Reference solution| _|

0.2

0.1
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Numerical results

Validation, case V=0, P

05
O Numerical solution
04l eference solution| _|

03— -
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Numerical results

Validation, case V=0, P
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Numerical results

Validation, case V=0, P

05
O Numerical solution

04l Reference solution| _|

03~ -
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Numerical results

Validation, case V=0, P=1

\ \

0 " 0 N
BN B N A5 40 5 0 % 3 2% 0 45 0 5 0 B W B N A5 40 5 0
Dirichlet Transparent Reference
conditions conditions solution
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Numerical results

Validation, case V=1, P

0.5

O Numerical solution
eference solution

0.41— -
03—
0.2—

0.1
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Numerical results

Validation, case V=1, P

0.5
O Numerical solution
Reference solution
0.41— -
03— -
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Numerical results

Validation, case V=1, P
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Numerical results

Validation, case V=1, P
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Numerical results

Validation, case V=1, P

0.5
O Numerical solution
Reference solution
0.41— -
03— -
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Numerical results

Validation, case V=1, P=1

BN B N A5 40 5 0 % 3 2% 0 45 0 5 0 B W B N A5 40 5 0
Dirichlet Transparent Reference
conditions conditions solution
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Numerical results

Hyperradiance for the toy-model

Model problem :
(0 — iV(x))*¢ — COo + P(x)p = 0,

in the massless case P=0, V=1if x< —L, V=0 if x> 0, with
V decreasing and smooth between —L and 0.

Test with a Gaussian Cauchy data that mimics a left-side propaga-
tion, solving the free transport equation 0y — cOx¢ = 0 ("left-sided”
missile) :

#(0,x) = ei(X7X0)2; 01#(0,x) = —2¢(x — xo)e*(X*Xo)2'

Goal of the simulations : observe the influence of the smoothing
length L on the gain of energy, starting from an initial data centered
at xp > 0.
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Numerical results

Toy-model : hyperradiance and smoothing

|

|p(t, x)| versus t and x, L =0
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Numerical results

Toy-model : hyperradiance and smoothing

|p(t, x)| versus tand x, L =0.5
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Numerical results

Toy-model : hyperradiance and smoothing

v, i
|

|p(t, x)| versus tand x, L =1
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Numerical results

Toy-model : hyperradiance and smoothing

\

3
%
i3

v /N
t o
R

W,

5

I

|p(t, x)| versus t and x, L =2
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Numerical results

model : hyperradiance and smoothing

15 T T T T T
Lreg=0
— — -Lreg=05
— —Lreg=1
1 Lreg=2

Energy gain Trace at x=10
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Numerical results

Suggestion

These results show that even with well-adapted conditions, computa-
tion of energy gain in terms of spatial integrals cannot be compatible
with long time simulations.

The solution will spread out outside the computational domain and
larger amount of energy will be neglected.

Suggestion :

Measurement of the energy gain in terms of the flux evaluated on a
temporal hypersurface.
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Numerical results

Computation of the energy flux

Principle : integration of PDE multiplied with d¢/0t on [a, b] x
[t1, to] : it gives the local energy E, j, between a and b such that

Eu(t2)—Eus(t) 8/ {a¢rb>8¢(tb) e a)af(ta)} e

Computation of the energy flux on the surface x = xg :

Fi,t(x0) = Re (CZ ) g¢(f Xo)gd)(t Xo) dx) .

It allows the computation of the gain g(t) evaluating the flux accross
the surface :
E*(t) + Fo,:(x0)

g(t) = £(0) xo large.
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Numerical results

Computation of the gain with the energy flux

30
25+ —L=0
- - L=05
- —-L=1
201 L-2
151
10F
5
0 T L
0 50 100 150 200

Gain between t =0 and t = 200
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Numerical results

Long-time behaviour

|p(t, x)| versus t and x, L =0
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Numerical results

Reissner-Nordstrgm model

Aim :

Following the idea of the previous model, we perform simulations
leading us to cases where the energy gain of the computed solution
becomes greater than 1.

Parametric study with respect to m, M, q, Q, | and Cauchy data
(¢(0), 9:(0)) : difficult problem !

Localized Cauchy data : "left-sided” missiles (as for the toy-model)
or

<¢(0,x), g(f(o,x)) - (0, e*a(Ho)z), xeR ("flare”)

(giving a positive initial energy E1(0)).

Laurent Di Menza A Few Numerical Aspects for the Simulation of Superradiance



Numerical results

Reissner-Nordstrgm model

Numerical results :

@ Superradiance is difficult to detect : it manifests itself for a res-
tricted class of Cauchy data and does not seem stable under
perturbations.

@ It appears as a low energy phenomenon : simulations performed
for [>> 1 exhibit smaller gains.

@ It is also a low frequency phenomenon : modulating the Cauchy

data with the phase term €%, oscillations will globally make the
gain decrease.
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Numerical results

Superradiance occurrence

Parameters : M =21, m=0.1, =2, g =1, I =0, incoming
wave packet Cauchy data.

Total ratio
15 T

o 100 200 300 400 500
t
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Numerical results

Superradiance occurrence

Parameters : M=2.1, m=0.1, Q=2, g=1, I =0, flare Cauchy
data.

Gain of energy

0 50 100 150 200 250 300
t
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Numerical results

Hyperradiance

Idea : put mirrors around superradiance domain. Huge amplification
of the gain occurs!
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Numerical results

Conclusion and future work

Results :

@ Reliable code with well-adapted boundary conditions and energy
computation for long-time calculations.

@ Simulation of hyperradiance for the toy-model and superradiance
for regularized model.

@ Superradiance evidence for the Reissner-Nordstrgm model.
Future work :

@ Determination of a superradiant regime which could be inde-
pendent of a large part of parameters involved in the model.

@ Simulation of the nonlinear model.
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