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TOPOLOGICAL GAMES AND
COVERING DIMENSION

LILJANA BABINKOSTOVA

ABSTRACT. We consider a natural way of extending the Lebesgue
covering dimension to various classes of infinite dimensional
separable metric spaces.

All spaces in this paper are assumed to be separable metric
spaces. Infinite games can be used in a natural way to define ordi-
nal valued functions on the class of separable metric spaces. One of
our examples of such an ordinal function coincides in any finite di-
mensional metric spaces with the covering dimension of the space,
and may thus be thought of as an extension of Lebesgue covering
dimension to all separable metric spaces. We will call this particu-
lar extension of Lebesgue covering dimension the game dimension
of a space.

Game dimension is defined using a game motivated by a selection
principle. Several natural classical selection principles are related
to the one motivating game dimension, and their associated games
can be used to compute upper bounds on game dimension. These
games, and the upper bounds they provide, are interesting in their
own right. We develop two such games and use them then to obtain
upper bounds on our game dimension.

2010 Mathematics Subject Classification. Primary 54D20, 54D45, 55M10;
Secondary 03E20.
Key words and phrases. countable dimensional, game dimension, infinite
game, selection principle.
(©2010 Topology Proceedings.
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Game dimension
Selection principle
Infinite game

All spaces in this paper are assumed to be separable and metrizable. In a previous paper [5] we introduced a dimension
function called game dimension and denoted dimg(-). Game dimension is an extension of Lebesgue covering dimension,
denoted dim. For a separable metrizable space X, dimg(X) < w1 (Theorem 21 of [5]), and when dimg(X) < w1, then in
fact X is a selectively screenable space! (Theorem 22 of [5]). Also, an infinite dimensional separable metric space X is
countable dimensional if, and only if, dimg(X) = @ (Theorem 2.2 of [2]). Though the theory of game dimension has some
nice properties it has two drawbacks: Unlike in the finite or countable case, game dimension does not have nice hereditary
properties for spaces with game dimension larger than w, and its product theory also contains properties not present for
the finite dimensional case it generalizes.

The purpose of this paper is to introduce a dimension function which extends Lebesgue covering dimension, has the
hereditary property, and has a product theory that is more similar to the product theory for the finite dimensional case.
The classical embedding theorem of Menger and Nobeling provides one inspiration for this new dimension function, to be
denoted dimpug(-): Every separable metric space X of covering dimension n is homeomorphic to a subspace of R¥"*1. Now
R2*1 js a topological group under addition. A game theoretic characterization of finite dimension n in topological groups
[4, Theorem 15] is the second source of inspiration for our new dimension function. Relative to the group R2"+! we obtain
dim(X) = dimppg(X). Indeed, for any topological group (H, %) such that finite dimensional metric space X is homeomorphic
to a subspace of H we have dim(X) = dimppg(X).

Given a topological group (H, *) we define an infinite game on (H, %) and use the length required so that TWO would
have a winning strategy to define a dimension for H. Corresponding dimension values can be defined for topological sub-
spaces X of H. When the group (H, ) is clear from context, the dimension of X as derived from the game is denoted
dimppg (X).

For the class of separable metric spaces there are several choices of a separable metric group (H,*) such that each
separable metric space is homeomorphic to a subspace of the group. The group (RY, +) is such an example. By the classical
theorem of Banach and Mazur that every separable metric space embeds isometrically into the topological group (C[O0, 1], +)
of continuous real-valued functions on the unit interval endowed with the supremum norm, is another example. Any such
group is a candidate relative to which a corresponding dimension function dimp,q may be defined. For the results presented

E-mail address: liljanababinkostova@boisestate.edu.
1 We define the notion in the next section.

0166-8641/$ - see front matter Published by Elsevier B.V.
doi:10.1016/j.topol.2011.05.018
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in this paper the reader may use either of these groups as the group relative to which the new dimension function is
computed.

1. Selection principles, open covers and games

Let (H,*) be a topological group with identity element e. We will assume that H is not compact. The collection of
all open covers of H is denoted by . When X is a subset of H, the collection of all covers of X by sets open in H is
denoted Oy.

For a neighborhood U of the identity element of H the set O(U) = {x* U: x € H} is an open cover of H. The symbol

Onbd = {O(U): U a neighborhood of e}

denotes the collection of all such open covers of H.

Now we describe the relevant selection principles for this paper. Let S be an infinite set, and let .4 and B be collections
of families of subsets of S.

The selection principle S1(A, B) is defined as follows:

For each sequence (A,: n € N) of elements of A there is a sequence (B,: n € N) such that for each n we have B, € Ay,
and {B,: neN}eB.

The selection principle S¢(A, B), introduced in [2], is defined as follows:

For each sequence (Ap: n < oo) of elements of the family A there exists a sequence (B,: n < 0o) such that for each n
B, is a pairwise disjoint family refining A,, and | J,,_ o, Bn is @ member of the family B.

We say that a space is selectively screenable if it has the property S.(O, O). The class of spaces satisfying S.(O, O) was
introduced in [1]. We should point out that the selection principles S.(O, O) and S.(Onpg, O) in topological groups do not
coincide. In Theorem 1.2 of [17] E. and R. Pol use Martin’s Axiom to construct a vector subspace M of the separable Hilbert
space ¢, such that the topological group (M, +) has the property S¢(Onpg, ©) and the Menger property, but does not have
the property S¢(O, ©). It can be shown that the topological groups (RN, +) and (C([0, 1], +) do not have the property
Sc(Onbd, O).

The metrizable space X is said to be Haver [10] with respect to a metric d if there is for each sequence (&,;: n < 00)
of positive reals a sequence (V,: n < oo) where each V), is a pairwise disjoint family of open sets, each of d-diameter less
than €, such that |J,_,, V» is a cover of X.

A topological space X has the Hurewicz property if for each sequence Uy, n < co of open covers of X there is a se-
quence JFp, n < oo of finite sets such that each F,;, C Uy, and for each x € X, the set {n: x ¢ | J F,} is finite. Every o -compact
space has the Hurewicz property, but not conversely.

Let @ be an ordinal number.

The game G (A, B) associated with the selection principle S1(A, B) is as follows:

The players play an inning per y < o. In the y-th inning ONE first chooses an A, € A: TWO then responds with a
B, € Ay. Aplay Ao, Bo, ..., Ay, By, ... of length « is won by TWO if {B,: y < a} € B. Else, ONE wins.

The game G¢ (A, B) associated with the selection principle S¢(A, B) is as follows:

The players play an inning per ¥ < «. In the y-th inning ONE first chooses an A, € A: TWO then responds with
a pairwise disjoint family of sets B, that refines A,. A play Ao, Bo,...,Ay,By,... of length @ is won by TWO if
Unen Bn € B. Else, ONE wins.

When for a set S and families .4 and B there is an ordinal number « such that TWO has a winning strategy in the game
GZ (A, B) played on S, then we define tpg (4 5)(S) to be min{e: TWO has a winning strategy in G¢ (A, B) on S}. We now
define for topological group H the neighborhood game dimension of H, denoted dimnnq(H), by

14 dimnog (H) =1Ps (0, 0) (H)-

The neighborhood game dimension of a subset X of the group H, dimp,g(X) is defined similarly, using the ordinal

RS (Onpa, 0x) (H)-
In the proof of Theorem 2 we make a use of the following classical result of Hurewicz and Tumarkin [13, p. 288].

Theorem 1. Let n be a non-negative integer. If X is a separable metric space and if for each m, dim(Ap) < n and Ay, C X is closed,
then dim({Upr_q Am) <n.
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The following theorem is a starting point for exploring the neighborhood game dimension of a topological group and its
subspaces.

Theorem 2. Let (H, x) be a metrizable group and let X be a subset of H. Then the following are equivalent:

(1) dim(X) =n.
(2) dimppg(X) =n.

Proof. The proof of (1) = (2) is similar to the proof of the corresponding statement in Theorem 22. We give an inductive
proof of (2) = (1). Throughout the proof, when we work with a metrizable group (H, %), we shall assume we have fixed a
metric d and a neighborhood basis (U,: n < oo) of the identity element e of H so that diamy(U,) < % for all n.

Let n =0 and (H, *) be a metrizable group and let X be a subset of H for which TWO has a winning strategy, say o, in
Gl(Onba, Ox). Put Cy =N{Uo (OUn)): n < w).

Claim 1: Cy is zero-dimensional.

For consider an x € Cy = {Jo (O(Up)): n < oo}. For each n choose a neighborhood V;(x) € o (O(Upy)). Since for each
n we have diamg(V,(x)) < % the set {V,(x) N Cy: n < oo} is a neighborhood basis for x in Cy. Observe also that each V;(x)
is closed in Cy because the set V =|Jo (O(Uy)) \ Vn(x) is open in H, and so Cy \ Vn(x) = Cy NV is open in Cy. Thus each
element of Cy has a basis consisting of clopen sets.

Claim 2: X C Cy.
Suppose not: Choose x € X \ Cy and then choose n with x ¢ | Jo(O(Up)). Then (O(Up),o(O(Uy))) is a play of
G;(Onbd, Oy) lost by TWO, contradicting that o is a winning strategy for TWO.

Let n < w be given and assume that the following two statements hold at n:

(a) If (H, %) is a metrizable group such that TWO has a winning strategy in G?“((’)nbd, O) on H, then dim(H) <n.
(b) If (H, %) is a metrizable group and X is a subset of H such that TWO has a winning strategy in G’C"“ (Onpds Ox), then
dim(X) <n.

We show that (a) and (b) also hold at n + 1.

Towards proving (a) at n+ 1, let (H, %) be a metrizable group such that TWO has a winning strategy in G?*z((’)nbd, 0)
on H and let o be such a winning strategy for TWO. Define Cy = ({{Jo (O(Uy)): n < w}. As before dim(Cy) = 0. Then
for each m, X;m = H\ (o O(Up)) is closed in H and has covering dimension < n. To see that dim(Xy,) < n, we argue
as follows: Define from the winning strategy o for TWO in GE’*Z(Onbd, O) on H the following strategy, op,, in the game
G’g“ (Onba, Ox,,) played on the subset X; of H:

on(OWy,), ..., OWUy,)) =0 (OUm), OWy,), ..., OWUy,)), j<n+1.

We claim that oy, is a winning strategy for TWO in the game G?“(Onbd, Ox,,). For suppose that oy is not a winning
strategy for TWO. Look at a play O(Upm,), O(Um,), ..., OUn,,,) by ONE for which TWO, using strategy oy, looses. Then
the union of the (n+ 1) sets

Uon(0Wn)),  Jom(OWUm), 0Wmy), ... | Jom(OWm,), OWm,). ..., 0WUn,,,))

doesn’t cover Xp. But then the union of the (n+2) sets | Jo (O(Uw)), o (OUm), O(Um,)), Jo (OUmn), OUm,), OWUm,)),
L UoOWUm), OWUm,), OWUmy), ..., OUn,,,) doesn’'t cover H = Xp U (| Jo (O(Un))), contradicting the fact that o is a
winning strategy for TWO in the game on H.

By part (b) of the induction hypothesis, dim(X;;) < n. But, each X;; C H is closed, so by Theorem 1 dim({_Jm_; Xm) < n.
But (S Xm = Ui (H\ (Uo(Um)) = H\ Nimeq (U (O(Um))) = H\ Cg. So, H = Cy U (U Xm). Since Cy is zero-
dimensional and dim({J5_; Xm) <n we have dim(H) <n+ 1.

In a very similar way we prove (b) at n + 1, namely: If (H, %) is a metrizable group and X is a subset of H for which
TWO has a winning strategy in GQ*Z(Onbd, Ox), then dim(X) <n+1.

This completes the inductive proof. O

We also have the following satisfying property of the neighborhood game dimension in the case of countable dimensional
spaces:

Lemma 3. ([4]) Let H be a metrizable group. The following are equivalent:

(1) H is countable dimensional.
(2) dimppg(H) = w.



L. Babinkostova / Topology and its Applications 158 (2011) 1460-1470 1463

We find that for every finite dimensional space X C H, dimppg(X) = dim(X), and for each countable (and not finite)
dimensional space X C H, dimp,g(X) = w. Note that the concept dimgnq is defined relative to the group H. Except when we
indicate otherwise, we assume H is RN or C[0, 1].

2. Selected examples and basic theorems

A few examples from classical and recent literature are useful in illustrating some of the properties of the dimension
function dimp,g. For the reader’s convenience we collect some of these here for reference further in the paper.

Example 1. (L. Rubin et al. [21]) There exists a strongly infinite dimensional complete metric space M which is totally
disconnected.

Example 2. (R. Pol [19]) There is a compact metric space K of the form .UM where IL provided by Theorem 4 is a union
of countably many compact finite dimensional spaces.

Example 3. (J. van Mill and R. Pol) There exists a complete metric space V with the properties that V=X UY where X is
countable dimensional and every C C V \ X which is closed in V is countable dimensional, but V x V is strongly infinite
dimensional [14, Example 1.1].

Example 4. (E. Pol and R. Pol) There exists a complete metric space (E,d) such that E= X UY where X is countable
dimensional and every C C E \ X which is closed in E is countable dimensional, but E x E does not have the Haver
property in the equivalent metric p((x1, X2), (¥1, ¥2)) = max{d(x1, y1),d(x2, y2)} [18].

Example 5. (E. Pol) There exists a separable metric space I of the form X UY such that X is countable dimensional and for
any closed subset C of F such that C C Y, C is zero-dimensional, and there is a zero-dimensional subset B of the real line

such that F x B is strongly infinite dimensional [16, Example 1].

Example 6. (E. Pol and R. Pol) Assume Martin’s Axiom. There is a vector subspace G of the separable Hilbert space ¢, which
has the property S¢(Onpg, @) and the Menger property, but does not have the property S.(O, O) [17, Theorem 1.2].

Example 7. (RN, 4) is the group of sequences of real numbers with the operation of coordinatewise addition. Every separa-
ble metric space is homeomorphic to a subspace of this group.

Example 8. (C[0, 1], +) is the group of continuous real-valued functions on the closed unit interval with the operation of
pointwise addition. Every separable metric space embeds isometrically into this group.

The following theorems are among the fundamental tools we use to compute upper bounds for dimppq:

Theorem 4 (Lelek). If (X, d) is a complete metric space which is not compact, then it has a compactification L(X) of the form X U C
where C is a union of countably many compact finite dimensional spaces.

Theorem 5 (Hurewicz-Tumarkin). ([13]) Let n be a non-negative integer. A separable metric space X is n-dimensional if, and only if,
it is the union of n + 1 but not fewer zero-dimensional subsets.

Another basic tool is the following theorem (Theorem 2 of [4]) slightly adapted:

Theorem 6. Let (H, ) be a metrizable topological group and let X be a subspace of H. The following are equivalent:

(1) Sc(Onba, Ox) holds.
(2) X has the Haver property in all left invariant metrics of (H, *).

The following fact is Theorem 5 of [3]:

Theorem 7. For a subspace X of a metrizable Hurewicz space Y the following are equivalent:

(1) Sc(O, Ox) holds.
(2) X has the Haver property in some equivalent metric of Y.
(3) X has the Haver property in all equivalent metrics of Y.



1464 L. Babinkostova / Topology and its Applications 158 (2011) 1460-1470
And the following fact is Theorem 5 of [4]:

Corollary 8. For a subspace X of a metrizable group (H, x) with the Hurewicz property the following are equivalent:

(1) SC(O, OX) holds.
(2) Sc(Onpa, Ox) holds.

3. The relationship between the dimension functions dimg and dimppq

It is convenient that game dimension provides an upper bound for dimpug, since there are already some techniques
(see [5]) for computing game dimension:

Theorem 9. Let (H, ) be a topological group and let X C H be a subspace of H. Then
dimppg (X) < dimg(X) < dimg(H).

Proof. Let 0 be a winning strategy for TWO in the game G}“““((’), O) played on X. Define a strategy T for TWO in the
game G}*“ (Onpd, Ox) as follows: For any open neighborhood U of the identity of H, consider the open cover Ox(U) =
{XNxx*xU: xe G} of X, and the corresponding open cover O(U) ={x* U: x € G} of H.

To define T (O(Uy), ..., O(U,)), compute in X the disjoint refinement

o (Ox(U1),...,0x(Up))

of Ox(U,). By Theorem I1.21.1 on p. 226 of [13] there is a canonical disjoint family F of open sets in H such that {X N
U: UeF}=0(0OxUy),...,Ox(Up)). Define 1(OU1),...,O0Uy)) =F.

Then 7 is a winning strategy for TWO in the game G}‘W (Onbd, Ox). This establishes that dimppg(X) < dimg(X). The fact
that dimg(X) < dimg(H) follows from Theorem 12 below. O

We shall see that the inequality between dimp,g and dimg can in fact be strict, even for completely metrizable spaces.
Corollary 10. For any topological group (H, %) which contains a homeomorphic copy of the space K, we have dimppq(K) = w + 1.

Proof. K is not countable dimensional, so by Theorem 15 of [4], dimppq(K) > w. Now apply Theorem 9 and the fact from [5]
that dimg(K)=w+1. O

4. Monotonicity of dimppqg
A well-known classical theorem states
Theorem 11 (Monotonicity). If Y is a finite dimensional metric space and X C Y, then dim(X) < dim(Y).

This monotonicity theorem does not hold for the dimension function dimg: The compact metric space K of Example 2
contains the strongly infinite dimensional subspace M of Example 1, and by the results of [5], dimg(K) = w + 1 while
dimg (M) = ;.

The monotonicity theorem holds for our new dimension function dimppg.

Theorem 12. Let (H, %) be a topological group and let X €'Y C H be subspaces of H. Then
dimnpa (X) < dimnpg (Y) < dimnpa (H).

Proof. Let o be the minimal ordinal such that TWO has a winning strategy in the game G}““”‘ (Onpds O) on H. Let o be
such a winning strategy for TWO. Then o is also a winning strategy for TWO in the game G}”(Onbd, Oy). It follows that

the least 8 such that TWO has a winning strategy in GZ*ﬁ(Onbd, Oy) is no larger than «, and thus dimng(Y) < dimppg(H).
A similar argument shows that dimppg(X) < dimppg(Y). O

The space M of Example 1 is a subspace of K, is complete and is strongly infinite dimensional. By Theorem 22 of [5] we
have dimg (M) = w1. But by Theorem 12 and Corollary 10, dimppg(M) = w + 1.
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5. Products
Menger’s product theorem [13, Theorem ILVIII on p. 301] states:
Theorem 13. For X and Y finite dimensional separable metric spaces,
dim(X x Y) <dim(X) 4 dim(Y).

Thus, when dim(Y) = 0, we have dim(X x Y) = dim(X). This particular consequence of Menger’s product theorem also
holds for our new dimension function dimppg as is shown below in Theorem 14. The analogue of Theorem 14 does not
hold for game dimension dimg. To see this consider Example 1 in [16]: Examining the details of this example we see that
a separable metric space X and a set B of real numbers are constructed so that dimg(X) =w + 1 and dimg(B) = 0, but
dimG(X X B) =w1.

Theorem 14. For (H, *) and (K, *) topological groups and (K, *) zero-dimensional,
dimnbd(H X K) = dimnbd(H).

Proof. Fix an ordinal o with dimn,g(H) = & and let o be a winning strategy for TWO in the game G}*“ (Onbg, O) on (H, *).
Define a strategy 7 of TWO as follows: When in inning y ONE chooses a neighborhood U, x V,,, TWO applies strategy
o to find

o (OWUs): <),

a disjoint refinement of O(U,). Since H is zero-dimensional, choose a disjoint refinement #, of O(V,) such that H,,
covers H. Define

T(OUs x Vs): §<y):={AxB: Aco(O(Us): §<y)and BeH,}.

It is clear that T(O(Us x Vs): § <y) is a disjoint family of open sets. We must see that it refines O(U, x V), and that
TWO wins each play of length 1+ « played using .

Let A x Be1(O(Us x Vs): § <y) be given. Choose an x € H with A Cx* U,, and choose a y € K with BC y x V.
Then A x B C (x,y) * U, x V,, and the latter is an element of O(U, x V).

To see that TWO wins a play of length 1+ «, consider an (x,y) € H x K. Since o is a winning strategy for TWO in
G;“"(Onbd, O) on H, find a y <1+« with xe | Jo(O(Us): § < y), and choose A € 0(O(Us): § < y) with x € A. Since
H, covers K, find a B € H, with y € B. Then we have

(x,y)EAxBet(OWUsxVs): 6<y). O
More generally, the following analogues of Menger’s Product Theorem hold for the dimension function dimppg:

Theorem 15. For (H, *) and (K, *) topological groups and (K, *) finite dimensional, and dimpeq(H) = o +n where « is a limit ordinal
and0<n < w,

dimppg(H X K) < dimppg(H) 4 dimppg(K) - n.

Proof. Consider the case when n > 0. Let the dimension of K be k. Then write K = Uk-+l

j=1
dimensional. Also, write o = U’]‘I} Sj where each S; has order type «. For each j let o; be a winning strategy for TWO in

the game G (Onpg, O) played on H x K as in Theorem 14. Now play the first « innings as follows: In inning y < « first
identify j with y € S;. Then put

K; where each K; is zero-

TUy: V<Y)=0jUy: u<yand u €Sj).

After « innings, TWO has completed « innings in each of the games associated with the different H x K;, using a winning
strategy for each of the corresponding games. Thus, for each j, the uncovered part of H x K requires < n additional innings
to cover. This has dimension less than or equal to n. By Theorem 5 the union of these k sets has dimension at most
k-n—1=dim(H) -n — 1. By Theorem 2 covering this requires no more than k - n additional innings. O
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Analogous arguments can be used to prove the following two theorems.

Theorem 16. For (H, x) and (K, *) topological groups and (K, *) countable dimensional, and dimnpq(H) a successor ordinal,
dimppg(H x K) < dimppg(H) + dimppg (K).

Theorem 17. For (H, %) and (K, %) topological groups and (K, %) countable dimensional, and dimnpq(H) a limit ordinal,
dimppg(H x K) = dimppg(H).

6. The union theorem

For finite dimensional metric spaces we have the following classical theorem:

Theorem 18 (Union Theorem). If X and Y are finite dimensional subspaces of a metric space Z then

dim(XUY) <dim(X) +dim(Y) + 1.

A corresponding theorem holds for dimyug. First we define, as in [6], for ordinals & and B the “sum” o & 8 as follows:
Write « =o' +m and B = 8’ +n where «’ and B’ are limit ordinals or zero and m,n < w,

o ifa' > p/,
adpf={a+n ifa’'=p,
B otherwise.

Theorem 19 (Union Theorem). If X and Y are subspaces of a separable metric space Z then

dimppg (X U Y) < dimppg (X) @ dimppg(Y).

Proof. Choose winning strategies ox and oy for TWO in the corresponding games of the corresponding lengths. If o’ > 8/,
then write g’ = S; U S, where Sq and S, are disjoint sets, each of order type B’. During the first 8’ innings, if the inning
number is in S, TWO plays the strategy oy, and if the inning number is in Sy, TWO plays oy. After these innings TWO
plays oy for the next finite number of innings until Y is covered, and then plays ox the rest of the innings until X is
also covered. This takes « innings in total. A similar argument shows that if &’ < 8/, then TWO wins the game on X UY
in B innings. Thus assume that o’ = B’. Then using the above schedule based on S; and S, we see that after @’ innings
the uncovered part of X is (m — 1)-dimensional, and the uncovered part of Y is (n — 1)-dimensional. By Theorem 18 the
dimension of the uncovered part of X UY is at most m +n — 1. Thus, covering this part requires at most m + n additional
innings. O

7. Discussion of examples

We now discuss neighborhood dimension for a number of examples from the literature. Towards this discussion we now
collect some facts that are needed.

Theorem 20. Let X be a completely metrizable separable metric space with compactification L(X) as in Theorem 4. Assume that for
each natural number n we have dimg (L(X)") < o, Then for the subgroup (L(X)) of C[0, 1] generated by an isometric copy of L(X),
dimg ({L(X))) < o, where o = sup{ap: n < w}.

Fact A. If the subset X of a topological group (G, %) is such that dimppq(X) < w1, then S¢(Oppg, Ox) holds.

Regarding uniformities and uniformizable spaces we refer the reader to [11,12] or [22]. For metrizable space X, and a
metric d of X, define for each € > 0 the set Dg ¢ :={(x,y) € X x Y: d(x, y) < €}. Then Dy is the uniformity on X generated
by the metric d. For U € Dy and for x € X we define U[x] ={y € X: (x,y) € U}. Then O(U) = {U[x]: x € X} is an open
cover of X. We declare

O(d) ={0U): U € Dy}.

Then O(d) is the family of “d-uniform” open covers of X. In this context one can show:

Fact B. A metrizable space X has the Haver property with respect to the metric d if, and only if, X has the property
Sc(0@), O).
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Fact C. (E. Pol and R. Pol [18, Comment D]) A metrizable space X has the property S.(O, O) if, and only if, for each metric
d generating the topology, (X, d) has the Haver property.

Fact D. Let (G, *) be a metrizable group and let u be a left invariant metric on G. If the metric space (X,d) embeds
isometrically into (G, ), then the relativization to this isometric copy of X of the open covers of G in the family Oppq is
isomorphic to the metric uniformity O(d) on X.

Example 1: M. Since M is strongly infinite dimensional it does not have the property S.(O, O), and dimg (M) = w4. By Fact
B and Fact C there is a compatible metric, say d, on M such that S.(O(d), O) fails. Embedding (M, d) isometrically into the
group (C[0, 1], +). Now using Facts A and D we see that for this isometric copy of M, say M’, we have dimppg(M') = w1.

On the other hand, M is a subspace of K and for any compatible metric d of K, (M, d) embeds isometrically into (K},
the topological group generated by K considered as a subspace of, for example, the topological group (C[0, 1], +). By the
discussion following Theorem 12 and by Theorem 9 we have dimpyq(M) = @ + 1, and dimnpg((M)) < w? (see the discussion
of Example 2).

Example 2: K. As noted earlier, dimg(K) = @ + 1 = dimppq(K). It was shown in [5] that for each n dim(K") <w-n+1, and
thus by Theorem 9, dimp,q(K") < @ - n + 1. Then Theorem 20 implies that dimppg((K)) < w?.

Example 3: V. Examination of Example 1.1 in [14] illustrates complex behavior of the dimension function dimppq(-) with
respect to products. J. van Mill and R. Pol constructed a complete separable metric space V such that dimg(V) < w -2, and
yet V x V does not have the property S.(O, O), implying dimg(V x V) = wy. The space V has the following structure:

V=XUY

where X is countable dimensional, and for any closed subset C of V disjoint from X, C is countable dimensional.

Since dimg (V) < w - 2, Theorem 9 implies that all isometric copies of V in C[0, 1] (or any metrizable group that isomet-
rically embeds V, endowed with a metric generating the topology) we have dimpng(V) < w - 2.

Let L(V) be a compactification of V as in Theorem 4. Then a standard argument shows that we still have dimg(L(V)) <
w-2.

Lemma 21. For each positive integer n, dimppg(L(V)™) <w - (n+1).

Proof. The proof is by induction on n. First recall that

(i) Vis a complete metric space of the form X UY where X is countable dimensional, and each closed subset of Y (disjoint
from X) is countable dimensional.
(ii) V x V is strongly infinite dimensional.
(iii) L(V) is a compactification of V of the form VU C where C is a union of countably many compact finite dimensional
spaces.

For n =1: dimg(L(V)) < w -2 is clear, so by Theorem 12, dimppg(L(V)) < @ - 2.

For n =k + 1: Assume that for all j <k, dimnpg(L(V)) < @ - (j + 1). Consider the space L(V)" = L(V)¥*1. The subspace
L(V)k+1\ yk+1 s the union of k+ 1 subspaces L(V)! x (L(V)\Y) x L(V)k*1=i=1 =5, 1 <i <k+1. Each S; is homeomorphic
to L(V)¥ x (L(V)\ Y). By the induction hypothesis, dimpg(L(V)¥) <@ - (k + 1). Since L(V) \ Y is countable dimensional an
argument in the proof of Theorem 15, and by extension Theorem 17, shows that dimnpg(L(V)¥) x (L(V) \Y)<w-k+1).
Then Theorem 19 implies that

dimnod (LOHFT YR <o - (k +1).

Let o be a strategy in G‘C‘)'(kﬂ)((’)nbd,(’)) for TWO such that after w - (k + 1) innings have been played, the subspace
L(V)k+1\ yk+1 of | (V)k+1 has been covered by an open set. The uncovered part of L(V)¥*! is compact and a subset of
Y¥+1, Since the projection on each of the k + 1 coordinates of this compact subset of Y¥t! is a compact subset of Y, each
projection is countable dimensional compact. But then the uncovered part of L(V)k*! is compact, countable dimensional.
By Theorem 3 TWO can cover the remaining part of L(V)**! in another w innings. It follows that

dimppa (L) Cw- k+ D +o=w- (k+2).

This completes the proof. O

Thus, considering V as a subspace of C[0, 1], the subgroup (L(V)) of C[0, 1] has dimnyq({L(V))) < w?. Thus, in any metric
d of L(V), the corresponding isometric copy of V in C[0, 1] has the property that dim,g(V") < w -+ 1).
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On the other hand, by Facts B and C, there is a metric d generating the topology of V x V for which S.(O(d), O) is
false. The corresponding isometric copy in C[0, 1] of the metric space (V x V, d), denoted as (V x V), satisfies dimppq((V x
V)) =ws.

Example 4: E. Similar arguments can be applied to E: Since dimg(E) < w-2 we find that dim,,q(E") < w-2 for any isometric
copy E’ of E in a group with left invariant metric. Since E is a complete metric space, it has a metrizable compactification
L(E) as in Theorem 4. For the corresponding topological group (L([E)) generated in C[0, 1] we find as in Example 3 that
dimnpa ((L(E))) < w?. Note that for positive integers n, for metrics d inherited from L(E)" by E", isometric copies of E" in
C[0, 1] have dimppg(E") < w - (n+1).

But for some metric that generates the topology of E2? the isometric copy, (E x EY, in C[0, 1] has dimnpg((E x E)') = e;.

Example 5: F. Examination of this example shows that dimg(F) = w + 1. By Theorem 9 dimppq(F) < @ + 1. But since F is
not countable dimensional, we have dimppg(F) = w + 1.

Let C denote the Cantor ternary set, endowed with the topology inherited from the real line. In [16] it was shown that
F can be taken as a subspace of C x K, and that for some subspace B of C, the subspace F x B of the space C x K x C is
strongly infinite dimensional. Thus, dimg(F x B) = w;.

Since for each positive integer n, C" is homeomorphic to C, results of [5] imply that dimg((C x K x C)") = dimg(K") <
 -n+ 1. But then we have by Theorem 20 that dimg((C x K x C)) < w?. Then for any isometric copy of F in C x K x C
we have for the subgroup (F) of (C x K x C) that dimusg({F)) < w?. We also have for each n, that dimp,q(F") <w-n+ 1.
Similar remarks apply to isometric copies of F x B in C x K x C.

On the other hand, by Facts B, C and D, there is a metric d on F x B for which an isometric copy of (F x B, d) in C[0, 1],
say (F x B)’, has dimppg((F x B)") = wy.

Example 6: G. In the construction of the topological group G in [17] the authors construct two special separable metrizable
spaces S C T with special properties (see Proposition 5.1 in [17]). The spaces S and T are embedded in a special way into
£2 by an embedding o. See the beginning of the proof of Theorem 1.2 on p. 1502 of [17].

The proof of (17) of [17] shows that for each space A of cardinality less than 280, the space A x T has dimg(A x T) =
w + 1. An analysis of the space T constructed for Proposition 5.1 of [17] reveals that for each positive integer n we have
dimg(T") < w® (the least countable ordinal that exceeds w" for each n).

Thus the vector subspace (o (T)) of £, satisfies dimg({c(T))) < w®, and o (T) is homeomorphic to a closed subspace of
(o (T)). It follows that for the Menger subspace S of T constructed for Proposition 5.1 of [17], o (S) generates the vector
subspace G = (o (S)) of (o (T)) which still has the Menger property, and which contains a homeomorphic copy of o (S) as
a closed subspace. From the properties of the subspace o (S) it follows that dimg(G) = wi. From Theorem 9 we find that
dimnpg (G) < w®. For any translation invariant metric d on the vector space G, (G, d) has the Haver property.

By Facts B, C and D the topological space G has a metrization d (which cannot be translation invariant) in which it
does not have the Haver property, and a corresponding isometric copy, G’ in C[0, 1] has dimnpg(G’) = w1: However, this
embedding does not embed G as a subgroup of C[0, 1]. Starting from the space S: An isometric copy which does not have
the Haver property is present in C[0, 1], and this isometric copy generates a subgroup [S] of C[0, 1] for which the uniform
norm on CI[0, 1] provides a translation invariant metric with respect to which the subgroup [S] fails the Haver property.
Since the Haver property is hereditary, the linear subspace of C[0, 1] generated by this isometric copy of S also does not
have the Haver property with respect to this translation invariant metric.

Example 7: RY. The neighborhood dimension dimpyq(RY) = ;. The space RYN is hereditarily Lindelof. By a theorem of
P. Daniels and G. Gruenhage [9] TWO wins the game G‘l"1 (0,0) and so TWO wins the game G‘l"1 (Ohnpa, O) which is a
special case of G&'(Onpg, @). But, TWO can not win the game GZ(Onpg, O) in fewer than w; innings since (RN, +) is
not S¢(Oppg, @). To see this, recall that the group generated by the Hilbert cube, [0, 1]V, is o-compact and consequently
has the Hurewicz property. It is easy to see that any subgroup of a group with S¢(Oupg, O) has the S¢(Oppg, O) property.
Now, suppose (RN, +) has Sc(Oppg, ©). Then the group generated by [0, 1]V as a subgroup of subgroup of (RY, +) also has
S¢(Onpd, ©O) and by Theorem 5 of [5] we have that it must be selectively screenable. But by a theorem of J. Nagata, the
Hilbert cube is strongly infinite dimensional and so it cannot be selectively screenable.
Considered as vector space the algebraic dimension of RY, written dimgig (RY), is 280, We have for each finite n that

dimnpg (R") = n = dimag (R").
The equation
dimpog (RY) = dimaig (RY)

is equivalent to the Continuum Hypothesis.

Example 8: C[0, 1]. Also dimnpg(C[0, 1]) = w1 and dimgg(C[0, 1]) = 2% and so the Continuum Hypothesis is equivalent to
the statement that dimypg(C[0, 1]) = dimag(C[O, 1]).
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8. Remarks

As illustrated in some of the examples, the computation of dimppq can depend on the ambient group, and on how a
space is embedded as a subspace of a group. It seems important to know for which spaces X the dimension dimppg(X)
depends on the group into which X is embedded as subspace. A compact metrizable space has a unique uniformity - see
36.19 of [22] - and thus dimppg(X) for a compact separable metric space X does not depend on the ambient group.

In examples of a separable metric space X where dimg(X) = w; we were able to find an appropriate metric generating
the topology of X such that an isometric embedding X’ of this metric space in C[O0, 1] has dimppq(X’) = w1. The main tool
for this was the fact that the example X failed to have property S.(O, ©). We do not know of an example of a separable
metric space X which has the property S.(O, O), but dimg(X) = wi. We conjecture that there are such separable metric
spaces.

Question 1. Let X be a separable metrizable space for which dimg(X) = w;. Is there an isometric copy X’ of X in C[0, 1]
such that dimppg(X') = w1?

As the reader may have noticed, for spaces that are not countable or finite dimensional and for which we have infor-
mation about dimpyg, this information is mostly in terms of upper bounds, with the obvious lower bound being w + 1. We
suspect that our upper bounds are in fact sharp. Here is a specific question:

Question 2. Is dimppg(G) = w®?
Our results do not seem to indicate that dim,,q must be a limit ordinal for an infinite dimensional topological group.

Question 3. Is there an infinite dimensional separable metrizable topological group G for which dimppg(G) is a successor
ordinal?

There are other well-known dimension functions that were introduced for compact metrizable spaces by R. Pol [20] and
by P. Borst [6] and [7]. These dimension functions assign ordinals larger than w to some countable dimensional spaces:
As an example, consider the Smirnov compacta Sy, o < wq. The reader could for example consult [8], which contains
a description of these right after Definition 3 of [8]. Each Y, is countable dimensional. Let dimp denote the dimension
function introduced by Borst, and let dimp denote the dimension function introduced by Pol.

As a consequence of Theorem 2 of [8] we have for each ordinal « that dimp(S,) = «. By Theorem 3.3.8 of [6], dimp (X) =
w3ms(X) whenever dimg (X) is defined for an infinite dimensional compact metric space X. Thus for each infinite ordinal o

dimnpd(Se) = w < @ = dimp(Sy) < w* =dimp(Sy).

Thus, for each ordinal @ > w - 2 we have, by Corollary 3.14 of [5], that

dimppg(K X Sg) < w -2 < <dimg(K x Sy).

It appears that in general, for separable metric spaces for which dimg(X) is defined and infinite we have dimppg(X) <
dimp (X). However, a general comparison of these dimension functions at this time seems difficult, especially since very
little is known about the values of dimg on even classical examples such as K.

Question 4. What is the minimal value of dimp (K)?
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Appendix A

Following the referee’s suggestion we include the proof of the following theorem from [2].

Theorem 22. Let X be a metrizable space. Then the following are equivalent:

(1) dim(X) =n.
(2) TWO has a winning strategy in GI+1(O, O).
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Proof. (1) = (2): Suppose that X is n-dimensional. We define the following strategy for TWO: Write X = Ulgign-m Xi
where each X; is zero-dimensional. Let ¢/ be an element of O. For i <n + 1, consider ¢/ as a cover of X;j. Since X; is
zero-dimensional, find a pairwise disjoint family V), of subsets of X; open in X; such that V, covers X; and refines U.
Choose a pairwise disjoint family o (U, i) of sets open in X and refining I/ such that each element V of V is of the form
U N X; for some U € o (U, i). Now TWO plays as follows: In inning 1 ONE plays /1, and TWO responds with o ({41, 1), thus
covering X;. When ONE has played U4, in the second inning TWO responds with o (U4, 2), thus covering X, and so on. And
in the (n+ 1)-th inning, when ONE has chosen the cover i4;;1 of X TWO responds with o (Uy+1,n+ 1), covering X, 1. This
strategy evidently is a winning strategy for TWO in (n + 1)-innings.

(2) = (1): Let TWO have a winning strategy o in G?“((’), 0). Let U be an open cover of X. Consider the plays of the

game in which in each inning ONE chooses the cover U i.e. Vi =oU), Vo =ocU,U), ..., Voy1=0cU,U,...,U). Each V;

is pairwise disjoint and V = U?:ll Vi refines U, covers X and has order at most n + 1. Since the open cover U of X was

arbitrary, Theorem 1 from [15] implies that dim(X) <n. O
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1. Introduction

A Lindeldf space is a topological space for which each open cover contains a countable subset covers the space. Some
unresolved or undecidable problems about Lindel6f spaces have definite answers for spaces having a stronger version of
the Lindel6f property. For example: Cardinality questions that are undecidable for classes of Lindel6f spaces have been
resolved for the corresponding classes of compact spaces. While it is not known if regular T3 Lindelf spaces are D-spaces!
it is known that each T; Menger space (a selective version of the Lindeldf property and defined later in our paper) is a
D-space [1]. Whereas the Lindeldf property is not preserved by the product construction, compactness is.

In some cases where the Lindel6f property (or one of its strengthenings) is not preserved by a topological construction,
it has been found that a weaker version of the Lindeldf property is preserved. Also, it has been found that some theorems
true for Lindel6f spaces are in fact true for a wider class of spaces that have a weak version of the Lindelof property. We
consider two such weakenings of the Lindel6f property that have emerged in the literature.

To define these, let O denote the collection of all open covers of a space, let D denote the collection of families of open
sets with union dense in the space, and let O denote the collection of families &/ of open subsets of the space for which
{U: U eU} covers the space.’ A space is said to be weakly Lindelsf if each open cover contains a countable subset with

* Corresponding author.

E-mail addresses: liljanababinkostova@boisestate.edu (L. Babinkostova), bpansera@unime.it (B.A. Pansera), mscheepe@boisestate.edu (M. Scheepers).
T As we do not need the concept of a D-space elsewhere in our paper, it is left undefined.
2 The symbol V denotes the closure of the set V. The notation O is due to Boaz Tsaban.

0166-8641/$ - see front matter © 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.topol.2012.09.009


http://dx.doi.org/10.1016/j.topol.2012.09.009
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
mailto:liljanababinkostova@boisestate.edu
mailto:bpansera@unime.it
mailto:mscheepe@boisestate.edu
http://dx.doi.org/10.1016/j.topol.2012.09.009

L. Babinkostova et al. / Topology and its Applications 159 (2012) 3644-3657 3645

union dense in the space. Thus, weakly Lindel6f means that each element of O has a countable subset which is a member
of D. The notion of weakly Lindeldf appears to have been introduced in the 1959 paper [10] of Frolik. The name “weakly
Lindelof” however seems to have been coined by Hager and Mrowka (see the introductory paragraph of [6]). A thorough
introduction to weakly Lindel6f spaces can be found in [6]. A topological space X is said to be almost Lindelof if there is
for each open cover U of X a countable subset V such that {V: V €V} is a cover of X. The notion of an almost Lindeldf
space was introduced in the 1984 paper [36] by Willard and Dissanayake. The following implications hold among these
three properties:

Lindel6f = almost Lindelof = weakly Lindelof.

Moreover, almost Lindel6f T3-spaces are Lindeldf.

Various selective versions of the Lindelof property, for example the Menger property or the Rothberger property (de-
fined below), have characterizations in terms of infinite games. These game characterizations are powerful tools to derive
other mathematical properties of these classes of spaces. We investigate the possibility of characterizing certain selective
versions of the almost Lindel6f and the weakly Lindel6f properties by infinite games. To indicate to what extent some of the
hypotheses of some of our results are necessary we also explore the preservation of selective versions of these properties
under generic extensions of the universe. Behavior of these properties under topological constructions will be addressed in
the paper [3].

2. Definitions

Recall the general framework for describing selection hypotheses (as in [15] and [23]): Let N denote the set of positive
integers. Let A and B be collections of subsets of an infinite set. Then S; (A, 13) denotes the following hypothesis:

For each sequence (A,: n € N) of elements of A there is a sequence (B,: n € N) such that, for each n, B, € A, and
{Bn: n €N} is an element of B.

Then S1(0O, O) denotes the Rothberger property.
The symbol S, (A, B) similarly denotes the hypothesis:

For each sequence (A,: n € N) of elements of A there is a sequence (By,: n € N) such that, for each n, B, C A, is finite,
and [ J{Bn: n e N} is an element of .

Sfin(O, O) denotes the Menger property.
Our conventions for the rest of the paper are: By “space” we mean a topological space. Unless stronger separation axioms
are indicated specifically, we assume all spaces to be infinite and T;. Undefined notation and terminology will be as in [9].

3. Preserving Lindel6f like properties in Cohen real generic extensions

It is well known that
Theorem 1. Let IP be a proper partial order and let X be a space.

(1) If X is non-Lindeldf, then 1p = “X is not Lindeldf”.
(2) If X is not almost Lindeldf, then 1p |= “X is not almost Lindeldf”.
(3) If X is not weakly Lindeldf, then 1p = “X is not weakly Lindelof”.

Proof. These statements follow directly from Proposition 4.1 of [14]: Consider a ground model that satisfies ZFC. If P is a
proper partially ordered set in this ground model and S is a ground model set, then for a countable set Y that is a subset
of S but a member of the generic extension, there is a countable set Z that is a subset of S and is a member of the ground
model, and contains Y. O

The Lindeldf property is preserved by adding Cohen reals or random reals (see for example [30]), but need not be
preserved by countably closed forcing [33] or even certain ccc forcing extensions [12]. More information about these issues
can be found in [16,30,33]. We now establish some corresponding results for the almost Lindeléf and the weakly Lindelof
properties.

For x a fixed uncountable cardinal, C(x) denotes the partially ordered set for adding « Cohen reals generically: The
underlying set, Fn(k x w, w), of elements of C(x) is

{p C (k x w) x w: p a finite function with domain a subset of ¥ x a)}

For p and g in Fn(k x w, w) we write p < q if ¢ C p. It is well known that forcing with C(k) preserves cardinals and
cofinalities, and that in the resulting model 2% > . Since C(k) is a proper partially ordered set, Theorem 1 applies to it.
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Definition 2. For a positive integer n, an n-dowment is a family £, of finite antichains of C(x) such that:
(1) For each maximal antichain A C C(k) there is an L € £, such that L C A.

(2) For each p € C(kx) such that |dom(p)| <n and for every collection L1, Ly, ..., L, € L, there are q1 € L1,...,qn € Ly, and
there is r € C(k), such that r < p and r <g; for each i <n.

The notion of an n-dowment as well as a proof of the existence of n-dowments is treated in Section 1 of [8].
3.1. Preserving weakly Lindel6f

Theorem 3. Let k > R be a cardinal. Let X be a topological space. If X is weakly Lindeldf, then in V@) X is weakly Lindelof.

Proof. For each n let £, be an n-dowment for C(«). Let T denote the (ground model) topology of X. Let I/ be a C(k)-name
such that

1cw) E “U C % is an open cover of X”.

For each x choose a maximal antichain Ay € C(x) and ground model open sets Vjx, p € Ay, such that x € V) x and

pE “\V/p’x € U”. For each n choose Anx € Ly with Apx € Ay and define V, x =({Vpx: p € Anx}). Then V,, is open, and
Un ={Vnx: x€ X} is an open cover of X in the ground model.
Since X is weakly Lindeldf, choose a countable set V,, € U, such that | JV, is dense in X.

Claim. ¢ = “(VV € £)@n) AU € V) @W e U)(VNU £Pand U € W)".

Fix V € T nonempty and fix an element q € C(x). Choose n so that |dom(q)| < n. Since |JV; is dense in X, choose
Vn.x € Vo such that @ V N Vy x. Choose p € A, x such that for an r € C(k) we have r < g, p. Then

rE“VNVay#B#and Voy CVpyeld.

Thus the set of r € C(k) forcing the statement in the claim is dense in C(x). The claim follows.

Now let G be a C(k)-generic filter and let V be a ground model open set. In the generic extension we find an n and
aUeV,anda W el with VNU # % and U € W. Thus, choose for each n and each U € V, for which this is possible,
a Wy €U with U € Wy. Then {Wy: @n)(U €V,)} is a countable subset of U and has dense union in X. O

3.2. Preserving almost Lindelof

Since T3 almost Lindelof spaces are Lindelof, and since the Lindelof property of the T3 product space 12 is not preserved
by forcing with countably closed partially ordered sets, the almost Lindel6f property is not preserved by countably closed
forcing. This phenomenon can also occur in generic extensions obtained by forcing with certain countable chain condition
partially ordered sets. However, generic extensions by Cohen reals preserve the property of being almost Lindelof.

Lemma 4. Let k > Rg be a cardinal number and let X be a topological space and let U C X be an open subset of X. Then
1ew «J=0U"

Proof. Note that the ground model open subsets of X is a basis for the topology of X in the generic extension. This implies
that the ground model closure of a ground model set is equal to the closure of that ground model set in the generic
extension. This argument applies to all generic extensions, not only the Cohen real extension. O

Using Lemma 4 and minor modifications in the proof of Theorem 3, one also obtains the following preservation theorem:
Theorem 5. Let k > N be a cardinal. If a topological space X is almost Lindeldf, then in VE®) X is almost Lindeldf.

4. The Rothberger property and weakenings

For the properties considered in this section the following table contains the property name, its symbolic definition and,
where available, a reference for where the property was introduced:
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Property name Definition Source
Rothberger $1(0,0) [22]
Almost Rothberger $1(0,0) [26, p. 251]
Weakly Rothberger $1(0,D) [7, p. 98]

The implications
Rothberger = almost Rothberger = weakly Rothberger

are irreversible, but almost Rothberger T3-spaces are Rothberger spaces. It is clear that the Rothberger property implies the
Lindelof property, the almost Rothberger property implies the almost Lindelof property, and the weakly Rothberger property
implies the weakly Lindelof property. The weakly Rothberger property and the almost Rothberger property have not been
as extensively studied as the Rothberger property. The related properties S;(D, D), S1(O, D) and S1(O, ©) have received
some attention, but we will not report on these properties here.

The symbol G{(A, B) denotes the following game: Players ONE and TWO play w innings: In inning n < @ ONE first
selects an O, from A, and then TWO responds with a T, € Oy. A play

0o, To,...,0n, Ty, ...

is won by TWO if {T,: n < w} € B. Otherwise, ONE wins.

For a specific instance of these games either TWO has a winning strategy in the game G{’(A, 13), or ONE has a winning
strategy in the game, or else neither player has a winning strategy in the game. In the last case the game is said to be
undetermined.

The game G$ (O, O) was introduced by Galvin [11]. In [11] Galvin considers winning strategies for TWO in the game
G$ (0, 0) and he proves:

Theorem 6 (Galvin). Let X be a Lindeldf space such that each one-element subset of X is a Gs subset of X. Then the following are
equivalent:

(1) TWO has a winning strategy in the game G$ (O, O) on X.
(2) X is a countable set.

In [20] Pawlikowski proved the following fundamental theorem, characterizing the Rothberger property in terms of
games:

Theorem 7 (Pawlikowski). For a space X the following are equivalent:

(1) X has property S1(O, O).
(2) ONE has no winning strategy in the game G (O, O).

Thus, in the class of Rothberger spaces whose singleton subsets are G; sets, the game G{’(O, O) is undetermined if and
only if, the space is uncountable.

Tkachuk considered the game of length w for the weakly Rothberger property in [35], denoted there as the game ©,.
Games seem to be unexamined for the almost Rothberger property. We now explore to what extent analogues of Theorem 6
and Theorem 7 hold for the weakly Rothberger spaces and the almost Rothberger spaces.

4.1. Games and the weakly Rothberger property

The following observation is essentially Proposition 2.6(iii) of [35]:

Lemma 8. If X has a dense subspace Y and TWO has a winning strategy in the game G’ (O, D) on Y, then TWO has a winning strategy
in GY(O, D) on X.

It follows that on each separable space TWO has a winning strategy in G{’(O, D). We do not currently have a general
characterization of spaces for which TWO has a winning strategy in the game G{’(O, D). Theorem 9 below is the most
general result we know that is for weakly Rothberger spaces an analogue of Theorem 6 for Rothberger spaces. Theorem 9
has been obtained earlier by Tkachuk and can be deduced from [35] Theorem 2.11(i) plus Theorem 3.3(2). Since Tkachuk
derives this for a game dual of G{(O, D) (Theorem 2.11(i)) and then introduces and proves the duality (Theorem 3.3(2)),
we decided to include a new proof customized to our context here. Also note that although the blanket assumption in [35]
is that spaces are at least Tychonoff, the arguments in [35] also work for the wider class of T3 spaces.
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Theorem 9 (Tkachuk). If X is a first-countable T3 space the following are equivalent:

(1) X isseparable.
(2) TWO has a winning strategy in the game G{' (O, D).

Proof. The implication (1) = (2) follows from the preceding remarks. We must prove that (2) = (1). Thus, let X be a first
countable topological space in which TWO has a winning strategy, o, in the game G$' (O, D). Let < be a well-order of X. Let
6 be an infinite regular cardinal which is so large that X, its topology, O, <“O, D, <, o, and for each x € X a neighborhood
base (Un(x): n € N) of {x}, are elements of Hy. We may assume that N'= {(Up(x): n € N): x € X} is a member of Hy. Let
(M, e pq) be a countable elementary submodel of (Hg, €9) such that each of the objects above is an element of M.

Claim 1. For each finite sequence (U, ..., Uy) of open covers of X there is a point x € X such that for each neighborhood U of x there
is an open cover U such that U = o (U1, ..., U, U).

The argument for the proof of this claim is originally due to Galvin [11], and goes as follows: For suppose the contrary.
Then choose for each x € X a neighborhood Uy such that for each open cover U of X, Uy # o (U1, ...,U, U). But then as
V ={Uy: x€ X} is an open cover of X, we have that for some y € X, o (U1, ...,U, V) =U,. This contradicts the selection
of Uy, completing the proof of Claim 1.

The sentence in Claim 1 holds in (Hg, €¢) and all its parameters are in M, so the statement holds in (M, € o). Thus,
choose for each finite sequence v of open covers of X an x, the <-least element of X satisfying Claim 1. Note that x, also
satisfies Claim 1 in (Hg, €p), and is in Hy also the <-first such element. The set D = {x,: v € <“(} is definable from <, o,
X and <®(), all parameters in M, and thus is a member of M.

Enumerate O N M bijectively as (0,: n € N). Now D N M is the countable set {x,: ve <*{0¢, 01,...,0np,...}}.

Claim 2. D N M is dense in X.

For suppose the contrary, and choose a nonempty open set U for which U N M N D is the empty set. The latter is
possible since X is Ts.

Since x4 is a member of M, and N = {(Un(x): n € N): x € X} is a member of M, also (Uy(xg): n € N) (which is
definable from N and xg, both parameters in M) is in M. But then {U,(x4): n € N} is an element, and subset of, M. Since
Xy is not in U, fix an my with Up, (x4) N U = @. Then by Claim 1 M witnesses that there is an open cover U(e M) of X
such that Uy, (xg) = o (). Thus, choose nq so that Uy, (xg) =0 (Oy,).

Next, consider x,,. By the same considerations as above there is a neighborhood Uy, (xn,) disjoint from U, and an ny
such that for the open cover Op, of X, Up,(xn,) = 0(Oy,, Op,). Then apply these considerations to xn, n, to choose a
neighborhood U, (Xn, n,) disjoint from U, and an open cover Op, of X so that Upmy (Xn, n,) =0 (Op,, Ony, Oy,), and so on.
Proceeding like this we obtain a o -play

Ony,0(0ny), Ony,0(0py, Ony), .., Onk,U(Onl,.‘., Onk)m--
for which U N Uken @ (O, ..., Op,) is the empty set. Since U has nonempty interior this contradicts the fact that o is a

winning strategy of TWO in G’(O, D).
This completes the proof of (2) = (1). O

A. Bella informed us in a personal communication that he has further generalized Theorem 9 as follows:
Theorem 10 (Bella). Let X be a first countable space. The following assertions are equivalent:
(1) There exists a countable set D C X such that for any neighborhood assignment ¢ : D — ©(X), where x € ¢ (x) for each x € D, we

have X = J ¢ (D).
(2) TWO has a winning strategy in the game G{' (O, D).

Note that in Bella’s Theorem, the hypothesis used in Theorem 9 that X is T3 has been eliminated, a significant strength-
ening. Also note that condition imposed on the countable set D in (1) of Bella’s Theorem is equivalent to the condition
that the set D is dense. Thus, (1) of Bella’s Theorem is a nice reformulation of separability, revealing the analogy with
Theorem 14.

Next we explore the possibility of an analogue of Theorem 7 for the weakly Rothberger property. In a number of specific
examples it has been proven that the property S;(O, D) is equivalent to ONE not having a winning strategy in the game
G$ (O, D). This raises the question of when the property S1(O, D) is equivalent to player ONE not having a winning strategy
in the game G{’(O, D). Here is a partial result in this direction. The Menger property, studied later in this paper, is needed
in Theorem 11 below. The fact we need in the proof of Theorem 11, due to Hurewicz, is that a space has the Menger
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property if and only if, ONE does not have a winning strategy in the game G]‘;)n(O, ©). This game is played as follows: ONE
and TWO play an inning per n < w. In the n-th inning ONE first chooses an open cover O, of the space, and then TWO
responds by choosing a finite subset T, of On. A play Og, To, ..., Om, Ty, ... is won by TWO if | J,_,, Tn is an open cover
of the space. Else, ONE wins.

Theorem 11. Let X be a Menger space. The following are equivalent:

(1) X is weakly Rothberger.
(2) ONE has no winning strategy in G{' (O, D).

Proof. We must show that if a space has property S1(O, D), then ONE has no winning strategy in the game G{’ (O, D). The
argument used here is due to Pawlikowski [20] for Rothberger spaces. We give some of the details for the convenience of
the reader.

Since X is assumed to be a Menger space, it is a Lindeldf space. Let F be a strategy for ONE in the game G{ (O, D). We
may assume that in each inning F calls on ONE to play a countable element of O. Define the array Uy, 0 € <®N, as follows:
(Un: n e N) enumerates ONE's first move, F(9). For ny, (U@, n: n € N) enumerates F(Up,). For n1,n2, (U, nyny: n€N)
enumerates F(Up,, U, ny)), and so on. This array has the property that for each o the set {Us~y: n €N} is in O.

For fixed m and j € N and p a function from {1, ..., j™} to N, define the set
Up(m, j) = ﬂ (U{Uanpri: 1< })
oe™1,...,j}

and then for fixed m and j define

U@m, j)={U,(m, j): p afunction from {1,..., j"} to N}.
Then each U(m, j) € O.

Claim. There exist increasing sequences {j,: n € N} and {m,: n € N} such that for each x € X and for each n there is a function o
from {1, ..., mpy1 — My} to juy1 for which x € Uy (My, jn).

Proof. We observe that X is Menger and this implies that ONE does not have a winning strategy in the corresponding game
G%"n((’), ) using the following strategy, G.

For a first move ONE puts j; =my =1, and plays G(#) =U(my, j1). For a response T; C U (m1, j1) by TWO, ONE first
does the following computations: m; = m; + j'lnl, and j, > jp is at least the maximum of all values of o’s for which
Uy (my, j1) is in T1. Then ONE plays G(T1) =U(my, j2).

For a response T, C G(T1) by TWO, ONE again first computes the numbers m3 and j; according to the rules that
m3=my+ jzmz, and j3 > j, is at least the maximum of all values of o’s for which U, (m;, j») is in Ty, and so on.

Look at a G-play G(#), T1, G(T1), T2, G(T1, T2), ... which is lost by ONE. Then J,cnTn € O, and we find increasing
sequences (jn: n€N) and (my: n € N) such that for each n:

(1) mpp1 =my +jnmnC
(2) G(Tq,...Tp) =U(Mp11, jnr1);
(3) Jjns+1 is at least as large as the value of a o for which Uy, (my, jp) is in Ty.

It follows that the my’s and j,'s have the required properties, completing the proof of the claim.

With the sequences (j,: n € N) and (m,: n € N) fixed, define next for each n the family W), as follows: For every
sequence ki < --- < kp from N, and for any o1,...,0, where each o; is a {1,..., jk41}-valued function with domain
My, 41 — My, define

Wki,....kn,01,...,00) = ﬂ Ug; (My;, ji;)-
i<n
W, consists of all sets of the form W (kq,...,kn,01,...,0n).
Since each W, is in O, the selection hypothesis S1(O, D) applied to W,: n € N) gives for each n a set S, =
WY, ... . ky,of, ..., o) such that {S;: neN} is in D.
Recursively choose for each n an £, € {k], ..., ky}\{¢i: i <n}. For each n define p; = O'ii where iy is such that ¢, = k’fn.
From the definitions we see that for each n, S, C U, (my,, je,)-
If we now define f:N — N so that, for each n, f(mg, + i) = pn(i), whenever i <my, 1 —my,, we find that the play

F@),Usqy, FUr) . Usay,r@ FWUray. Uray,r@), -
is won by TWO. O
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To what extent is the hypothesis that a space is a Menger space needed in Theorem 11? Towards an answer to this
question we show that in some models of set theory there are many non-Lindeldf (and thus non-Menger) spaces where
ONE does not have a winning strategy in G{’(O, D). Our proof for one of the main ingredients of the argument is modeled
on the arguments in [28].

Theorem 12. Let k > Rg be a cardinal. If a topological space X is weakly Lindeldf, then in VE®) ONE has no winning strategy in
G{(O, D) on X.

Proof. Let & be a C(k) name such that 1c) = “J is a strategy for ONE in G (O, D)”". By Theorem 3,

1c ) E “o () has a countable subset with union dense in X

Choose a C(x) name Z/'l@ such that

Icw E “Uy C & (¥) is a countable subset with union dense in X”.
Thus choose C(k) names Up, n < w such that
Icw) E “Up = {Un: n < )",

Then we have

1c(c) = “(¥n)(6 (Up) has a countable subset with union dense in X)”.

For each n we choose C(k) names Zln and Un,k, k < w such that

1c) = “Un C 6 (Uy) is a countable subset with union dense in X"

and

Icuw) E “Z/.{n = {Hn,lc: k <w}”

and so on. In this way we find for each finite sequence in @ C(x) names Z/'ln1 n, such that

,,,,,,,,,,

Tcw) E “{Um ..... n.m- M < w} = z/‘lnl,...,nk

and

1C(K) ': “Z/'{nl ..... ng - O.—(Un] P Um ,,,,, nk)"

and

Icw) E “Z/'ln1 ,,,,, ng 1S @ countable subset with union dense in X

Since C(k) has countable chain condition and each of the names Z/'{r and U; is a name for an open single set or
a countable set of open sets, there is an & < k such that each of these is a C(«) name. Thus, factoring the forcing as
C(a) * C([ex, k)) we may assume that all the named objects are in the ground model. Then, in the generic extension by
C([a, k)) over this ground model there is a function f € “w such that f is not in any first category set definable from
parameters in the ground model.

Now for each nonempty open subset V of X in the ground model the set

Fy ={f € “w: (VK)(VNUs, =0)}

is first category and is definable from parameters in the ground model only. Thus, in the generic extension by
C(la, k) Uyt Fv # “w. Choose in this generic extension an f with

fe®w\ U{Fv: V a ground model open set}.

Then in the generic extension the o-play during which TWO selected the sets Uy,, 0 <n < @ is won by TWO. This
completes the proof that in the generic extension ONE has no winning strategy in the game G(O,D) on X. O

A weakly Lindelof space need not be Lindeldf: Consider a separable space which is not Lindeldf. Since every proper
forcing preserves being not Lindelof, Theorem 12 shows that it is consistent that there are non-Menger spaces in which ONE
has no winning strategy in the game G{'(O, D). It is not clear how much of the Rothberger property must be indirectly
present when a space has the weak Rothberger property. Is the converse of the following true?
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Theorem 13. If X has a dense Rothberger subspace then ONE has no winning strategy in the game G’ (O, D) on X.

Proof. Let D be a dense Rothberger subspace of X. Let F be a strategy for ONE in G{'(O, D) on X. From F define a strategy
G for ONE on the space D as follows: G(#) ={UND: U e F(®)}. For T € G(#) choose Ut € F(¥) with T =D N Ur. Define
G(T)={UND: UeF(Ur)}, and so on.

Now by Theorem 7 G is not a winning strategy for ONE in the game G?’(0,0). Thus let 01,T1,...,0p, Th, ...
be a G-play of G(O,O) which is won by TWO on D. From the definition of G we find a corresponding sequence
By, W1q,..., By, Wy, ... where By = F(®¥) and Oy ={DNU: U € B}, Wy € By is such that T{ = D N W1, and for each
n we have Bp41 = F(Wq,..., Wy) with Op41 ={DNU: U € Bp4+1} and T, = D N W,,. But then we have that

D=Urngan.

neN neN
Since D is dense in X, so is |J,cy Wn. Thus TWO wins this F-play of X. O

4.2. Games and the almost Rothberger property
Theorem 14. Let (X, ) be a first countable topological space (but not necessarily T3 ). Then the following are equivalent:

(1) X has countable subset D such that for each neighborhood assignment f : D — t© with x € f(x) for each x in D, the family
{f(x): x € D} covers X. .
(2) TWO has a winning strategy in the game G$ (O, O).

Proof. (1) = (2): Let a countable set D as in (1) be given, and enumerate it as (d,: n < w). TWO'’s strategy which chooses
in inning n an element T, of ONE's move O, so that d, € T, is a winning strategy.

Proof of (2) = (1): Let X be a first countable topological space in which TWO has a winning strategy o in the game
G1(0, 0). Let < be a well-order of X. Let # be an infinite regular cardinal which is so large that X, its topology, O,
<@, D, <, o, and for each x € X a neighborhood base (U,(x): n € N) of {x}, are elements of Hy. We may assume that
N ={(Up(x): neN): xe X} is a member of Hy. Let (M, € () be a countable elementary submodel of (Hg, €¢) such that
each of the objects above is an element of M.

Claim 1. For each finite sequence (U, . .., Uy) of open covers of X there is a point x € X such that for each neighborhood U of x there
is an open cover U such that U = o (U, ..., Uk, U).

This claim holds because a strategy for TWO in game G{ (O, O) is also a strategy for TWO in the game G$ (O, D). Now
use the argument of Claim 1 of Theorem 9.

The sentence in Claim 1 holds in (Hy, €9) and all its parameters are in M, so the statement holds in (M, € a4). Thus,
choose for each finite sequence v of open covers of X an x, the <-least element of X satisfying Claim 1. Note that x, also
satisfies Claim 1 in (Hg, €¢), and is in Hy also the <-first such element. The set E = {x,,: v € <?O} is definable from <, o,
X and <®(), all parameters in M, and thus is a member of M.

Enumerate O N M bijectively as (0O,: n € N). Now D = E N .M is the countable set {x,: ve <“{0¢, O1,...,0p,...}}.

Claim 2. D has the property defined in (1).

For suppose the contrary. Choose a neighborhood assignment f : D — t for which {f(x): x e D} does not cover X. Pick
a point y € X\ J{f(x): xe D}.

Since xy is a member of M, and N = {(Un(x): n € N): x € X} is a member of M, also (Uy(xg): n € N) (which is
definable from N and xy4, both parameters in M) is in M. But then {U,(xg): n € N} is an element, and subset of, M. Fix
an my with Up, (xg) C f(xg). Since y is not in f(xy), y is also not a member of Uml (xg).

Then by Claim 1 M witnesses that there is an open cover U of X such that Uy, (xg) = o (). Thus, choose n; so that
Unm, (X) = (Op,). -

Next, consider x(0,,). By the same considerations as above there is a neighborhood Upm, (x(0,)) with y ¢ Um, (X(0,,))
and an ny such that for the open cover Oy, of X, Upn, (X(o,.1>) =0(0p,, Ony).

Apply these considerations to x(g, .0, ) to choose a neighborhood U, (X<on1 ,On2>) with y not a member of Um3 (x<on1 ,0n,))
and an open cover O, of X so that Up, (X<o,,1 ,0"2)) =0(0y,, On,, Opy), and so on. Proceeding like this we obtain a a-plzay

On1s U(Oﬂ1)a On27 U(On17 Onz)v DR ) Oﬂks U(On1 LI Oﬂk)s L
for which y is not a member of | J,c0 (On,, ..., Op). This contradicts the fact that ¢ is a winning strategy of TWO in
G1(0, 0).

This completes the proof of (2) = (1). O
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Corollary 15.3 If X is a first countable T,-space such that TWO has a winning strategy in the game G (O, O), then X is countable.

Proof. Let D C X be the countable subset as in (1) of Theorem 14. We claim that D = X. For suppose the contrary and
choose y € X\ D. Then as X is T, choose for each d € D a neighborhood f(d) with y not in f(d). It follows that f is a
neighborhood assignment violating the property (1) of D, a contradiction. O

In Theorem 14 some hypothesis like first countability is needed to derive that (2) implies (1): In Example F in the
examples section of the paper we present an uncountable T, space which is not Lindel6f, not first countable, and TWO has
a winning strategy in G{' (O, ), and the space does not satisfy property (1) of Theorem 14.

In Theorem 8 of [29] it is shown that there is for each infinite cardinal number « a T4 Lindeldf P-space X of cardinality
K for which TWO has a winning strategy in the game G{’(O, O), and thus also in the games G{' (O, D) and G{ (O, O). By
Galvin’s Theorem, Theorem 6, X has some one-element subset which is not a Gs set. Since X is in fact a topological group
it follows that no one-element subset of X is a Gs set.

Question 16. Can there be an uncountable T;-space X such that each one-element subset of X is a Gs set, and TWO has a
winning strategy in the game G (O, 0)?

Question 17. Can there be an uncountable Ty-space X which is first countable such that TWO has a winning strategy in the
game G$ (O, 0)?

Theorem 18. Let X be a Menger space. The following are equivalent:

(1) X is almost Rothberger. _
(2) ONE has no winning strategy in G (O, O).

Proof. The proof of (1) implies (2) proceeds like the proof of the corresponding implication in the proof of Theorem 11. But
at the stage of that proof where S1(O, D) is applied to the sequence of W,'s, apply instead S;1(O, 0). O

Using the same technique as in the proof of Theorem 12 we find:
Theorem 19. For X an almost Lindelof space and k an uncountable cardinal,
1) = “ONE has no winning strategy in the game G (O, O)on X".

There are non-Lindeldf, almost Lindeldf spaces. Since Cohen real forcing preserves non-Lindeldf, Theorem 19 implies it is
consistent that there are non-Menger spaces for which ONE has no winning strategy in the game G (O, O).

5. The Menger property and weakenings

The following table contains names for properties considered in this section, symbolic definitions, and where available a
reference for where the property was introduced:

Property name Definition Source
Menger Siin (O, O) [13]
Almost Menger Sin (0, O) [18]
Weakly Menger Sin (O, D) [7, p. 94]

The weakly Menger property was investigated in [19]. Fig. 1 below depicts the implications among the properties have
been introduced thus far:

If a space is T3, then it is almost Menger if, and only if, it is Menger. However, Sz, (O, O) is not equivalent to Sﬁn(@, 0),
even in the context of metrizable spaces:

Theorem 20. (26, Theorem 2]) An uncountable set of real numbers has the property Sﬁn(a O) if, and only if, it is a Lusin set.

3 A. Bella (personal communication) proved that first countability can be replaced by the weaker hypothesis that each point is the intersection of
countably many closed sets.



L. Babinkostova et al. / Topology and its Applications 159 (2012) 3644-3657 3653

Lindelof Almost Lindel6f —»  Weakly Lindel6f
Sfi,n(oa O) SfIIL(Oé) Sfi'n,(07,D)
51(0.0)—' 51(076) Sl(Ovp)

Fig. 1. Basic relationships.

5.1. Games and the Menger property

In Corollary 4 of [34] Telgarsky characterized the metrizable spaces for which TWO has a winning strategy as the ones
that are o -compact. A more direct proof of Telgarsky’s result was given in [27]. There appears to be no satisfactory more
general characterizations of topological spaces for which player TWO has a winning strategy in the games Gf‘i"n(O, 0),
G (0, 0) or Gg (0. D).

It is not clear how this characterization would generalize to say T4 spaces. It is false that for T4-spaces TWO has a
winning strategy in the game Gf“i’n(0,0) if, and only if, the space is o-compact. This can be seen by considering the
examples in Section 4 of [29]: By Theorem 8 of [29] there is for each infinite cardinal number « a T4 Lindel6f P-group of
cardinality « such that TWO has a winning strategy in the game G{’(O, O) (and thus in Gf“;n((’), 0)). An uncountable T4
Lindelof P-space cannot be a closed subset of a o-compact space.

It is clear that if a space is o-compact, then TWO has a winning strategy in the game G%)n(O, 0). A weaker condition
than this permits TWO a winning strategy in the game G%’n(O, D):

Definition 21. ([21]) X is H-closed if every open cover U of X has a finite subfamily ¥V whose union is dense in X (i.e.
XC CIX(UVGV V))

It is well known that a Tp-space is H-closed if, and only if it is a closed subspace of each T,-space it embeds in. Equally
well-known, a T3-space is H-closed if, and only if, it is compact.

Definition 22. X is o-H-closed if it is a union of countably many subspaces, each of which is H-closed.

Proposition 23. If X contains a dense o -H-closed subspace then TWO has a winning strategy in the game G;)n((’), D).

Proof. Let Y C X be a dense o-H-closed subspace of X. Since Y is a o-H-closed space, write Y = |,y Yn Where each Yy
is an H-closed subspace of Y. Define a strategy o for player TWO as follows: When in inning n ONE plays an open cover
0, of X, let 0(01,...,0,) C Oy be a finite set with | Jo (01, ..., O;) 2 Y,. Then o is a winning strategy for TWO. 0O

Question 24. (T;) Is it true that X contains a dense o-H-closed subspace if, and only if, TWO has a winning strategy in
G2 (0, D)?*
fini>"

Question 25. (T3) Is it true that X has a dense o -compact subset if, and only if, TWO has a winning strategy in G}‘i’n(O, D)?

Question 26. Characterize the topological spaces for which TWO has winning strategy in:

(1) The game G‘ﬁ’n(O, 0).
(2) The game Gg, (O, 0).
(3) The game G;;’n(O, D).

Conditions under which ONE has no winning strategy in these games are somewhat better understood. Hurewicz, who
introduced and studied the Menger property in [13], proved there

4 A. Bella (personal communication) has shown that the answer to this question is “NO”.
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Theorem 27 (Hurewicz). For a space X the following are equivalent:

(1) X has the Menger property.
(2) ONE has no winning strategy in the game Gj‘,i‘)n((”), O).

For Lindel6f spaces Hurewicz’'s proof of Theorem 27 generalizes to also give the corresponding characterizations for
weakly Menger and almost Menger spaces. For the convenience of the reader we now give the proof of the characterization
of weakly Menger Lindel6f spaces, and then indicate what modification is needed to also obtain the characterization for
Lindelof almost Menger spaces.

Theorem 28. Let X be a Lindelof space. Then the following are equivalent:

(1) X is weakly Menger.
(2) ONE does not have a winning strategy in the game Gf‘;)n(O, D).

Proof. The implication that if a Lindel6f space satisfies Sg, (O, D) then ONE has no winning strategy in the game Gj‘i"n(O, D)
requires proof. The argument used here is due to Hurewicz [13] for Menger spaces, and has been used in [25] for a different
context. We give some of the details of Hurewicz’s argument for the convenience of the reader.

Let X be Lindelof and let F be a strategy for ONE. Without loss of generality, we may assume that each move of ONE
according to the strategy F, is an ascending w-chain of open sets covering X.

Write F(¥) = (U(n): n € N), listed in C-increasing order. Then, for each n, list F(Uy) in C-increasing order as
(Um,my: meN), and so on.

Supposing that Uz, has been defined for each finite sequences t of length at most k of positive integers, we now define
for each (nq,...,ng):

F(U(,—”),...,U(n1 nk)):(U(m ..... nk,m): meN).

Then the family (U;: t a finite sequence of positive integers) has the following properties for each t:

yeees

(1) If m is less than n, then U; () is a subset of Uz ).
(2) For each n, Uy S Ur~(n).
(3) {Ur~m): n a positive integer} is an open cover of X.

Define for each n and «:
N U, ifn=1;
Tl (U~ Te ™ INDNULT!,  otherwise.

Note that for each n the set {U}: k € N}, denoted Uy, is an open cover of X. To see this, first show (by induction) that
for each (iy,...,iy) such that max{ij,...,i,} >k one has U,’: C Ug,....ip- It then follows that each U;: is an intersection of
finitely many open sets, and thus is itself open. Now observe that by its definition each I, is an increasing chain of open
sets such that each U, is an open cover of X.

Apply the fact that X is weakly Menger to the sequence (Uy: n € N). Since each U, is an ascending chain this gives for
eachn a U}jn € Uy such that {U,’zn: n € N} is in D. Since, for each n, U;zn C U,,...k,)» the sequence of moves Uy, , Uk, ky: - --
by TWO defeats ONE'’s strategy F. O

The corresponding theorem for almost Menger is:

Theorem 29. Let X be a Lindeldf space. Then the following are equivalent:

(1) X is almost Menger. _
(2) ONE does not have a winning strategy in the game Gj‘;’n((’), 0).

Proof. The proof proceeds like for Theorem 28. In that proof at one point we apply the selection property S;,(O, D) to a

sequence (Uy: n < w) of special open covers of X. Applying the selection property Sg,(O, O) instead at the same point of
the proof produces a proof of Theorem 29. O

The hypothesis that X is Lindel6f in Theorem 28 or 29 is not necessary: By Theorem 12 it is consistent that there is a
non-Lindeldf space X for which TWO has a winning strategy in G{*(O, D), and thus in Gﬁ’n((’), D). Similar remarks apply to
the almost Menger case. We do not know the answers to the following questions:
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A Almost Lindelsf —» Weakly Lindelof
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Fig. 2. Classes considered in this paper.

Question 30. s there an almost Menger space for which ONE has a winning strategy in the game G;T."n(O, 0)?
Question 31. Is there a weakly Menger space for which ONE has a winning strategy in the game Gj‘;’n((’), D)?

6. Examples

The relationships among the covering properties we consider in this paper are indicated in Fig. 1. Also considering the
game theoretic versions, the strongest property considered in this paper is the property that TWO has a winning strategy
in the game G$ (O, O). The following diagram, Fig. 2, is Fig. 1 updated to include the classes where TWO has a winning
strategy in the corresponding game. We use the symbol 1 G;’n(.A, B) to denote that TWO has a winning strategy in the
corresponding game.

We now consider examples that distinguish these classes from each other. We are missing two examples, as indicated in
the following two questions:

Question 32. [s there a Lindelof space which is not weakly Menger?
Question 33. Is there a Menger space for which TWO does not have a winning strategy in Gj‘;)n((’), D)?

These questions are associated with the corresponding vertices in Fig. 2. The rest of our examples are as follows:

A: Large compact T, spaces where TWO has a winning strategy in G{*(O, O).
For an infinite cardinal number « let D, be the one-point compactification of a discrete space of cardinality . Then TWO
has a winning strategy in G’(O, O) on Dy.

B: Non-almost Lindeldf spaces where TWO has a winning strategy in G’(O, D).
Note that such an example indicates that none of the implications from the middle panel to the right panel of Fig. 2 is
reversible.

(a) The space P of irrational numbers with the topology inherited from the real line is not Menger. As PP is T3, it follows
that this space is also not almost Menger. For any refinement of this topology on P, these statements remain true. As P is
separable, TWO has a winning strategy in the game G’(O, D). Define the topology

7o := {U \ C: U open in the usual topology on I and C € PP is countable}.

Then (P, 7p) is a Tp-space but no longer a T3-space. It is still Lindelof and not almost Menger, but it is no longer separable.
Yet, TWO has a winning strategy in the game G{’ (O, D) on (P, 7o). This indicates that in Theorem 9 the hypothesis that the
space is T3 cannot be weakened to T».

(b) Examination of Examples 6 in [19] shows that also that example is non-separable, T, but not T3, and the space is
not almost Lindeléf, but TWO has a winning strategy in the game G{’ (O, D).
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(c) Example 11 of [19] is, on the other hand, a separable T3%-space which is not almost Lindelof.

(d) Let S denote the Sorgenfrey line, the topological space obtained from refining the standard topology on the real line
by also declaring each interval of the form [a, b) open. Since the set of rational numbers still is a dense subset of S, TWO
has a winning strategy in G{’(O, D) on S and all its finite powers. In Lemma 17 of [2] it was shown that S does not have
the property Sg,(O, O), and since S is T3, this means that S is not almost Menger. Note that finite powers of S are still
separable, but are not Lindel6f and as these powers remain T3, they also are not almost Lindel6f. Thus, for finite powers of
S TWO has a winning strategy in G{’(O, D) while the space is not almost Lindeldf.

(e) The space Z®! is T3 and not Ty, it is not Lindelof and thus also not almost Lindelof. But it is separable, and so TWO
has a winning strategy in the game G{’(O, D) for this space.

C: Non-Lindeldf (but almost Menger) spaces where TWO has a winning strategy in G’ (O, D).
Such an example shows that none of the implications from the top left edge of Fig. 2 to the top middle is reversible.
Example 77 of [31], the deleted radius topology in the plane, is a non-Lindel6f space. In [17, Example 1], KoCev points
out that the space in this example is almost Menger (and thus not T3). Indeed, TWO has a winning strategy in the game
G]‘ﬁ”n((’), O): When ONE presents TWO with an open cover, TWO may first replace it with basic open sets consisting of the
appropriate deleted radius open disks. Ignoring the deleted radii, this would be a move of ONE in the usual topology of
R?, and TWO may, in the n-th inning, choose finitely many of these open disks (including radii) that cover the Euclidean
compact set [—n, n] x [—n, n]. Then remove the radii so as to recover sets from the replacement family of basic open sets of
the deleted radius topology, and then select finitely many elements of ONE’s presented cover that contain the corresponding
finitely many basis elements. This example illustrates that in the proof of Theorem 29 the hypothesis that a space be Lindeldf
is not required for the conclusion that TWO has a winning strategy in the almost Menger game.
This space is not almost Rothberger, as can be shown by for each positive integer n letting 4, be the open cover consisting
of all open discs of area less than zl—n with horizontal radius (excluding the center) removed. If for each n we choose a
Uy, € Uy, then the total area covered by the sets Uy,, n € N, is finite, and so these sets do not cover the plane. But the set
D of points in the plane with rational coordinates only is still dense in the deleted radius topology, so that this space is
separable. It follows that TWO has a winning strategy in the game G{’(O, D). Should we refine the deleted radius topology
further by declaring all countable sets closed, the resulting space would no longer be separable, but TWO would still have
a winning strategy in the game G¢’(O, D), and in the game G%”n((”), 0).

D: Non-Lindel6f almost Rothberger spaces.
Such an example eliminates one more implication from the middle panel to the left panel of Fig. 2.
Consider subspaces of the space in Example 77 of [31], the Euclidean plane with the deleted radius topology. It is a non-
Lindeldf space. Now assume X is an uncountable subset of R such that X x X has the Rothberger property. Let R(X) denote
the set X x X with the deleted radius topology inherited. Then one can show that R(X) still is not Lindelof, but it is almost
Rothberger.

E: Compact T, spaces which are not weakly Rothberger.
This example shows that there are no implications from the top level to the bottom level of Fig. 2.
Let I be the closed unit interval. Let X be a dense subset of I. Consider the following subspace T(X) of the Alexandroff
double of I. T(X) =1 x {0} U X x {I}. For A CI and for x € I we write A; for A x {i} and x; for (x,i), i € {0, 1}. The family
B={UpU((UNX)1\{x1}): Uopeninland xe UN X}U({{x1}: x€ X} is a basis for a topology on T(X). In this topology
T(X) is compact and T;. In particular, TWO has a winning strategy in the game Gj‘;’n(O, 0).
The weakly Rothberger property for T(X) is connected with the classical strong measure zero sets of real numbers. A subset
X of the real line R has strong measure zero if there is for every sequence (g,: n € N) of positive real numbers a sequence
(Jn: n e N) of nonempty open intervals such that each J, has length at most &,, and X € |,y Jn. This concept was
introduced in [5] where Borel observed that every countable set of real numbers has this property. Borel conjectured that
every strong measure zero set is countable. The truth of tis conjecture is independent of ZFC. In [24] it is shown that for X
a dense subset of I, the following are equivalent:

(1) X has strong measure zero.

(2) T(X) satisfies the selection hypothesis S1(O, D).

(3) ONE has no winning strategy G{’(O, D) played on the space T(X).

One can also show that TWO has a winning strategy in G’(O, D) if, and only if, X is countable. Thus, by choosing X € R
appropriately we obtain a compact T, space which is not weakly Rothberger.

F: Non-Lindeléf T, space for which TWO has a winning strategy in the game G$ (O, 0).

This example demonstrates that none of the implications from the left panel of Fig. 2 to its middle panel is reversible.
The following is Example 3.3 of [32]. The space X is a subset of R x R with a special topology: First, choose a subset
{xq: o < w1} of Ry distinct elements of the set of nonnegative real numbers.

X = {(xo,m): m an integer larger than —2 and o < w1} U {(—1, =1)}.

For convenience we also define:

A={(Xe, —1): o < w1}
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and
Y ={(xq.m: 0<neNanda < w;}.

Topologize X as follows: Declare each element of Y to be an isolated point; for each « < wq and n < w the neighborhood
Un,a of (x4, —1) is the set {(x4, —1)} U {(Xx¢, m): m >n}. Finally, for each o the neighborhood V, of (—1,1) is the set
{1, -D}U{xg,m): B>a, -1 <n<w}

Since the uncountable subset A of X is a closed and discrete subset of X, X is not Lindeldf. Also, for a fixed «, for
neighborhood V, of (=1, —1) we see that V contains all but countably many elements of X. Thus, TWO wins G (O, 0)
as follows: In the first inning TWO chooses the set T from the open cover O provided by ONE so that T1 contains a
neighborhood of (—1, —1) of the form V,. Then in the remaining innings TWO makes sure to cover the at most countably
many points in the set X \ T.

Moreover, the point (—1, 1) does not have a countable neighborhood base, and so this space is not first countable. We
now show that this example does not meet condition (1) of Theorem 14: Let D be a countable subset of X. We may
assume that (—1, —1) is an element of D. Fix a 8 < w1 such that D N {(xy,n): —1<n<w, B <o <wi}=». Then any
neighborhood assignment which uses only neighborhoods from the family

(Vs U{{(xa,m}: =1 <nanda < B+ o} U{Ugq: @ < B+ o)}

witnesses the failure of condition (1) of Theorem 14.
Acknowledgements

The research for the results reported in this paper occurred while Dr. Pansera was visiting the Department of Mathemat-
ics at Boise State University. The Department’s hospitality and support during this visit is gratefully acknowledged.

After we submitted this paper A. Bella communicated several very interesting improvements to some results in this
paper. Some of these have been noted in appropriate places in the paper. Additionally, Bella has also found direct arguments
for some of our proofs that use the elementary submodel technique. Bella’s results are available in [4]. We thank Professor
Bella for very stimulating correspondence about the topic of this paper.

References

[1] L. Aurichi, D-spaces, topological games and selection principles, Topology Proc. 36 (2010) 107-122.
[2] L. Babinkostova, M. Scheepers, Combinatorics of open covers (IX): Basis properties, Note Mat. 22 (2) (2003/2004) 167-178.
[3] L. Babinkostova, B.A. Pansera, M. Scheepers, Weak covering properties and selection principles, in preparation.
[4] A. Bella, Infinite games and cardinality, preprint.
[5] E. Borel, Sur la classification des ensembles de mesure nulle, Bull. Soc. Math. France 47 (1919) 97-125.
[6] W.W. Comfort, N. Hindman, S. Negrepontis, F-spaces and their products with P-spaces, Pacific J. Math. 28 (1969) 489-502.
[7] P. Daniels, Pixley-Roy spaces over subsets of the reals, Topology Appl. 29 (1988) 93-106.
[8] A. Dow, ED. Tall, W.A.R. Weiss, New proofs of the consistency of the normal Moore space conjecture I, Topology Appl. 37 (1990) 33-51.
[9] R. Engelking, General Topology, 2nd edition, Sigma Ser. Pure Math., vol. 6, Heldermann, Berlin, 1989.
[10] Z. Frolik, Generalizations of compact and Lindeldf spaces, Czechoslovak Math. J. 9 (84) (1959) 172-217 (in Russian).
[11] E. Galvin, Indeterminacy of the point-open game, Bull. Pol. Acad. Sci. Math. 26 (1978) 445-449.
[12] L Gorelic, The Baire category theorem, and forcing large Lindelof spaces with points Gg, Proc. Amer. Math. Soc. 118 (1993) 603-607.
[13] W. Hurewicz, Uber eine Verallgemeinerung des Borelschen Theorems, Math. Z. 24 (1925) 401-421.
[14] TJ. Jech, Multiple Forcing, Cambridge Tracts in Math., vol. 88, 1987.
[15] W. Just, A.W. Miller, M. Scheepers, PJ. Szeptycki, The combinatorics of open covers (II), Topology Appl. 73 (1996) 241-266.
[16] M. Kada, Preserving the Lindel6f property under forcing extensions, Topology Proc. 38 (2011) 237-251.
[17] D. Kocev, Almost Menger and related spaces, Mat. Vesn. 61 (2009) 173-180.
[18] Lj.D.R. Ko€inac, Star-Menger and related spaces II, Filomat 13 (1999) 129-140.
[19] B.A. Pansera, Weaker forms of the Menger property, Quaest. Math. 35 (2) (2012) 161-169.
[20] J. Pawlikowski, Undetermined sets of point-open games, Fund. Math. 144 (1994) 279-285.
[21] J.R. Porter, R.G. Woods, Extensions and Absolutes of Hausdorff Spaces, Springer-Verlag, 1988.
[22] F. Rothberger, Eine Verscharfung der Eigenschalft C, Fund. Math. 3 (1938) 50-55.
[23] M. Scheepers, Combinatorics of open covers I: Ramsey theory, Topology Appl. 69 (1996) 31-62.
[24] M. Scheepers, Combinatorics of open covers (IV): Subspaces of the Alexandroff double unit interval, Topology Appl. 83 (1998) 63-75.
[25] M. Scheepers, Combinatorics of open covers (V): Pixley-Roy spaces of sets of reals, and w-covers, Topology Appl. 102 (2000) 13-31.
[26] M. Scheepers, Lusin sets, Proc. Amer. Math. Soc. 197 (1999) 251-257.
[27] M. Scheepers, A direct proof of a theorem of Telgarsky, Proc. Amer. Math. Soc. 123 (11) (1995) 3483-3485.
[28] M. Scheepers, Remarks about countable tightness, arXiv:1201.4909.
[29] M. Scheepers, Rothberger bounded groups and Ramsey theory, Topology Appl. 158 (2011) 1575-1583.
[30] M. Scheepers, ED. Tall, Lindelof indestructibility, topological games and selection principles, Fund. Math. 210 (2010) 1-46.
[31] L.A. Steen, J.A. Seebach, Counterexamples in Topology, Dover Publications, New York, 1995.
[32] P. Stoyanova, A comparison of Lindel6f type covering properties of topological spaces, Rose-Hulman Und. Math. J. 12 (2) (2011) 163-204.
[33] ED. Tall, On the cardinality of Lindeldf spaces with points Gs, Topology Appl. 63 (1995) 21-38.
[34] R. Telgérsky, On games of Topsoe, Math. Scand. 54 (1984) 170-176.
[35] V.V. Tkachuk, Some new versions of an old game, Comment. Math. Univ. Carolin. 36 (1) (1995) 177-196.
[36] S. Willard, U.N.B. Dissanayake, The almost Lindeléf degree, Canad. Math. Bull. 27 (4) (1984) 452-455.



Topology and its Applications 160 (2013) 22512271

Contents lists available at ScienceDirect

Topology and its Applications

www.elsevier.com/locate/topol

Weak covering properties and selection principles @ Cosshark

L. Babinkostova®, B.A. Pansera”, M. Scheepers **

? Department of Mathematics, Boise State University, Boise, ID 83725, USA
b Dipartimento di Matematica, Universita di Messina, via F. Stagno d’Alcontres N. 31, 8166, Messina,
Italy

ARTICLE INFO ABSTRACT

MSC: No convenient internal characterization of spaces that are productively Lindel6f is
54B10 known. Perhaps the best general result known is Alster’s internal characterization,
512?0 under the Continuum Hypothesis, of productively Lindeléf spaces which have a
§4Glg basis of cardinality at most X;. It turns out that topological spaces having Alster’s

54G20 property are also productively weakly Lindel6f. The weakly Lindelof spaces form
a much larger class of spaces than the Lindel6f spaces. In many instances spaces

Keywords: having Alster’s property satisfy a seemingly stronger version of Alster’s property

Productively Menger and consequently are productively X, where X is a covering property stronger than
Weakly Menger the Lindelof property. This paper examines the question: When is it the case that
Productively Hurewicz a space that is productively X is also productively Y, where X and Y are covering
Weakly Hurewicz properties related to the Lindeldf property.

Productively Rothberger © 2013 Elsevier B.V. All rights reserved.

‘Weakly Rothberger
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Problem 1 (K. Alster). Is every productively Lindel6f space an Alster space?

A significant body of partial results has developed around this problem, yet no definitive answer is known
to it.

There are several weakenings of the Lindel6f property that have been investigated because of their natural
occurrence in some mathematical contexts. The corresponding product theory for these is not as extensively
developed as for Lindelof spaces. Product theoretic questions may be more manageable for the corresponding
weakened analogues of the selective versions of the Lindeldf property.

In another direction, a number of selective versions of the Lindel6f property and weakenings of it have
been investigated because of their relevance to several other mathematical problems. It has been found
that some questions about Lindel6f spaces are “easier” for these more restricted classes. It is natural to
inquire whether the corresponding product theoretic problem for these narrower classes of spaces is more
manageable. Some such questions have been raised: For example: In [30] and [31] the notion of a productively
Menger space is considered and in [2] the notion of a productively FC-Lindeldf space is introduced.

And thirdly, solving versions of a problem still unresolved for Lindeléf spaces by strengthening the
hypotheses to selective versions while weakening the conclusions to weak covering properties, may yield
some insights on the original problem. Progress on the internal characterization problem may also yield
insights on an older problem of E. Michael [19]:

Problem 2 (E.A. Michael). If X is a productively Lindelsf space, then is X0 a Lindel6f space?

These are the motivations for our paper. The paper is organized as follows. In Section 2 we introduce
some basic notation and terminology. In Section 3 we give a number of examples of when products fail to
have some of the properties we are investigating. Section 4 focuses on the question of characterizing the
productively Lindelof spaces. We raise the question of when P and Q are covering properties of topological
spaces, is a space that is productively P also productively Q7 In Section 5 we incorporate the weak covering
properties into the investigation.

2. Some notations and terminology

A space is said to be weakly Lindeldf if each of its open covers contains a countable subset for which
the union is dense in the space. A space is said to be almost Lindelof if each of its open covers contains a
countable subset for which the set of closures of elements of the countable set is a cover of the space. Both of
these properties are weaker than the Lindel6f property, and we have the following implications: Lindel6f =
almost Lindel6f = weakly Lindelof. For spaces with the Tg separation property almost Lindel6f also implies
Lindel6f. Aside from this there are no other implications among these three properties. We will focus on
the “weakly” properties in this paper, leaving the “almost” properties for another time.

Next we describe selective versions of these covering properties. We use the following notation for three
of several upcoming relevant classes of families of open sets of a given topological space:

O The collection of open covers
D {U: (VU €U) (U open) and (|JU dense in X)}

Let A and B be collections of subsets of an infinite set. Then S (A, B) denotes the following hypothesis:

For each sequence (A4,: n € N) of elements of A there is a sequence (B,: n € N) such that, for each n,
B, € A, and {B,: n € N} is an element of B.
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Thus, S1(0, ) denotes the classical Rothberger property [22]. We shall call spaces with the property
S1(0, D) weakly Rothberger.
The symbol Sg,, (A, B) denotes the hypothesis:

For each sequence (A4,: n € N) of elements of A there is a sequence (B,: n € N) such that, for each n,
B,, C A, is finite, and |J{B,: n € N} is an element of B.

Ssin(O, O) denotes the classical Menger property, while Sg,, (O, D) denotes the weakly Menger property.

Several additional families .4 and B of topologically significant objects will be introduced as needed during
the rest of the paper. Our conventions for the rest of the paper are: By “space” we mean a topological
space. Unless other separation axioms are indicated specifically, we assume all spaces to be infinite and Tj.
Undefined notation and terminology will be as in [10].

3. Possibilities of failure for products

Towards investigating the product theory as outlined above, we consider if it is possible for certain
products to fail having a covering property. We asked above, for example, if there could be a Rothberger
space whose product with the space of irrational numbers is not weakly Lindelof. First, we settle that it is
at least possible that the product of two Rothberger spaces can fail to be a weakly Lindel6f space. We give
two examples of how this could be. Both are consistency results.

Theorem 1. It is consistent, relative to the consistency of ZFC, that there are Rothberger spaces X and Y
for which X XY is not weakly Lindeldf.

Proof. In [13] Hajnal and Juhasz give examples X and Y of Lindelof spaces for which X x Y is not weakly
Lindelsf.? These examples are constructed in ZFC. Now consider these two ground model examples in the
generic extension obtained by adding x > Ry Cohen reals. Since X and Y are Lindel6f in the ground model,
Theorem 11 of [27] implies that X and Y are Rothberger in the generic extension. Since X XY is not weakly
Lindelof in the ground model, Theorem 1 of [3] implies that X x Y is not weakly Lindelof in the generic
extension. O

Our second example is a little stronger than the one just given. A Souslin line is a complete dense linearly
ordered space X which is not separable but every family of disjoint intervals is countable. SH, the Souslin
Hypothesis, states that there are no Souslin lines. SH is independent of ZFC. Theorem 1 is proven using
forcing. One may ask to what degree axiomatic circumstances determine whether a product fails to have the
covering property of its factor spaces. Shelah [28] proved that in the generic extension obtained by adding
a Cohen real there is a Souslin line. Thus, the following Theorem 2 improves Theorem 1. In the proof of
this theorem we use the following notation. If (L, <) is a linearly ordered set there are three topologies
considered on it: We denote the topological space by L if the topology is generated by sets of the form
(a,b) where a < b are elements of L. When the topology is generated instead by sets of the form [a,b), the
topological space is denoted by the symbol L*. When the topology is generated by sets of the form (a, b],
then the topological space is denoted by the symbol L~.

Theorem 2 (—SH). There are Rothberger spaces X and Y such that X XY is not weakly Lindeldf.

2 A nice exposition of this example can be found in [29], Example 3.25.
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Proof. Let L be a Souslin line. We may assume that L has no nonempty open intervals that are separable.
Then LT as well as L™ are Lindeldf spaces ([29], Lemma 3.31). But LT is a refinement of the standard
topology on L, and so L is Lindel6f.

Claim 1. L (and similarly L™) is a Rothberger space.’

Let (U,: n € N) be a sequence of open covers of L*. By Lemma 3.31 in [29] we may assume that each
Uy, consists of countably many open intervals of form [a}},b}), k € N.

Consider (Us.,: n € N). The set A :={a}": k € N} J{bi™: k € N} is countable (lest L has a separable
uncountable interval) nowhere dense in L. Choose for each x € L\ A an open interval I, C L\ A with
x € I,,. Note that for each n there is a k with I, C (a2™,b2™) (since I, N A = 0).

Choose from each Us., 11 an element Jy.,,41 such that A C |, oy J2nt1- Now K := L\ (U, ey J2.n41) 18
a closed subset of L and so Lindel6f. Moreover {I,: x € K} is an open cover of K, and so has a countable
subcover, say {I, : n € N}. Now choose for each n a k,, such that I, C Jo.,, = [ai:,b%;:‘) € Us.p,. Then
the sequence (J,: n € N) is a cover of L", and for each n, J,, € U,. This completes the proof of the claim.
As L is not separable, [29], Lemma 3.33 shows that Lt x L~ is not weakly Lindelof. O

Our third example is in a different direction: Spaces that are weakly Rothberger in finite powers need not
have a weakly Menger product. Since the topological sum of two Rothberger spaces is Rothberger, and their
product is a closed subspace of the square of their topological sum, the negation of Souslin’s Hypothesis
implies that there is a Rothberger space whose square is not weakly Lindel6f. But if two Rothberger spaces
are weakly Rothberger in their finite powers, must their product be weakly Rothberger?

Theorem 3 (CH). There are weakly Rothberger spaces X and Y such that

(1) Each (finite or infinite) power of X and of Y is weakly Rothberger, and
(2) X XY is not weakly Menger.

Proof. The proof of Theorem 3 is developed through a few propositions. Recall that for topological space
(X,T), PR(X) denotes the collection of nonempty finite subsets of X. For S € PR(X) and an open set
V C X, [S,V] denotes {T € PR(X): S C T C V}. The collection of subsets of the form [S, V] of PR(X)
is a basis for a topology, denoted PR(7"), on PR(X). Then (PR(X),PR(T)) is the Pixley—Roy space of X.
If X has a countable base, then PR(X) is a union of countably many sets, each with the finite intersection
property; this implies that PR(X) has countable cellularity. But countable cellularity is equivalent to: each
element of D has a countable subset which is in D.
For topological spaces X and Y, the space X @Y denotes the topological sum of X and Y.

Proposition 4. Let X and Y be spaces. Then PR(X) x PR(Y) is homeomorphic to PR(X @Y).

Proof. The function ¢:PR(X) x PR(Y) — PR(X @Y) defined by &((F,G)) = F UG is one-to-one and
onto, continuous and open, and thus a homeomorphism. 0O

At this point it is convenient to introduce another family of open covers: A family F of subsets of an
infinite set S is said to be an w-cover* of S if S is not a member of F, yet for each finite subset F of S
there is a member U of F such that FF C U. Let X be a topological space.

3 Towards proving this we refine the argument from p. 19 of [24].
4 Note that we are deviating from standard usage of the term w-cover: We do not require that the cover be an open cover of a
space.
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2 :={U e O: U is an w-cover of X}.

Proposition 5. (/25]) (CH) There are separable metric spaces X andY each with the property S1(£2, $2), but
their topological sum Z = X &Y does not have Sz, (O, O).

Proof. In [25] CH is used to construct subsets X and Y of “Z such that each has the property S;(£2, 2),
but (X UY) @ (XUY)=YZ.

As was noted in Theorem 3.9 of [16], a topological space has the Menger property in all finite powers
if, and only if, it has the property Sz, (2, £2). Since Sz, (O, ©O) is preserved by continuous images, closed
subsets, and countable unions, since Sg, (£2, £2) is equivalent to Sg,(O,O) in all finite powers, and since
Shn($2,12) is preserved by closed subsets, finite powers, and continuous images, and since “Z (which is
homeomorphic to the set of irrational numbers) does not have Sz, (O, ©), it follows that (X UY)? does not
have Sg, (O, O). Thus neither X UY nor X X Y has Sz, (O, 0). It follows that X @Y does not have the
Menger property. 0O

Theorem 6. (Daniels, [9], Theorem 5B) If Z is a metrizable space with the property S1(£2,2), then PR(Z)
is weakly Rothberger in each (finite or infinite) power.

Thus Theorem 6 implies that each of PR(X) and PR(Y") is weakly Rothberger in all powers. Next apply
the following theorem to X ¢ Y:

Theorem 7. (Daniels, [9], Theorem 2A) If for a space Z, PR(Z) is weakly Menger, then each finite power
of Z is Menger.

Thus Theorem 7 states that if PR(X) has property Sp,(O,D), then X has property Sg,(£2,2): For
metrizable spaces the converse is implied by Theorem 6.

Tt follows that PR(X @Y) is not weakly Menger. But then Proposition 4 implies that PR(X) x PR(Y) is
not weakly Menger. This completes the proof of Theorem 3. O

As far as ZFC results are concerned, there is also the following result by Todorcevié. First we introduce
another family of open covers: A family F of subsets of an infinite set S is said to be a vy-cover of S if for
each z € S the set {F € F: = ¢ F} is finite and F is infinite. Then for a topological space X we define

I':={U e O: U is an y-cover of X}.
Following Gerlits and Nagy, call a space which satisfies S;(£2,I") is a y-space [11].
Theorem 8. (Todorcevié, [32], Theorem 8) There are Ty ~y-spaces X andY such that X XY is not Lindeldf.
And finally for this section:

Theorem 9. It is consistent, relative to the consistency of ZFC, that there is a Ts-Rothberger space whose
square is not Lindeldf.

Proof. Let S denote the Sorgenfrey line, the topological space obtained from refining the standard topology
on the real line by also declaring each interval of the form [a, b) open. It is well known that S is a T3 Lindel6f
space while S x S is not Lindeldf, but still T5. By Theorem 11 of [27], if k is an uncountable cardinal and if
C(k) denotes the Cohen forcing notion for adding x Cohen reals, then in the generic extension the ground
model Sorgenfrey line is a Rothberger space. But proper forcing preserves not being Lindel6f, and S in the
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generic extension by C(k), the square of the ground model copy of S is not Lindel6f. Since T3 is preserved,
it follows that the square of a (almost) Rothberger space need not be (almost) Lindel6f. O

As an aside to the proof of Theorem 9: In Lemma 17 of [4] it was shown that S does not have the property
Ssn(O,0), and since S is Tg, this means that S is not almost Menger. As noted in the proof of Theorem 9,
in the generic extension by uncountably many Cohen reals, the ground model version of S is Rothberger
and thus Menger. Thus, proper forcing does not preserve being not Menger.

Also note that the ground model Sorgenfrey line remains a separable space in the generic extension, and
thus a weakly Rothberger space in a strong sense: TWO has a winning strategy in the game Gy (O, D).

4. Productively Lindelof spaces

For a topological property Q that is inherited by closed sets we shall say that a space X is productively Q
if for any space Y which has property Q, also X x Y has property Q. Note that if a space X is productively
Q, then each finite power of X is also productively Q.

Much work has been done on characterizing the members of the class of productively Lindel6f spaces. We
expand the basic problem of characterizing the class of productively Lindel6f spaces to also characterizing
the classes of spaces that are productive for covering properties that are relatives of the Lindelof property.
Some basic problems emerge: Assume that we have topological properties Q and R where Q implies R. When
is it the case that:

(1) If a space is productively R, then it is productively Q?
(2) If a space is productively Q, then it is productively R?
(3) If the product of X with every space of property Q has property R, then is X productively R?

Compact spaces are productively Lindel6f but need not be Rothberger spaces, and thus need not be
productively Rothberger. Thus, spaces that are productive for one class of Lindel6f spaces need not be
productive for another.

Alster’s theorems and a property of Alster
In [1] Alster proves the following interesting theorem:

Theorem 10 (Alster). Consider the following statements about a space X:

(1) X is an Alster space.
(2) X is productively Lindeldf.

Then (1) implies (2). If X is a space of weight at most Ny, and if CH holds, then also (2) implies (1).
Alster [1], Lemma 1, also proved that the Alster spaces give an affirmative answer to Problem 2.
Theorem 11 (Alster). If X is an Alster space, then XX is a Lindeldf space.

The following classes of covers are central to Alster’s analysis of the productively Lindelof spaces:

Gk : The family consisting of sets & where X is not in U, each element of U is a Gs-set, and for each compact
set C' C X there is a U € U such that C C U.
G: The family of all covers U of the space X for which each element of U is a Gs-set.



L. Babinkostova et al. / Topology and its Applications 160 (2013) 2251-2271 2257

In [6], Theorem 4.5 it is proved that the product of finitely many Alster spaces is again an Alster space.
On account of this fact it is useful to also consider the following class of covers of spaces:

Go: This is the set of covers U € G for which X is not in U, but for each finite set ' C X thereisa U e U
such that FF C U.

Observe that G is a subset of Go.
The connection of Alster’s condition to selection principles will now be determined through a sequence
of lemmas, culminating in Theorem 15:

Lemma 12. For a topological space X the following are equivalent:

(1) X is an Alster space.
(2) X satisfies the selection principle S1(Gk,G).
(3) X satisfies the selection principle S1(Gk,Gn).

Proof. (1) = (2): Suppose that X is an Alster space and let (U,,: n € N) be a sequence of elements of G .
Define

u{ﬂmﬁmmmemﬁ.

neN

Then U is a member of Gg. Since X is Alster, choose a countable subset (V,,: n € N) of U which is a cover
of X. For each n write

Vo= (U
keN
where for each k, U}' is an element of Uj. Finally for each n set W,, = U}, an element of U,. Then

{W,: n € N} is a cover of X and thus a member of G.

(2) = (1): Let a member U of Gk be given. For each n, set U,, = U. Then apply S1(Gk,G) to this
sequence and select for each n a U, € U,, such that {U,: n € N} is a cover of X.

(2) = B3):

Claim 1. X satisfies the selection principle S1(Gr,G) if and only if X? satisfies the selection principle
S1(9k, G) (hence every finite power of X satisfies S1(Gk,G)).

The proof follows since the finite power of Alster space is an Alster space.

Claim 2. Each finite power of X satisfies the selection principle S1(Gk,G) if and only if X satisfies the
selection principle S1(Gk,Ga)-

Proof. Let (U,: n € N) be a sequence of elements of Gx. Then (W,,: n € N), where W,, = {(U,,)": U €
Uy}, is a sequence of elements of G of X*. Then we can select by hypothesis (U,)* € W, such that
{(U,)*: n € N} is a cover of X*. Consider now a finite subset F = {zy,..., 23} of X. We consider F like
a point of X* say z = (x1,...,2%). So there is an element (U, )* such that z € (U,)*. Then there is an
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element U, € U,, such that F' C U,. It follows that {U,: n € N} witnesses that X satisfies S1(Gx,Gq). The
converse is obvious. This completes the proof. O

(3) = (2): Obvious. O

A space X is has the Hurewicz property [14] if for each sequence (U,: n € N) of open covers of X there
is a sequence (V,,: n € N) such that for each n, V,, is a finite subset of U,, and for each z € X, for all but
finitely many n, « belongs to | J V,,. The Alster property implies the following strengthening of the Hurewicz
property:

Lemma 13. If X is a space that has property S1(Gk,G), then there is for each sequence (U,: n € N) of
elements of Gk a sequence (Vyp: n € N) such that for each n we have V,, € Uy, |Vn| < n, and for each
x € X, for all but finitely many n, v € U V.

Proof. Let a sequence (U,: n € N) of elements of Gx be given. For each n define W, to be the set
W = {Npen Ur: (VE)(Ur € Ur)}. Applying S1(Gk,G) to the sequence (W,: n € N) we find for each n a
W,, € W, such that for each x € X there is an n with x € W,,.

For each n write W,, = ("{U}: k € N} where for each n and k we have U]’ € Uy. Then, for each k, set

Ve ={UL, ..., UL,
a finite subset of Uy. Note that if € X is an element of W,,, then for each k > n we have x € J V. O

For each n, let T, be the n-th triangular number.” Using the technique in the proof of the previous
lemma, we find

Lemma 14. If X is a space that has property S1(Gk,G), then there is for each sequence (U,: n € N) of
elements of Gk a sequence (U,: n € N) such that for each n we have U,, € U,,, and for each x € X, for all
but finitely many n,

S U Uj.

Tn<j<Tni1

Proof. Let a sequence (Uy,: n € N) of elements of Gx be given. For each n define

V, = (| Ui (V)T <i < Tppr)(Us € ui)}.

T <i<Thi1

Now apply the conclusion of the previous lemma to the sequence (V,: n € N) to find for each n a set
W, C V), of cardinality n such that for each z, for all but finitely many n, € |JW,,. Each element of W,
is of the form U%Hrl n---N U%n+1 where 1 < j < n and each U/ is an element of ;.
Now for each m choose V,,, € U,, as follows: Find the largest n with T;,, < m and then identify j with
1<j<n+1withm=1T,+j, and put Vm:U%nH. m]
G9P: This is the set of covers U € G for which there is a (disjoint) partition U = J
U, is finite, and for each x € X for all but finitely many n, x is in |JU,.

neNun such that each

S Ty=142+---+n.
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Theorem 15. For a topological space X the following are equivalent:

1

2 1

3) X satisfies the selection principle S1(Gk,Ga).-

4) X satisfies the selection principle S1(Gx, GIP).
(

(1) X is an Alster space.

(2)

(3)

(4)

(5) X satisfies the selection principle S1(Gk, G ).
(6)

(7)

(8)

X satisfies the selection principle S

QK)

6) X satisfies the selection principle S, (G, G).
7) X satisfies the selection principle Sgn (G, G97P).
8) X satisfies the selection principle Sgn(Gr, G ).

Corollary 16. If X is an Alster space then X has a Hurewicz space in all finite powers.
Strengthening Alster’s property: S1(Gx,Gr)

Of several standard ways in which to strengthen the Alster property, consider the following one. Define
Gr: This is the set of covers U € G which are infinite, and each infinite subset of U is a cover of X.

Then S;(Gk,Gr) is a formal strengthening of the Alster property. It is not clear if this formal strength-
ening is in fact a real strengthening. Several known examples of productively Lindelof spaces are so because
they have this stronger version of Alster’s property. We review some of these:

A: An easy consequence of one of Alster’s results gives:

Theorem 17 (CH). Assume that X is a space of weight at most Ny, and that each compact subset of X is a
Gs-set. If X has the property S1(Gk,G), then X has the property S1(Gk,Gr).

Proof. It follows immediately from Alster’s theorem, Theorem 10, that if X is a space of weight at most Ny
in which each compact set is G5 and if X is productively Lindel6f, then CH implies that X is o-compact
(as the set of compact subsets of X is a cover of X by Gs-sets of the required kind). Thus, under CH,
every productively Lindelof space of weight at most Ry for which each compact subspace is a Gs-set has the

property S1(Gk,Gr). O

B: A topological space is said to be a P-space if each intersection of countably many open sets is open.

Galvin (see [11]) pointed out that any Lindelof P-space is a y-space. Thus, as the topology of a P-space
is the Gs topology, we find:

Lemma 18 (Galvin). Fach Lindelsf P-space has the property S1(Gk,Gr).
In [17], Proposition 2.1, the authors show that the product of a Lindel6f P-space with any Lindeldf space
is a Lindelof space. This result now follows from (1) = (2) of Theorem 10, and Lemma 18. A classical

theorem of Noble [21] states that the product of countably many Lindel6f P-spaces is still Lindel6f. This
result now follows from Theorem 11 and Lemma 18. Additionally it is also known that:

Theorem 19. (Misra, [20]) A Lindelof P-space is a productively P space.

C: A space is scattered if each nonempty subspace has an isolated point.
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Theorem 20. (Gewand [12], Theorem 2.2) If X is a scattered Lindeldf space, then in the Gs topology X is
a Lindelof P-space.

Corollary 21. A scattered Lindeldf space satisfies S1(Gi,Gr).

It follows that Lindelof scattered spaces are productively Lindel6f, and that the countable power of such
a space is Lindelof.

D: A space is o-compact if it is the union of countably many compact subsets.
Theorem 22. Fach o-compact space has the property S1(Gr,Gr)-
Proof. Let X be o-compact and write X = (J, oy

compact. Let a sequence (U,,: n € N) of elements of Gx be given. For each n, choose U,, € U,, with K,, C U,.
Then each U, is a Gs subset of X, and for each x € X, for all but finitely many n, x € U,,. O

K,, where for each n we have K,, C K,41 and K,, is

This implies the well-known fact that o-compact spaces are productively Lindeldf. Via Theorem 11 we
also find that the countable power of a o-compact space is Lindelof.
We now explore the productive properties of spaces with this stronger version of the Alster property.

Theorem 23. If X is a topological space with property S1(Gk,Gr), then X is:

(1) productively Lindeldf.
(2) productively Menger.
(3) productively Hurewicz.

Proof. We show that X is productively Hurewicz. The proof that X is productively Menger is similar.

Let Y be a Hurewicz space, and let (,: n € N) be a sequence of open covers of X x Y. We may assume
that each U, is closed under finite unions. For each compact subset K of X, and for each n, find a Gs-set
¢n(K) D K such that for each y € Y there is an open set U € U,, with ¢,,(K) x {y} CU.

This defines, for each n, a set G, = {¢,(K): K C X compact} € Gx. Applying S1(Gk,Gr) to (Gn: n €
N), we find for each n a compact set K,, C X such that {¢,(K,): n € N} is a member of Gr.

Now for each n define

H, = {V CY: V open and there is a U € U,, with ¢,(K,) x V C U}.

Apply the fact that YV is a Hurewicz space to the sequence (H,: n € N): For each n choose a finite set
In € H,, such that for each y € Y, for all but finitely many n, y € | Jn.

Finally, for each n choose for each H € J,, a Uy € U, with ¢,,(K,,) x H C Up, and put V,, = {Ug: H €
Jn}. Then we have for each n that V), is a finite subset of U,,, and for each (z,y) € X x Y, for all but
finitely many n, (z,y) is a member of JV,,. O

There are many ZFC examples of Lindeléf P-spaces. For example in [26] it is shown that for each un-
countable cardinal number x there is a T3% Lindel6f P-group of cardinality x on which TWO has a winning
strategy in the game Gy ({2, ). Since the topology is the G5 topology, this means that in these examples
TWO has a winning strategy in the game GY (Gx,Gr).

Now we need two more classes of open covers: A family F of subsets of an infinite set S is said to be a
large cover of S if for each x € S the set {F € F: x € F} is infinite.
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A family F is a groupable cover if, and only if, there is a partition F = J, .. Fn where the F;,’s are

finite and disjoint from each other, such that each point in the space belongs to all but finitely many of the
sets J Fo.
We associate the following symbols with classes of open covers that are large or groupable:

A:={U € O: U is an large-cover of X }.
0% :={U € O: U is groupable in X}.

A space X is called a Gerlits—Nagy space if it satisfies the selection principle S;(£2, O9P) [18]. Each -space
is a Gerlits—Nagy space, and each Gerlits—Nagy space is a Rothberger space.

Theorem 24. If X is a Rothberger space with property S1(Gk,Gr), then X is:

(1) productively Rothberger.
(2) productively Gerlits—Nagy.

Proof. (1) Let a Rothberger space Y be given, and let (U,,: n € N) be a sequence of open covers of X x Y.
As X is Rothberger, each of its compact subsets is Rothberger. Write N =
infinite and pairwise disjoint.

neN S,, where the S,,’s are
Fix n, and for each compact subset C' of X, and for each y € Y, choose a finite sequence U;,,...,U;,
where

(1) i1 < --- < iy are elements of S, and
(2) Ui, is an element of U;;, 1 < j < k, and
(3) C x {y} - Ui1 U"'UUik.

This is possible as compact subsets of X are Rothberger spaces.

Thus, for fixed n, for each compact subset C' of X we find that C' x Y is Rothberger, thus Lindelof,
and we can find a Gs subset ¢,,(C) of X such that C C ¢,(C), and for each y € Y there is a sequence
i1 < -+ < ik of elements of S, such that ¢,(C) x {y} is a subset of U;; U---UU;, as above. But then
Gn = {¢n(C): C C X compact} is a member of Gx for X.

Apply S1(Gk,Gr) to the sequence (G,: n € N) and select for each n a G,, € G,, such that for each x € X
for all but finitely many n, z € G,,.

For fixed n, choose for each y € Y an open set U, C Y such that y € U and there is a sequence i; <
-+ < i, of elements of S,, such that G,, x Uy is a subset of U;, U---UU;, as above. Then H,, = {U;]: yeY}
is an open cover of Y.

Next apply the fact that Y is Rothberger to the sequence (H,: n € N), and choose for each n an H,, € H,,
such that for each y € Y there are infinitely many n with y € H,,.

Then for each n choose if < --- <iy €S, such that G, x H, C Ujn U---U Uiﬁn'

Tt follows that there is a sequence of U,, € U,, such that {U,: n € N} is an open cover of X x Y.

The proof of (2) is similar, and left to the reader. O

It follows that Lindel6f P-spaces, Lindelof scattered spaces, as well as o-compact Rothberger spaces
are not only productively Lindelof, but also productively Menger, productively Hurewicz, productively
Rothberger and productively Gerlits—Nagy.

Regarding the hypothesis of Theorem 24 that X should be Rothberger: Note that the hypothesis S1(Gx, G)
implies S1(Ok, O), which implies Sg,(O, O). In Example 2 of [5] it was shown that CH implies the existence
of a subspace X of RY which is not countable-dimensional and yet satisfies S; (O, I"). Such an X cannot be
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a Rothberger space, since metrizable Rothberger spaces are zero-dimensional. One may consider weakening
the hypothesis that X is Rothberger to the hypothesis that each compact subset of X is Rothberger.
However, this is not a weakening of the hypotheses, since:

Lemma 25. If X is a space such that each compact subspace is Rothberger, and S1(Ok,O) holds of X then
X is a Rothberger space.

Similarly, one can show:

Lemma 26. If X is a space such that each compact subspace is Rothberger, and S1(Og, O9P) holds of X then
X is a Gerlits—Nagy space.

We leave the proof of these lemmas to the reader. We do not know if a similar statement is true about
y-spaces:

Problem 3. Is it true that if each compact subset of X is a Rothberger space and X has the property
S1(Ok,TI'), then X has the property Sq(£2,1')?

What we can prove is:

Lemma 27. If X is a space such that each compact subspace is finite, and S1(Og,I") holds of X then X is
an S1(£2,I")-space.

We now record the few results we have on productively ~y-spaces.

Lemma 28. (/16]) Every open w-cover of X x Y is refined by one whose elements are of the form U x V
where U C X and V CY are open.

Theorem 29. If X is a space satisfying S1(Gx,Gr) and if each compact subset of X is finite, then X is
S1(£2, I')-productive.

Proof. We know that X is productively Lindelof. Let a y-space Y be given, and let (U,: n € N) be a
sequence of open w-covers of X x Y.

Claim. X x Y is Lindeldf in each finite power.

For ~-spaces it is well known that each finite power of a y-space is a y-space. Similarly for P-spaces, each
finite power of a P-space is a P-space. Moreover, (X X Y)™ is homeomorphic to X™ x Y™. Note that since
X x Y is a Lindelof space in each finite power, we may assume, by the proposition on p. 156 of [11], that
each U, is a countable set. For each n we may also assume by Lemma 28 that the elements of U, are of the
form U x V where U is open in X and V is open in Y. Thus, each U, is of the form {U]' x V}': k € N}.

Fix n and fix a finite subset F' of X. For each finite set G C Y choose a U, ,?( F.G) % V& ra) € U,, containing
F' x G. The intersection W™ (F) = ({U}{p g G CY finite} is a countable intersection as U, is countable,
and thus is an element of G for X. Likewise, W (F') = (), cy W"(F) is and element of Gx for X, and for
each finite G C Y and each n, W(F) x ViiF.c) contains F' x G.

Note that {W(F): F C X finite} is an w-cover of X. Since X is a Lindelof space satisfying S1(Gk,Gr),
choose a countable set {F),: n € N} of finite subsets of X with {W(F},): n € N} an element of Gr.

Fix n: Then {W(F,) x V: k € Nand W(F,) C U} is an w-cover of W(F,,) x Y, and also 2, =
{V: ke Nand W(F,) CU}'} is an w-cover for Y.
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Since Y is a 7-set, choose for each n a k,, such that {V;" : n € N} isa y-cover of Y. Then {W (F,,)x V" : n €
N} is a y-cover for X x Y, and so {U}! x V| : n € N} is a y-cover of X x Y. O

Since in a Ty Lindel6f P-space compact subsets are finite, it follows that T, Lindel6f P-spaces as well
as To Lindelof scattered spaces are productively ~-spaces. As To-compact Rothberger spaces are scattered
Lindel6f spaces, these are productively «-spaces.

Corollary 30. o-compact Rothberger spaces are productively .

Proof. Since X is o-compact we write X = | X, where each X, is a compact Rothberger space. Since

neN
the union of finitely many compact Rothberger spaces is a compact Rothberger space, we may assume that
for each n we have X,, C X, ;1. A compact Rothberger space is a scattered Lindel6f space. Then for Y a
~-space, for each n X,, X Y is a «-space. This gives a union of an increasing sequence of vy-spaces, and so

by Jordan’s theorem ([15], Corollary 14) is again a y-space. O

By Corollary 15 of [26] there is for each infinite cardinal  a o -compact T topological group of cardinality
k such that TWO has a winning strategy in the game G¢ (§2,I"). By Corollary 17 of [26] there is for each
infinite cardinal number x a Ty topological group (G, x) of cardinality x which is a o-compact Rothberger
space in all finite powers.

Alster also showed:

Theorem 31. (Alster, [1], Theorem 4) Assume CH. If X is of weight at most Ry and has property S1(Gx,G),
and if each compact subset of X is at most countable, then in the Gs topology X is Lindeldf.

It follows that in addition to be productively Lindel6f such spaces are also productively Menger-,
Hurewicz-, Rothberger-, Gerlits—Nagy- and ~.

5. Productivity of weak covering properties

Spaces that are productively weakly Lindel6f do not currently have as well developed a theory. A number
of ways of generalizing the notion of an Alster space or its strengthenings as considered in the previous
section suggest themselves, but we have had limited success in exploiting these to identify classes of spaces
that are for example productively weakly Lindelof spaces. In this section we report some of these results,
and pose a number of questions whose answers may help identify criteria under which a space with a weak
covering property is productively so.

The following two elementary properties of the notion of dense set will be used several times.

Lemma 32. Let X be a topological space. If Y C X is dense in X, and D C Y is dense in Y, then D 1is
dense in X.

Lemma 33. If D C X is dense in X and E CY is dense in'Y, then D x F is dense in X X Y.
The power of these two lemmas lie in the following:

Theorem 34. Let X be a topological with dense subset D.

(1) If D is productively weakly Lindeldf, so is X.
(2) If D is productively weakly Menger, so is X.
(3) If D is productively weakly Hurewicz, so is X.
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(4) If D is productively weakly Rothberger, so is X.
(5) If D is productively weakly Gerlits—Nagy, so is X.

Proof. We show the argument for productively weakly Rothberger, leaving the rest to the reader. Thus,
let Y be a weakly Rothberger space and let D be productively weakly Rothberger. Let (U,: n € N) be a
sequence of open covers of X x Y. Then the relativizations to D x Y is a sequence of open covers of D X Y,
since D is dense in X. Applying the fact that D x Y is weakly Rothberger we find in each U,, an element
U, such that | J, .y Un is dense in D x Y, and so by Lemma 32 is dense in X x Y. O

Also the following fact is useful:

Theorem 35. Let (X, 7) be a topological and let 7/ be a finer topology on X (i.e., 7 C 7').

(1) If (X, 7') is productively weakly Lindeldf, so is (X, T).

(2) If (X, 7') is productively weakly Menger, so is (X, T).

(3) If (X,7') is productively weakly Hurewicz, so is (X, ).

(4) If (X, 7') is productively weakly Rothberger, so is (X, T).
(5) If (X, 7') is productively weakly Gerlits—Nagy, so is (X, 7).

In what follows we find conditions under which a space is productively weakly T, where T is one of the
weak covering properties we are considering.

Weakly compact spaces

The space (X,7) is weakly compact if there is for each open cover of the space a finite subset with
union dense in the space. Since the closure of a finite union of sets is the union of the finitely many sets
individual closures, the weakly compact spaces coincide with the almost compact spaces, and in the context
of Ty-spaces, coincide with the H-closed spaces.

Analogous to Tychonoff’s theorem for compact spaces, one has:

Theorem 36. (Scarborough and Stone [23], Theorem 2.4) The product of weakly compact spaces is weakly
compact.

The argument in Proposition 1.9 of [7] shows:
Theorem 37. If X is a weakly compact space then X is productively weakly Lindelof.
This can be extended to the following:

Theorem 38. Let X be a weakly compact space.

(1) X is productively weakly Menger.
(2) X is productively weakly Hurewicz.

Since compact spaces are weakly compact, these results also imply that compact spaces are productively
weakly Lindel6f, productively weakly Menger, and productively weakly Hurewicz.
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Weak versions of the Alster property

Towards exploration of productiveness for the weaker versions of the covering properties we considered,
we introduce the following family of subsets of a topological space:

Gp denotes the collection of sets U where each element of U is a Gs-set, and (JU is dense in the space.

A space is said to be weakly Alster if each member of Gx has a countable subset which is a member of

Up.
Using the proof technique of Theorem 4.5 of [6] we find:

Lemma 39. If X weakly Alster and Y is weakly Lindeldf, then X XY is weakly Lindelof.

Proof. Let ¢/ be an open cover of X x Y. We may assume that U is closed under finite unions. For each
compact set C' C X and for each y € Y we find an open set U(C,y) € U such that C x {y} C U(C,y). For
each y we find open sets V(C,y) C X and W(C,y) C Y such that C x {y} C V(C,y) x W(C,y) C U(C,y).

By Theorem 37 C x Y is weakly Lindelof. Thus the cover {W(C,y): y € Y} of Y contains a countable
subset with union dense in Y, say {W(C,yS): n € N}. Define V(C) = ({V(C,yS): n € N}, a G5 subset
of X containing the compact set C C X. But then ¥V = {V(C): C C X compact} is a member of G for
X. Since X is weakly Alster we find a countable subset {V(C,,): m € N} of V with union dense in X. But
then {W(C,,,yS™): m,n € N} C U is countable and its union is dense in X x Y. O

Since an Alster space is a weakly Alster space, we find
Corollary 40 (CH). Every productively Lindeldf space of weight at most Ny is productively weakly Lindeldf.

Proof. By Theorem 10, productively Lindelof spaces of weight at most Ny are Alster spaces, and thus weakly
Alster spaces. O

We don’t know if the additional hypotheses are necessary in Corollary 40:
Problem 4. Is every productively Lindelof space productively weakly Lindel6f?
Problem 5. Is every productively weakly Lindelof space a weakly Alster space?

An argument similar to the one in Theorem 39 shows:

Theorem 41. If X and Y are weakly Alster, then X XY is weakly Alster.

Additionally, analogous to Lemma 12 and Theorem 15 we find:

Lemma 42. For a topological space X the following are equivalent:

1
2

(1) X is a weakly Alster space.

(2)

(3) X satisfies the selection principle
(4)

(5)

(6)

X satisfies the selection principle S1(Gk,Gp).
S1(Gxk,9py,)-
4) X satisfies the selection principle S1(Gk,Gpar).
5) X satisfies the selection principle S1(Gk, gD%p).
6) X satisfies the selection principle Spn(Gi,Gp).
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(7) X satisfies the selection principle Sg, (G, Gper).
(8) X satisfies the selection principle Sg, (G, Gpar).

We also leave to the reader the proof of

Lemma 43. If the To-space X has a dense subspace which is a weakly Alster space, then X is a weakly Alster
space.

A stronger version of weakly Alster: S;(Gx,Gp,.)

Gp, is the family of infinite sets & where each member of U is a G5 subset of X, and for each nonempty
open subset U of X, {V elU: UNV = 0} is finite.

A space with the property S1(Gk,Gr) has the property S1(Gx,Gp,. ). Indeed:

Lemma 44. If a space X has a dense subset which has the property S1(Grk,Gr), then X has the property
S1(9x,9p,)-

Proof. Let X be a space which has a dense subspace Y which has the property S1(Gk,Gr). If (U,: n € N)
is a sequence of elements of G for X, then choose for each n € N an element U,, € U such that {U,,: n € N}
is an element of Gy for Y. Since Y is dense in X, {U,: n € N} is an element of Gp, for X. O

Theorem 45. If X has the property S1(Gk,Gp,.), then it is

(1) productively weakly Menger.
(2) productively weakly Hurewicz.

Proof. We give the argument for weakly Menger productive. Thus, let Y be a weakly Menger space, and
let (Uy,: n € N) be a sequence of open covers of X x Y. We may assume that each U, is closed under finite
unions.

For each n: For each compact subset C' of X find for each y € Y a set U,(C,y) € U, such that
C x {y} CU,(C,y). Then for each n we find open subsets V,,(C,y) C X and W,,(C,y) C Y such that

C x {y} CVo(C,y) x Wo(C,y) C Un(C,y).

For each C define U, (C) = {W,,(C,y): y € Y}, an open cover of Y.

Partition N into countably many infinite subsets S,,,, m € N.

Since Y is weakly Menger we find for each m and for each n € S, a finite set F/(C,n) C Y such that
U{W.(C,y): y € F(C,n), n € S,,} is dense in Y in the following sense: For each nonempty open T' C Y
there are infinitely many n € S, for which W,,(C,y) N T # () for some y € F(C,n).

Then for each C define V(C) = M, cn U Va(C,y): y € F(C,n)}, a G5 subset of X that contains C.
Then ¥V = {V(C): C C X compact} is a member of Gx for X. Applying the fact that X has the property
S1(Gk,Gp, ), we find a countable set {V(Cy,): m € N} such that for each nonempty open set S C X, for
all but finitely many n, SNV (C,,) # 0.

For each n find the m with n € S,,, and define V,, = {V,,(Cy, y) X Wy, (Ci, y): y € F(Cyy,n)}. Then each
Vn is a refinement of a finite subset of i/,,. We must show that (J, (LU Vy) is dense in X x Y. Thus, let
U x V be a nonempty open subset of X x Y. Choose N so large that for all m > N we have V(C,,,) NU # 0.
For such an m there are infinitely many n € S,, such that W,,(C,,,y) NV # @ for some y € F(Cy,,n).
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Since V(Cyy,) is a subset of V,,(C)y,), it follows that for infinitely many n there are y € F(Cy,,n) for which
Vo(C) X Wy (Cr,y) NU XV #£0. O

As in the case of Lindeldf productiveness, a proof of the following conjectures may depend on a charac-
terization of the properties of being productively Menger or productively Hurewicz.

Conjecture 1. If a space is productively Menger then it is productively weakly Menger.
If a space is productively Hurewicz then it is productively weakly Hurewicz.

Theorem 46. If X is a Rothberger space with the property S1(Gk,Gp,), then it is productively weakly
Rothberger.

Proof. Let Y be a weakly Rothberger space. Let (U,,: n € N) be a sequence of open covers of X x Y. We
may assume that for each n the elements of U, are of the form U x V. Partition N into infinitely many
infinite subsets S,,, m € N. Then partition each S, into infinitely many infinite pairwise disjoint subsets
Sm,k» keN.

For each m, and for each compact subset C' of X, do the following. For each k£ and for each y € Y choose
ij < iz < -+ <y from Sy, k such that for each j, y € Vi, and such that C' C U;, U---UUj;,, where now
for each j, V;, corresponds with U; ;. This is possible since C, a compact subset of X is a Rothberger space.
Define V, 1(y, C) to be the intersection of these V;,, and U, x(y,C) to be the union of these U;,. Then
Wink(C) = {Vinx(y,C): y € Y} is an open cover of Y for each m and k. Applying the fact that Y is weakly
Rothberger to W,k k € N), choose for each k a yi € Y such that for each open set V' C Y there are
infinitely many k with V;, x(yx, C) NV # 0. Define V,,,(C') to be the set (Ve U k-

Then for each compact set C' C X define V(C) = ,,cy Vin(C), a G; subset of X which contains C. Now
apply S1(Gk,Gp,) to the member {V(C): C C X compact} of Gx. We find a sequence (V(C,,): m € N)
of Ggs-sets such that for each nonempty open subset U of X, for all but finitely many n, V(C,) N U is
nonempty. Then the sequence (V;,(C,,): n € N) has the same properties.

Now consider the sets Uy, 1 (Yk, Crm) X Vin i (yx, Cr) for k,m € N. For each nonempty open UxV C X xY
there is an N such that for all m > N, V(C,,) N U is nonempty, whence U,, j, N C,, is nonempty for all k.
But for such an m, for infinitely many k also V, x(yx, Cr) NV is nonempty. Thus, for infinitely many m
and k, Up, (Y, Cm) X Vin 1 (Yk, Cr,) has nonempty intersection with U x V. But now U, (v, Cp,) is of the
form U;, U---UU,;, while Vi, k(yg, Cp) is of the form V;, N---NV;,, where iy < --- < i; are from S, j, and
Ui; x V;, is an element of U .

It follows that there is a sequence of S,, € U,, such that for each nonempty open U x V C X x Y, here
are infinitely many n with S, NU x V nonempty. 0O

Corollary 47. Every space which has a dense o-compact subset has property S1(Gx,Gp,)-
Proof. A o-compact space has the property S1(Gk,Gr). O
Corollary 48. Every separable space has the property S1(Gk,Gp,)-

Proof. Let X be a separable space, and let D be a countable dense subset of X. Then D is a dense o-compact
subset of X. O

Corollary 49. Fvery separable space is productively weakly Lindeldf, productively weakly Menger and produc-
tively weakly Hurewicz.

Proof. Theorem 45 and Corollary 48. O
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Corollary 50. For each cardinal number k, R” is productively weakly Lindeldf, productively weakly Menger,
productively weakly Hurewicz and productively weakly Rothberger.

Proof. We only consider the case when & in infinite. By Proposition 4 of [g],

{f eRr® |{i: f(j)#0}| <Ro}

is a dense o-compact subset of R”. By Lemma 39, Corollary 47 and Theorem 45 R” has the claimed
properties.
Since Q is o-compact and Rothberger, Proposition 4 of [8] implies that the subset

Se={feQ" [{ack: fla)=0} <N}

of Q" is o-compact. By Corollary 15 of [26], TWO has a winning strategy in the game G¢(£2,I") in S, and
thus Sy is a y-space. It is evident that S, is a dense subset of R”.

But S, is dense in R* and so as S, is productively weakly Rothberger by Theorem 46, also R” is
productively weakly Rothberger. O

Separable spaces are weakly Alster, and in fact have several additional properties: For example a separable
space is also weakly Rothberger. Note that a compact space could be weakly Rothberger without being
Rothberger: The closed unit interval is a compact separable space but is not a Rothberger space.

Corollary 51. If X is a separable space then X is productively weakly Rothberger.

Proof. Every countable space has the property Si(Gk,Gr), and thus the property S1(Gk,Gp,). Since
a countable space is Rothberger, Theorem 46 implies that any countable space is productively weakly
Rothberger. Apply Theorem 34 to conclude that any separable space is productively weakly Rothberger. 0O

Lemma 52. Compact Rothberger spaces are productively weakly Rothberger.

Proof. Let X be a compact Rothberger space and let Y by weakly Rothberger. Let (U,: n € N) be a
sequence of open covers of X x Y. We may assume each U, consist of sets of the form U x V. Write
N = U,y Sn where the S,,’s are infinite and pairwise disjoint.

Fix n as well as y € Y, and choose a finite sequence U;, ..., U;, where

(1) i1 < --+ < i are elements of S,,;

(2) is an element of U;;, 1 < j < k;

(3) AX:UZ1 UUUik,

(4) ye Vi, Nn---NV;, (and define V,(y) to be this latter intersection).

This defines for each n an open cover H,, = {V,(y): y € Y} of Y. Now apply the fact that ¥ is weakly
Rothberger to the sequence (H,: n € N) and select for each n an H,, € H, such that for each open set
V CY, for infinitely many n, V N H,, is nonempty. This produces a sequence of elements U,, € U, n € N,
such that J{U,: n € N} isdensein X xY. O

Problem 6. Is it true that if X has the property S1(Gk,Gp,) and each compact subset of X is weakly
Rothberger, then X is productively weakly Rothberger?

Using techniques from the previous section we can prove:
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Lemma 53. If each compact subspace of X is a weakly Rothberger space and if X satisfies S1(Og, D), then
X it is weakly Rothberger.

For a space X define an element U of D to be groupable if there is a partition U = |J{U,: n € N} where
each U, is a finite set, and for each nonempty open U C X, for all but finitely many n we have U N|JU,, is
nonempty. Then define

D9 = {U € D: U is groupable}.
A space is weakly Gerlits—Nagy space if it satisfies Sq (2, D9P).
Lemma 54. Compact Gerlits—Nagy spaces are productively weakly Gerlits—Nagy.

Proof. Let X be a compact Gerlits—Nagy space and let Y be weakly Gerlits—Nagy. Let (U,: n € N) be a
sequence of w-covers of X xY". We may assume each U, consists of sets of the form U x V. Write N = | J,, .y Sn
where the S;,’s are infinite and pairwise disjoint.
Fix n and F', a finite subset of Y, and choose a finite sequence U;,, ..., U;, where:
1

i1 < --- < iy are elements of S,;

—

(1)
(2) Ui, is an element of U;,, 1 < j < k;
(4) Fg‘/ilu"'u‘/ik :Vn(F)vsaY'

This defines for each n an w-cover H,, = {V,,(F): F a finite subset of Y’} of Y.

Now apply the fact that Y is weakly Gerlits—Nagy to the sequence (H,: n € N) and select for each n an
H, € H, and select an increasing sequence m; < mo < --- < my < --- in N such that for each open set
V Y, for all but finitely many k, V N {J{H;: mi < j < mp41} is nonempty.

This produces a sequence of elements W,, € U, n € N, such that {W,,: n € N} is an element of D for
XxY. O

Problem 7. Is each compact weakly Rothberger space a weakly Gerlits—Nagy space? (Or maybe a weakly
~-space?)

We also don’t know if weakly Lindel6f P-spaces have stronger properties in terms of products. They are
at least productively weakly Lindel6f as we now show:

Lemma 55. If X is a weakly Lindeldf P-space, then it has property S1(Gk,Gp).

Proof. For each n € N let a set U,, € Gk be given. Since X is a P-space, Uf,, is an open cover of X.
For each compact subset C' of X choose for each n a U,(C) € U, with C C U,(C), and then define
V(C) = Nen Un(C). Then V(C) is a Gs subset of X and V = {V(C): €' C X compact} is an open cover
of X as X is a P-space. Since X is weakly Lindel6f, choose a countable subset {V(C): n € N} of & which
has the property that there is for each nonempty open V' C X an infinite number of n with VNV (C,,) # 0.
For each n, choose U, = U,(C},) € U,,. Then {U,: n € N} is a member of Gp. O

It also follows that weakly Lindelof P-spaces are weakly Rothberger. Since the finite product of P-spaces
are P-spaces, Lemma 55 and Lemma 39 imply that the product of finitely many weakly Lindelof P-spaces
is a weakly Lindelof P-space.
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Problem 8. Let X be a weakly Lindel6f P-space.

(a) Does X then have the property S1(Gk,Gp,.)?
(b) Is X productively weakly-Rothberger?
(c) Is X weakly-Hurewicz?

For the family D we introduce
Dr :={U € D: U infinite and each infinite subset of U is in D}.

A space is weak v-space if it satisfies S1(§2,Dr). A space is weakly Gerlits—Nagy space if it satisfies
S1(82,D9P).

Lemma 56. Compact ~y-spaces are productively weakly ~y-spaces.
Proof. Let X be a compact vy-pace and let Y be a weakly ~-space. Let (Uy,: n € N) be a sequence of w-covers

of X x Y. We may assume each U,, consists of sets of the form U x V. Write N = S,, where the S,,’s
are infinite and pairwise disjoint.

neN

Fix n as well as F' finite subset of Y, and choose a finite sequence U;,, ..., U;, where

i1 < --- < iy are elements of Sy;

is an element of U;,, 1 < j < k;
X:UilLJ"'UUik;
FCV,n---NV,;, =V,(F), say.

This defines for each n an w-cover H,, = {V,,(F): F finite subset of Y} of Y. Now apply the fact that Y is
weakly y-space to the sequence (H,,: n € N) and select for each n an H,, € H,, such that {H,: n € N} € Dr.
This produces a sequence of elements U,, € U, n € N, such that {U,: n € N} is a member of Dy for
XxY. O
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1 Introduction

An 8P-network is an iterated block cipher. This means that a certain sequence of computations, constituting
a round, is repeated a specified number of times. The computations in each round are defined as a compo-
sition of specific functions (substitutions and permutations) in a way that achieves Shannon’s principle [38]
of confusion and diffusion. The Rijndael block cipher ([16, 17]) is an example of an §P-network. Rijndael is
a block cipher with both a variable block length and a variable key length. The versions for the block size
of 128 bits and key length of 128, 192, and 256 bits were adopted by the NIST as the Advanced Encryption
Standard (AES) [33]. Rijndael has a highly algebraic structure. The cipher round transformations are based
on operations of the finite field GF(2%). While little research has been done about the structural and alge-
braic properties of Rijndael before it was adopted as a standard, there has been much research since. Several
alternative representations of the AES have been proposed (see, e.g., [2, 14, 27]) and some group theoretic
properties of the AES components have been discovered (see, e.g., [12, 32, 39, 41]).

A motivation for investigating the group theoretic structure of a block cipher is to identify and exclude
undesirable properties. One such undesirable property is short cycles of the round functions when considered
as permutations of the state space. Another undesirable property is nontrivial factor groups of the group
generated by the round functions of the cipher. For example, in [36] it was shown that if the group generated
by the round functions of a block cipher is imprimitive, then this might lead to the design of trapdoors. Some
related results about the cycle structure of the AES round functions are given in [27] and [41].

Knowing the order of the group generated by the round functions is also an important algebraic question
about the security of the cipher, because of its connection to the Markov cipher approach to differential
cryptanalysis. In [24] it was shown that if the one-round functions of an s-round iterated cipher generate
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the alternating or the symmetric group, then for all corresponding Markov ciphers the chains of differences
are irreducible and aperiodic. This means that after sufficiently many rounds of the cipher all differences be-
come equally probable which makes the cipher secure against a differential cryptanalysis attack. In [41],
R. Wernsdorf showed that the round functions of Rijndael over GF(2%) generate the alternating group.
In [39], R. Sparr and R. Wernsdorf provided conditions under which the group generated by the Rijndael-like
round functions which are based on operations on the finite field GF(2¥) is equal to the alternating group on
the state space. Motivated by their work we embark on a formal study of the Rijndael-like functions to deter-
mine the extent to which this and other results in [41] hold when we consider an arbitrary finite field. In this
paper we provide conditions under which the group generated by the Rijndael-like round functions which
are based on operations on the finite field GF( pk) (p = 2) is equal to the symmetric group or the alternating
group on the state space.

Since the adoption of AES as a standard many papers have been published on the cryptanalysis on this
cryptosystem. Initially AES survived several cryptanalytic efforts. The situation started to change in 2009
when [5, 6] presented a key recovery attack on the full versions of AES-256 and AES-192. Since then there
have been several other theoretical attacks on these versions of AES and AES-128 (see, e.g., [7]) as well as on
reduced-round instances of these versions of AES (see, e.g., [19]). In [4] the authors presented a key recovery
attack on version of AES-256 with up to ten rounds that is of practical complexity. However, we must note that
all these attacks are of high computational complexity and they do not threaten the practical use of AES in
any way.

Theoretical attacks against widely used crypto algorithms often get better over time. The crucial question
is how far AES is from becoming practically insecure. One way of strengthening AES is through using sequen-
tial multiple encryption, as it has been done with DES (see [9, 26, 34]). If the set of Rijndael round functions
is closed under functional composition, then multiple encryption would be equivalent to a single encryp-
tion, and so strengthening AES through multiple encryption would not be possible. Thus, it is important to
know whether this set is closed under functional composition. Also, it is important to know how changing
the underlying finite field in AES will impact this property. In this paper we provide conditions under which
the set of Rijndael-like functions considered as permutations of the state space and based on operations of
the finite field GF( pk) (p = 2) is not closed under functional composition.

The idea of examining block ciphers using different binary operations in their underlying structure has
already been considered. For example, E. Biham and A. Shamir [3] examined the security of DES against
their differential attack when some of the exclusive-or operations in DES are replaced with addition modulo
2", In [35] the authors initiated a study of Luby—Rackoff ciphers when the bitwise exclusive-or operation in
the underlying Feistel network is replaced by a binary operation in an arbitrary finite group. They showed
that in certain cases these ciphers are completely secure against adaptive chosen plaintext and ciphertext
attacks and has better time and space complexity if considered over GF(p) for p > 2. Although the study of
the §P-network based ciphers over GF(2") has already been considered (see, e.g., [41]), we are not aware of
such study when the underlying operations are the field operations in GF(p") for p > 2.

The paper is organized as follows. In Section 2 we give some background from the theory of permutation
groups and finite fields as well as block ciphers. In Section 3 we introduce the generalized Rijndael-like 8P
network and provide conditions for the parity and the cycle structure of the round functions of such a network
when considered as permutations on the state space. Furthermore, we show when the set of round functions
in the generalized Rijndael-like 8P network of s-rounds do not constitute a group under functional compo-
sition. In Section 4 we derive conditions for Rijndael-like round functions such that the group generated by
these functions is equal to the alternating group or the symmetric group on the state space. In Section 5 we
conclude the paper.
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2 Preliminaries

2.1 lterated block ciphers

A cryptosystem is an ordered 4-tuple (M, C, X, T) where M, €, and X are called the message (state) space,
the ciphertext space, and the key space respectively, and where T : M x X — C is a transformation such that
for each k € K, the mapping ¢, : M — C, called an encryption transformation, is invertible. For any crypto-
system IT = (M, C, K, T), let Ty; = {¢; : k € K} be the set of all encryption transformations. In addition, for any
transformation ¢, € T, let ¢, ' denote the inverse of €. In a cryptosystem where M = € the mapping ¢, is a
permutation of M. We consider only cryptosystems for which M = C. The set of all permutations of the set M
is denoted by 8,,. Under the operation of functional composition S, forms a group called the symmetric
group over M. The symbol § = (T;) denotes the subgroup of §,, that is generated by the set T};. The group §
is known as the group generated by a cipher. If T; = G, that is, the set of permutations J7; forms a group,
then we say the cipher is a group. As § is finite, by [21, Theorem 3.3] the cipher is a group if and only if
its set of encryption transformations 77 is closed under functional composition. For such a cipher, multiple
encryption does not offer better security than single encryption. Computing the group G generated by a cipher
is often difficult. Let T[k] denote the round function of the cipher under the key k € X where X denotes the
set of all round keys. Let 7 = {T'[k] : k € K} be the set of all round functions. The round functions T[k] are
also permutations of the message space M and it is often easier to compute the group G, = ({T'[k] : k € K})
generated by these permutations. Suppose we have an s-round cipher with a key schedule KS : X — X° so
that any key k € K produces a set of subkeys k; € K, 1 < i < s.Itis natural then to consider the following three
groups relevant to the block cipher:

G, =(Tlk] : k € X),
G = (TlkTks_y] -+ Tlk,] : k; € X),
G = (T[k,Tlks_q]---Tlky] : KS(k) = (ky, Ky, ... Ky))-
Thus G, is the group generated by the round functions and §; is the group generated by the set of all
compositions of s (independently chosen) round functions. The group § is the group generated by the set
of all compositions of s round functions using the key schedule KS. This group can also be regarded as the

group (Jp;) generated by the cipher T7;. It is obvious that G is a subgroup of §; which is a subgroup of 9,.
We will show that G is in fact a normal subgroup of §,.

Lemma 2.1. Foreverys € N, G is a normal subgroup of 9,.

Proof. LetT, € §,and T, ---oT| € G;. We see that

Tyo(ToowroTy) o Ty = Tyo(TyowroTy) o (Lo Tyo-oTy) o (T o Ty oo i) o Ty

s—1 copies s—1 copies
=(TyoT, 00T, o (TyoTyoTyo--o0T)o(TyoTyo-oT) .
s—1 copies s copies
It follows that
Tpo(Tyo---oT,) o Ty € G
This completes the proof. O

Thus the group G, generated by the round functions is an upper bound for the group generated by the cipher.

2.2 Group theoretical background

In this subsection we present some background from the theory of permutation groups and finite fields which
are used in this paper.
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2.2.1 Permutation groups

For a finite set X, let | X| denote the number of elements of X. For any nonempty finite set X with |X| = n,
the set of all bijective mappings of X to itself is denoted by §, and is called the symmetric group on X.
A permutation g € §,, is a transposition if g interchanges two elements x, y € X and fixes all the other
elements of X \ {x, y}. A permutation g € 8, is called an odd (even) permutation if g can be represented
as a composition of an odd (even) number of transpositions.!

The set of all even permutations is a group under functional composition and is called the alternating
group on X. The symbol A, denotes the alternating group on a set X with | X| = n. The degree of a permutation
group G over a finite set X is the number of elements in X that are moved by at least one permutation g € G.

Theorem 2.2. Forn > 5, the alternating group A,, is a simple group.

For any subgroup G < §,, for any x € X, the set orb;(x) = {¢(x) : ¢ € G}is called the orbit of x under G. The set
stabg(x) = {¢ € G : ¢(x) = x} is called the stabilizer of x in G. We will make use of the following well-known
theorem, often called the Orbit-Stabilizer Theorem.

Theorem 2.3. Let G be a finite group of permutations of a set X. Then for any x € X,
|G| = |orbg(x)] - [stabg(x)].

Let I and »n denote natural numbers such that 0 <1 <n. A group G <8, is called I-transitive if for any
pair (a;,ay,...,a) and (b, b, ..., ) with a; # a;, b, # b; for i # j, there is a permutation g € G with g(a;) = b,
foralli € {1,2,...,1}. A 1-transitive permutation group is called transitive.

A subset B < X is called a block of G if for each g € G either g(B) = B or g(B) N B = §. A block B is said
to be trivial if B € {0, X} or B = {x} where x € X. The group G < §, is called imprimitive if there is a nontrivial
block B ¢ X of G; otherwise G is called primitive.

We use the following result from [42] which provides sufficient conditions for a permutation group to be
the alternating or the symmetric group.

Lemma 2.4. Suppose G is a primitive permutation group of degree n on a finite set X of cardinality n. If G
contains a cycle of length m with 2 < m < (n — m)!, then G is the alternating or the symmetric group on X.

The following lemma from [15] gives the probability that a random permutation contains a cycle of length m
with2 <m < (n —m)!.

Lemma 2.5. Let A be a subset of the positive integers. The probability that a random permutation does not
contain cycles of length in A is
H e Vi Z o Liealli

icA

2.2.2 Finite fields

A structure (I, +, - ) is called a field if and only if the following hold:

e (I, +) is an Abelian group with identity element 0,

e (F\{0s},-)is an Abelian group,

o thelaw of distributivity of - over + applies.

If the number of elements in FF is finite, then IF is called a finite field; otherwise it is called an infinite field.

Definition 2.6. Suppose FF and K are fields. If IF ¢ K, then F is called a subfield of K, or equivalently K is
called an extension field of TF.

1 Note that in this terminology a cycle of even length is an odd permutation, while a cycle of odd length is an even permutation.
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We can view K as a vector space over I if we define the scalar multiplication as follows:
FxK - K, (a«a) - aa.

Suppose the extension field K of IF is a finite-dimensional vector space over F. Let d = dimy(KK) be the dimen-

sion of the vector space K over the field F, and let {«,, «,, . .. , &z} be a basis of the vector space K over IF. Then
any element 3 € K can be expressed uniquely as a linear combination of «;, «r,, . . ., &¢; with coefficients in F,
thatis, g = a,q; + a0, + -+ + ayo; Wwhere gy, a,,...,a; € F.

In field theory the dimension d of the vector space K over F is called the degree of extension.

It is known that every finite field has order p” for some prime number p and some positive integer n. Such
a field is called a Galois field of order p” and is denoted by GF(p"). The following classical fact from the theory
of finite fields (see [21]) will be used.

Theorem 2.7. We have GF(p™) < GE(p™) if and only if n, divides n,.

Itis also known that a finite field K of order p"d can be constructed as a quotient ring F[x]/( f (x)) where F[x] is
the polynomial ring over the field IF of order p” and f(x) € F[x]isanirreducible polynomial of degree d over F.
The field K is an extension field of degree d of IF, i.e., a vector space of dimension d over FF. The equivalence
classes modulo f(x) in F[x]/{f(x)) of the polynomials 1, x, x%,...,x* 1 over F form a basis of K viewed as
a vector space over the field IF. Thus, using x as representative for the equivalence class of x’ modulo f(x)
(for 0 < i < d — 1), the elements in K can be represented uniquely as a, ,x* ' + a, ,x?
where g; € FF.

+oo+ayxt +ax + a,

Definition 2.8. A quadratic field extension of a field K is a field extension of degree 2.

In the case where a quadratic extension K arises as the quotient ring IF[x]/{f(x)) for an irreducible polyno-
mial f(x) of the form x* — ¢ with ¢ € I, it is common to replace the equivalence class of x modulo f(x) with
the symbol +/c when representing the elements of K as linear combinations of basis elements of the vector
space K over the field F. In this notation, elements of K are written as a, + a, v/c where a,,a, € FF and K is
usually denoted by F(+/c).

We consider the following function on finite fields.

Definition 2.9. Let IF be a finite field of order g and K be an extension field of IF of degree d. The trace function
ph
on K with respect to F is the function Tr : K — T defined by Tr(a) = a + a? + a® vl .

For any subset S of a field E write S~ for the set {s™! : 0 # s € S}. The set § is called inverse-closed if S* < .

The inversion map in finite fields is of cryptographic interest, especially when we study the algebraic
structure of the ciphers which are based on substitution-permutation networks. The following theorem is
aresult by S. Mattarei in [29].

Theorem 2.10. Let A be a nontrivial inverse-closed additive subgroup of the finite field E = GF(p"). Then
either A is a subfield of E or else A is the set of elements of trace zero in some quadratic field extension con-
tained in E.

Lemma 2.11. The number of elements of trace zero in a quadratic field extension K(~/c) of a subfield K ¢ GF(p")
is equal to |K]|.

Proof. The set of elements of trace zero in K(+/c) is the set {a, + a,/c : a5, g, € K, a, = 0}. This set has |K|
members. m

Theorem 2.12. Any nontrivial inverse-closed additive subgroup H of a finite field GF(p") has pk elements for
some k dividing n.

Proof. By Theorem 2.10, there are two possibilities: H is a subfield of GF(p"), in which case the result follows
immediately from Theorem 2.7; or H is the set of elements of trace zero in a quadratic field extension K(~/c) of
a subfield K € GF(p"). In the latter case, by Theorem 2.7 we have that |K| = pk for some k|n, and Lemma 2.11
yields |H| = |K| = p*. O
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3 Cycle structure of the generalized Rijndael-like round functions

In this section we show properties of the cycle structure of the round functions of a Rijndael-like 8 P-network
considered over the field GF(p"), which we call generalized Rijndael-like functions. The notation of the
generalized Rijndael-like functions and their component functions will be similar to the notation in [39].
One exception will be that the underlying field in the generalized Rijndael-like functions and their compo-
nent functions is the finite field GF(p") of characteristic p > 2 instead of GF(2").

Let m, n, r be positive integers. The symbol M,,, ,(GF(p")) denotes the set of all  x n-matrices over GF(p").
The elements of GF(p")™" are defined as matrices b € M,, ,(GF(p")) with the mapping

t: GF(p")™ — M,,(GF(p"))

where t(a) = b is defined by b; = a,;,; for 0 <i <m, 0 < j < n. First we start with the analysis of the cycle

structure of the component functions in the generalized Rijndael-like function.

3.1 Analysis of the AddRoundKey-like function (o [k]-function)

Definition 3.1. Leto[k] : M, ,(GF(p")) — M, ,(GF(p")) denote the mapping defined by ¢[k](a) = bif and only
ifb; = a;; + k;; and k € M,,, ,(GF(p")) forall0 <i <m,0< j<n.

Lemma 3.2. Let k € M,,,,(GF(p")) be given.
@i Ifp > 2, then o[k] is always an even permutation.
(ii) If p = 2, then o[k] is an even permutation if and only ifr -m -n > 1.

Proof. If k = 0, then o[k] is the identity permutation. If k # 0, then ¢[k] is composed of p-cycles. If p is odd,
then there are no cycles of even length. If p = 2, then ¢[k] is composed of 2"~ many 2-cycles. O

3.2 Analysis of the SubBytes-like function (1-function)

Definition 3.3. Let A : M, (GF(p")) — M,,,(GF(p")) denote the mapping defined as a parallel application
of m - n bijective S-box mappings A,-j : GF(p") — GF(p") and defined by A(a) = b if and only if bl-j = /\,-j(aij) for
allo<i<m,0< j<n

Each S-box mapping consists of an inversion, multiplication by a fixed A € GF(p"), and addition of a fixed
element B € GF(p"), i.e., it is a mapping of the form Ax"! + Bwhere A, B € GF( p") are fixed. For convenience
we define this map on all of GF(p") so that it maps 0 to B, and any nonzero x to Ax™" + B.

Lemma 3.4. Let A € GF(p") be the fixed element used in the S-box mapping A;;. If p = 2, then the function A is
an odd permutation if and only if r > 2 and m - n = 1. If p > 2, then the function A is an odd permutation if and
only if m and n are odd, and either of the following holds:

(i) p=,3,risodd, and (p" - 1)/|(A)|is odd,

(ii) either p=, 1 orriseven, and (p" - 1)/|(A)| is even.

Proof. Analysis of inversion. We first consider a single S-box inversion

, , x ! ifx#0,
f:GE(p") - GF(p'), x+ f(x)=

0 otherwise.

If we enumerate the elements of GF(p") as (0, x, ... ,xpr_l), then we can represent f in standard permutation
form as
f_<0 X, Xy ... X ... xpr_l)
0 x;l xgl xi_l x;,l_l ’
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Writing this in disjoint cycle form, we see that f consists entirely of 1-cycles and 2-cycles. The 1-cycles corre-
spond to the x for which x* = 1 or x = 0, while 2-cycles correspond to the rest of the elements x.

Assume that p > 2. Since GF(p") \ {0} is a cyclic group under multiplication, it has only ¢(2) = 1 elements
of order 2, and thus counting the identity also, there are two elements x with x = x !, Thus, there are p-3
other nonzero elements, and these form 2-cycles in pairs, giving a total of %( p" - 3) many 2-cycles in the dis-
joint cycle decomposition of the f function. If p = 2, then p” — 1 is odd, and so the cyclic group GF(2") \ {0}
(under multiplication) has no elements of order 2 (since 2 is not a divisor of 2" — 1), and so there is only
one solution to x = x™! in this case, namely the identity. The remaining 2(2"~" — 1) nonzero elements con-
tribute 2"~! - 1 disjoint 2-cycles in the cycle decomposition of the f function.

Next we analyze the inversion function as a function over M,, ,(GF(p")).

(a) Consider p > 2. When p > 2, a fixed position (i, j) S-box inversion defined on M,, .(GF(p")) still consists
of 1-cycles and 2-cycles. The remaining mn — 1 positions in the m x n-matrices in M,, ,(GF(p")) can be filled
in p"™"" ways, thus producing

L vmn-ry, r
E(P p' -1

2-cycles over M, . (GF(p")), leading to a total of

%(Prmn—r)(pr _ 3) (31)

2-cycles, which is an odd number if p =, 1 or r is even.

(b) Consider p = 2. Over M,,,(GF(2")), a fixed position (i, j) S-box inversion consists of inversion in
one position’s subfield GF(2") and the identity on all other (mn — 1) subfields. Therefore, for every 2-cycle
over GF(2"), there are 2" many 2-cycles over GF(2"™"). The total number of 2-cycles is

L rmn—ry or
S @@ -2),

which is even if and only if mn > 2.

Analysis of multiplication by a fixed polynomial in GF(p"). Multiplication by a fixed polynomial (field
element) A € GF(p") produces cycles of length |(A)| for multiplication with a nonzero field element, and
length one for multiplication with the zero element. Over M,, ,(GF(p")), there are

(prmn—r)(pr _ 1)
(A

of these cycles, each of length |(A)| (see equation (3.6)).

(a) Consider p > 2. Then (3.2) is an odd number if and only if (p” — 1)/|{A}| is odd, in which case the cycle
length |(A)] is even. In this case the permutation obtained from multiplication by A is an odd permutation.

(b) Consider p = 2. We have that [(A)] is odd, so there are no even-length cycles. In this case the permu-
tation obtained from multiplication by the polynomial A € GF(p") is an even permutation.

Analysis of addition of a constant. If p > 2, the addition of a constant is always an even permutation, and
if p=2, thenitisevenifand onlyifm-n-r > 1 (Lemma 3.2).

From the above, we conclude that for p an odd prime the S-box mapping A,-j is odd if (p" - 1)/I{A)| is
odd, or p =, 1 or r even, but not both. Thus, the function A defined as parallel application of all m - n S-box
mappings A;; is odd if and only if each S-box mapping A;; is odd and m and n are odd. For p = 2 the function A
isoddifand onlyifr > 2and m-n = 1. O

(3.2)

3.3 Analysis of the ShiftRows-like function (z-function)

Definition 3.5. Let 7 : M,, ,(GF(p")) — M, (GF(p")) denote the mapping for which there is a mapping

c:{0,...,m—1} > {0,...,n— 1} such that n(a) = bif and only if b; = @(;_(;)) moan fOrall0 <i <m,0 < j < n.

The function 7 permutes each row of the state matrix, an element of M,,,(GF(p")), by shifting that row
by a constant offset. To analyze the parity of the whole permutation, we consider it as the composition
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of m row permutations. A row permutation shifts a specific row by the corresponding offset, while leaving
all other entries of the matrix fixed. Thus for a specific matrix from M,, ,(GF(p")), such a row permutation
leaves n(m — 1) entries fixed.

The parity of the function 7z can be computed from the parity of each row permutation by considering
the permutation of M, ,(GF(p")) corresponding to the restriction of the row permutation that corresponds to
the particular row in question. To analyze the parity of the function 7 we first identify the possible lengths
of cycles in the cycle decomposition of this permutation, and then we count the number of cycles of each
length. From this information and the value of the prime number p we then conclude what is the parity of the
permutation 7.

Analysis of the cycle lengths. We show that the possible lengths of a cycle of the permutation that leaves
all entries in the m x n-matrix fixed, except for the i-th row, and which shifts the i-th row’s n entries by c(i)
units are the divisors of n/gcd(n, c(i)). To determine this consider all the n-vectors whose entries are elements
of GF(p"). A typical such vector is of the form (x,,...,x, ;) where the x; are elements of GF(p"). A single
application of this permutation maps as follows:

(xO’ AR xn—l) = (xn—c(i)+0 modn> * + +> Xn—c(i)+n-1 modn)’

and k iterations of this permutation maps as follows:

(x()’ e xn—l) nd (xk-(n—c(i))+0 modn> > xk-(n—c(i))+n—1 modn)'

The least k > 0 which for any n-vector (x,, ..., x,_,) of elements of GF(p") produces

(xk-(n—c(i))+0 modn> > xk‘(n—c(i))-f—n—l modn) = (xO’ R xn—l)

gives the order of the cyclic group G generated by this row permutation. For this k we have k - (n - c(i)) =, 0
meaning that k - ¢(i) is a common multiple of ¢(i) and n. By minimality of k, this is the least common multiple
of c(i) and n, which is n - ¢(i)/ged(n, c(i)) and thus k = n/gcd(n, c(i)).

By the Orbit-Stabilizer Theorem we see that for any n-vector (x,, ..., x,_;) we have

"
ged(n, c(i))

But the orbit of (x, ..., x,_;) “is” the cycle containing (x,, ..., x,_,) in the disjoint cycle decomposition of this
row permutation. The length of this cycle is thus a factor of n/gcd(n, c(i)).

For the factor d = 1, a fixed point is built by taking a vector (xo, ..., Xgcq(nc()-1)> @nd concatenating
it n/gcd(n, c(i)) times to form a vector of length n. There are p” choices of each of the x;, and thus pr'ng(”’E(i))
many n-vectors with orbit length equal to 1.

We claim that for each factord > 1, thereis an n-vector (x,, .. ., x,,_;) for which the orbit length is d. Indeed,
fixan f such thatd - f = n/ged(n, c(i)) and choose two distinct elements x, y € GF(p"). Consider the n-vector
which consists of the concatenation of f copies of the vector (y, ..., ¥, x) which has only one entry equal to x,

= |G| = |orbg((xg, . .., x,_1))| - Istabg ((xg, . . ., X, 1))

Do) = (e 15%) = o = (55 15 ).

Note that the vector (y,..., y, x) has length d - gcd(n, c(i)).
Consider the last x of this n-vector. After a minimum number of ¢ applications of the permutation, it is in
a position of an x in the n-vector. Then

d - ged(n, c(i)) - c(i)
ged(d - ged(n, c(i)), c(i))
As d divides n/gcd(n, c(i)), it follows that ged(d, c(i)) divides ged(n/ged(n, c(i)), c(i)). Since

n N\
ng( gcd(n,c(i))’c(l)) =L

t =lem(d - ged(n, c(i)), (i) =

we have that
ged(d - ged(n, c(i)), c(i)) = ged(n, c(i)).
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It follows that t = d - c(i) applications of the permutation has this n-vector as fixed point. Any iteration of
this d - c(i)-iterate has this n-vector as fixed point, and the order of this d - c(i)-iterate is

n n n
ged(n,c(i)) _ ged(n,c(i) _ ged(n,c(i)) _ n _ f
ged(d - (i), m) gcd(d, M) d d - ged(n, c(i))

It follows that
Istabg (3, ..o, 9, %) = (Bsee s ,%) == = (s, 1, 2))| = S,

and thus the orbit has d elements, meaning that in the cycle decomposition of the permutation the cycle
containing this vector has length d.

Analysis of the number of cycles of a given length. Fix a divisor d' of n/gcd(n, c(i)). We now count the
number of cycles of length exactly d’ in the cycle decomposition of the given permutation. As observed
before, for d’ = 1 there are exactly p" ¢4 cycles of length 1 for this permutation. Now consider the case
when d' > 1. It can be shown that if an n-vector (xy,...,x,_,) has an orbit of length dividing d’, then it is
a concatenation of a number of copies of a vector (y;,. .., Ya.geame(iy))- Observe that the total number of such
vectors that can be constructed using the elements of GE(p") is p* 54> Byt for d' > 1 many of these
d - gcd(n, c(i))) vectors have orbits whose cardinality is a proper divisor of d' and thus should be excluded
from the count of items producing cycles of length exactly d'. Notice that for d a divisor of d’ the vectors
producing orbits of cardinality d are obtained by concatenating the vector (y;, .. ., Ya.gcdmc() the appropriate
number of times; The vectors among ones of the form (zy, . . ., zg.gc4nc(i))) t0 be excluded are those obtained by
concatenating % copies of a vector (yy,.. ., Yagcagne(iy)) t0 Obtain the vector (zy, ...,z geqpueiiy)- LEt N (d") de-
note the number of (d' - gcd(n, c(i))) vectors that produce cycles of length exactly d'. Thus, N(1) = p"ng("’C(i)).
Ford' > 1 we find that
N(d') = pr-d'-gcd(n,c(i)) _ Z N().
dld',d+d'

Alternately this can be written

prvd’-gcdm,c(i» _ Z N(d).

dld

By the Mdbius inversion formula ([25, Theorem 2, p. 20]), we have

'
N(d’) _ Z pr-d-gcd(n,C(i))y<d_>_ (3.3)

d|d d

Note that since each orbit contains exactly d' elements, the number of disjoint cycles in the cycle decompo-

sition of the permutation contributed by these vectors is Ngf ). The question is whether the number N@) g

dl
even, or odd. Since a cycle of odd length is an even permutation, the answer to this question is relevant only
when d’ is even. Let d’ be even and have prime factorization

d=2". pjl ----- p, a>0. (34)
Since we are interested in only the parity of ¥4 d, )| we seek to determine if
N(d') mod 2°*! (3.5)

is zero, or positive
C0n51der ,u( ) foranevend' andafactord ofd’'. By the definition of y, the only case when u(% 4) is nonzero
is when % is 1, or else square free (i.e., a product of distinct prime numbers). In each of these cases the power
of 2 that d1v1des into d is at least 2", so that the factor p” dgednc@) of the term corresponding to the factor d is
of the form v*" * where ¢ and v are integers. Note that v odd if p is an odd prime number, and even otherwise.
Next, using the preceding analysis we present our analysis of the parity of 7. We analyze separately the
case when p is an odd prime and when p = 2.

Lemma3.6. Let p > 2 be a prime. If p =, 3, n is even, r is odd, and gcd(n, c(i)) is odd for an odd number
ofi € {0,...,m — 1}, then the function m is an odd permutation; otherwise it is even.
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Proof. Leta > 1be an integer. Then for any odd number v we have that ¥ = 1mod 24+ by [25, Section 4.1,
Theorem 2']. Then equation (3.5) reduces to

!

d%/ prdgcd(nc(z))‘u(ili >mod2a+l _ d%, 1"‘4(%) mod2“+1 -0

since for any integer d’' > 1 we have, by [25, Proposition 2.2.3, p. 19], that Zdl 2 ud) =0.

Next, consider a = 1. We need to analyze the following two cases.

Case 1: r is even or p =, 1. Since for each odd number v we have v* =, 1 and since we have a = 1 in
equation (3.4), equation (3.5) reduces to

!

Z prdgcd(nc(l))‘u(‘;)mod4_ Z 1.“(%)m0d4=0

dld' d|d'

using [25, Proposition 2.2.3, p. 19] as in the previous case and the fact thata = 1 and p =, 1 or r is even. This
concludes the argument that if p is a prime number such that p =, 1, or if r is even, then for each i the per-
mutation shifting each item in the i-th row of M, ,,(GF(p")) by c(i) units is an even permutation. As a result
the function 7 is a composition of even permutations, and thus is an even permutation in this case.

Case 2: r is odd and p =, 3. We will start analyzing this case by first assuming that d' > 2. The factors
of d’ are either of the form 2d where d is odd, or d where d is odd.

Part 1: factors of the form 2d where d is odd. Since v* =, 1 for each odd number v, we have

!

d d d
r-2d-gcd(n,c(i)) r-2d-gcd(n,c(i)) _
2 P “(2d>m°d4_ 2 P “(2d>m°d4_ Zd 1'“<ﬁ)m°d4‘0

2d|d' g 4
2

2

again using [25, Proposition 2.2.3, p. 19] as before.

Part 2: factors of the form d where d is odd. First note that if v is an odd number such that v =, 3, then
for any odd number r, v" =, 3. Using this observation and the fact that a = 1 in equation (3.4), equation (3.5)
reduces to

/ ! d
Z pr-d~gcd(n,c(z))‘u<dg) mod 4 = Z 3gcd(n,c(:)) . (_#( jd >> mod4 = (- 3gcd(n C(l))) Z #< zd) mod4 =0
as e ars

Here we used the fact that p is multiplicative, so that for odd w, p(2w) = u(2)pu(w) = —u(w), and we again
used [25, Proposition 2.2.3, p. 19]. Taking Parts 1-2 together, we obtain for d' > 2 that N(d') =, 0.
Next, assume that d’ = 2. Then ¥ (d) reduces to

pr-l-gcd(n,c(i))[/l(z) + pr<2-gcd(n,c(i))#(l) ~ pr-gcd(n,c(i)) . (pr-gcd(n,c(i)) _ 1)

2 2
r-ged(nc(i)

Since pis odd, the parity of this quantity depends entirely on the parity of PT which in turn depends on
the parity of r - gcd(n, c(i)). For this we consider the parity of % (since p =, 3). By the Binomial Theorem,
(4k + 3)™ has the form 3™ + 4x for an appropriate integer x, and so

(4k +3)" -1 3" +4x-1
2 B 2 ’

and the parity of this quantity depends on the parity of =—— =i ‘1 . Applying the Binomial Theorem to 3" = (2 + 1)™,
we see that 3™ is of the form 1 + 2m + 4x for an approprlate integer x. Thus, 2! — is of the form 2"**, which
is even if, and only if, m is even. Thus, as r is odd, we find that

N(z) =, 0if ged(n, c(i)) is even,

M =, 1if gcd(n, c(i)) is odd.
Since for divisors d' > 2 of n/ ged(n, c(i) we have even, it follows that when p =, 3 the row permutation
is even if, and only if, r - gcd(n, c(i)) is even. Since the function 7 is a composition of these row permutations,
we see that for p =, 3, we have that 7 is an odd permutation if and only if r - ged(n, c(i)) is odd for an odd
number of i and even for the remaining values of i. O

N(d)
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Lemma3.7. Letw: M,, ,(GF(2")) — M,, ,(GEQ2")). If m - r - gcd(n,c(0)) = 1 and n = 2, then  is an odd permu-
tation; otherwise it is an even permutation.

Proof. We analyze separately the cases whenm > 1 and m = 1.

Case 1: Let m > 1. The number 2"~V is an even number, and each cycle length of the permutation 7
appears a multiple of 2" D" times in its cycle decomposition. Thus in this case 7 is an even permutation.

Case 2: Let m = 1. Then the function 7 is a single row permutation, and the factor 2" " is equal to 1,
so that the parity argument when m > 1 does not apply. Once again apply equations (3.3) and (3.5) for p = 2.
Considering a factor d’ of n/ged(n, c(0)) with factorization as in equation (3.4), we distinguish between the
casesa >2,a=1anda = 2.

For a > 2 we have n > 2 and the factors 244" jn the nonzero terms of (3.3) have 2°~! as a divisor of d.

Write d = k; - 2. We have
2r~d'gcd(n,c(i)) _ 2r~kd~2"*1.gcd(n,c(i))

which for each nonnegative integer a is divisible by 22* ', which in turn is divisible by 2%*'. Thus we find
from equation (3.3) that N(d') = u(d’)2" ) mod 2. But since a > 2, we must have u(d') = 0. It follows
that %‘?’) is even in this case.

For a = 1 we see that the only contributing terms to the parity of the i-th row permutation are of the form

N(d') = u(d")2784O) mod 4

where d' is an even square-free factor of n/ gcd(n, ¢(0)). If - ged(n, c(0)) > 1, then N d) = 4 0 and the factor d
of n/gcd(n, c(0)) contributes an even number of cycles of even length to the cycle decomposition of the row
permutation. We see that for m - r - gcd(n, ¢(0)) > 1 the function 7 is an even permutation.
Finally consider the case when m - r - ged(n, ¢(0)) = 1. For d' > 2asquare-free even factor of n/ ged(n, c(0)),
we have that N(d') = u(d')2 =, 2. Suppose that n has x + 1 distinct prime factors, including 2. Thus, asd’ > 2,
we have x > 0. The number of square-free even factors of n/gcd(n, c(0)) larger than 2 is 2* - 1, an odd number.
Thus the square-free even factors of n/ged(n, c(0)) larger than 2 contribute an odd number of even length cycles
to the cycle decomposition of the permutation 7. To complete the count of the number of cycles of square-free
even length in the cycle decomposition of 7z, we must still consider @ By equation (3.3),
N@2)  2u(2)+2°u(1) 2(2-1)
2 2 o2

1.

Thus, when a = 1, the square-free even factors of n contribute an even number of cycles of (square-free) even
length. Thus, if n > 2 and the largest power of 2 that divides # is equal to 1, we find that 7 is even.
For a = 2 we see that the only contributing terms to the parity of the i-th row permutation are of the form

N(d') = p(d'[2)2*784O) 104 8

where % is an odd square-free factor of n/gcd(n, c(0)). If r - gcd(n, c(0)) > 1, then N d) =4 0. Therefore, we
must consider the case when r - ged(n, c(0)) = 1. In this case N d) =, 4, and the factor d' contributes an odd
number of cycles of length d’ to the disjoint cycle decomposition of 7. If n has k odd prime factors, then there
are 2* factors d' with, in the notation of equation (3.4), a = 2. When k > 0, the number of cycles of even length
contributed to the disjoint cycle decomposition of 7z by all these factors combined is an even number (the sum
of an even number of odd numbers). When # has no odd prime factors, then there is only one d’ with a = 2,
namely d' = 4. In this case we have

N(4) _ Zr-gcd(n,c(O))[/l(Al) + 22-r~gcd(n,c(0))‘u(2) + 24-r-gcd(n,c(0))‘u(1)

and N(4) =4 2278400 y2) If r - ged(n, c(0)) > 1, then N(4) =, 0, and else N(4) = 4.

Finally, we consider the remaining two cases. In the case when n =4 and m - r - gcd(n, c(0)) = 1, the
permutation 7 has three 4-cycles and one 2-cycle and thus 7 is an even permutation. In the case when
n=2,m=1,r =1 and c odd, the = permutation has one 2-cycle, and two fixed points, and is thus an odd
permutation. O
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3.4 Analysis of the MixColumns-like function (p-function)

Definition 3.8. Let p: M, ,(GF(p")) — M,,,(GF(p")) be a mapping defined as the parallel application of
n “column” mappings P : M, (GE(p")) — M, ,(GF(p")) defined by p(a) = b if and only if bj = pj(aj) for
all 0 < j < n where each p; is given by p;(x) = C- x for all x € M,, ,(GF(p")) where C € M,, ,,(GF(p")) is an
invertible diffusion matrix.

Lemma 3.9. The function p is a linear transformation of M,,, ,(GF(p")).

Lemma 3.10. Let C € M,,,.(GE(p")) be an invertible diffusion matrix and n > 1. Then the function p is an odd

permutation if and only if p, n, and % are odd.

Proof. Consider the function p as a composition of n permutations p;, each of which multiplies the j-th
column by the invertible m x m-matrix C over GF(p") and fixes the other n — 1 columns. Fix j € N. Then p;
produces cycles of length [(C)|. Of the p"" possible states of the j-th column all but the fixed points of C,
which is only the all-0 column, are members of cycles. Note that for any state of the j-th column, there corre-
spond p™"V states of the entire matrix. Therefore, over M,, ,(GF(p")), the permutation p; consists of

™ -1
KON
cycles of length [(C)|. Recall that » > 1. This implies that the number of cycles is odd if and only if p is odd

m_y
I

(3.6)

and P(Tn is odd (in this case |{C)| is even). Note that for only an odd number of mappings P would their

composition then be an odd permutation, meaning » must be odd. O
Note that for p = 2 the p function is odd if and only if n = 1. Additionally, for n = 1 and p > 2 the p function is

odd if and only if % is odd.

3.5 Analysis of the generalized Rijndael-like round functions

Definition 3.11. Let m, n,r > 0 be natural numbers and k € X. The mapping
T[k] : M, ,(GE(p")) = M,,,(GF(p")), TI[k] =alklepomeoA,
is called a generalized Rijndael-like round function.

Corollary 3.12. Let p be an odd prime. For each k € X, the generalized Rijndael-like round function T[k] is an
odd permutation if and only if exactly one of the functions A, p, and m is odd.

Proof. By Lemma 3.2, each o[k] is an even permutation. By definition the function, T[k] is odd if and only
if each of A, p and 7 is odd, or else exactly one of these three functions is odd. By Lemmas 3.4, 3.6 and 3.10,
these three functions cannot simultaneously be of the same parity. O

Corollary 3.13. For n > 2 the Rijndael-like round function T[k] : M,, ,(GF(2")) — M,,,(GF(2")) is an even
permutation.

Corollary 3.14. The Rijndael-like round function T[k] : M,, ,(GF(2")) — M,,,(GF(2")) is an even permutation if
and only if i is even.

Corollary 3.15. The Rijndael-like round function T[k] : M,,,(GF(2")) — M,,,(GF(2")) is an even permutation if
and only if o[k] is odd or A is odd.

Note that when n = 1 and m = 2, the Rijndael-like round function T[k] is an odd permutation.

Definition 3.16. Let m,n,r > 0 be natural numbers and k € X. Fors > 1 and 2 < i < s the mapping
T,[k] : M, ,(GF(p")) = M,,,(GF(p")), Tkl =0lky lemodo(olk]opomer)o---o(alky]opomol)eafk,]

where {k; : 1 <i < s} is the set of subkeys produced by the key k, is called an s-round generalized Rijndael-like
function.
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The AES as well as the actual Rijndael [17] are special s-round Rijndael-like functions for m =n =4, r = 8,
p =2ands = 10, 12, or 14 (depending on key size).

Theorem 3.17 ([39]). Let m,n > 2 and r > 2 be natural numbers. Then the s-round Rijndael-like function
T,[K] : M,,,,,(GF(2")) — M, (GF(2")

is an even permutation.

Using Corollaries 3.13-3.15, we have the following generalization of the theorem above.

Theorem 3.18. For n > 2 the s-round Rijndael-like function
T,[k] : M, ,(GF(2")) = M,, ,(GF(2"))

is an even permutation.

Corollary 3.19. The s-round Rijndael-like function T,[k] : M,,,,(GF(2")) — M,,,(GF(2")) is an even permutation
if and only if w is odd and s is even or 7 is even.

Corollary 3.20. The s-round Rijndael-like function T [k] : M,, ,(GF(2")) — M,, ,(GF(2")) is an even permutation
if and only if o is odd or A is odd or else s is even.

The proofs of the theorems below are omitted as they follow directly from the above theorems about the parity
of the functions o, p, A, and 7.

Theorem 3.21. Let p > 2 be a prime. Then the s-round generalized Rijndael-like function T [k] is an odd permu-
tation if one of the following holds:

(i) sisevenand pisodd,

(ii) sis odd and either i or A is odd.

Corollary 3.22. Let p > 2 be a prime. Then the set of s-round Rijndael-like functions do not form a group if one
of the following holds:

(i) sisevenand pisodd,

(ii) sis odd and either m or A is odd.

4 Groups generated by the generalized Rijndael-like
round functions

In this section we will show properties of groups generated by the round functions of the Rijndael-like
8P-network. We provide conditions under which the group generated by the generalized Rijndael-like round
functions based on operations of the finite field GF( pk) (p = 2) is equal to the symmetric group or the alter-
nating group on the state space. Some of the techniques that we use for this result appear in [10].

In our analysis of this group note that by Lemma 3.9 and the fact that 7 is a linear transformation,
the functions p and 7 appearing in T[k] = o[k]  p o o A are both linear. Thus the map « = p o 7r is a linear
transformation.

The space V = M,, ,(GF(p")) is a direct sum

V=V,e---eV,,
where each V; has dimension r over GF(p). For any v € V we write
V=V F Uy,

where v; € V,. Also, we consider the projections Proj, : V' — V; given by Proj,(v) = v;.

Definition 4.1. We say that y : V — V is a piecewise Galois field inversion if y(v) = (v,))" @ --- @ (v,,,)" for
allv € V wheree,, € {-1, 1} is such thate; = -1 ifv; # 0, and ¢; = 1 otherwise.
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Lemma 4.2. Let y, denote the restriction of y to V; and let r > 4. Then:
(1) y(0) = 0 and y?* is the identity map.
(2 Letiez,,,.
(@) For all v € V;, where v # 0, the image of the map V; — V; which maps x — y;(x + v) — y;(x) has size
greater than p"™>.
(b) If a subspace of V; is invariant under y,, then it has codimension at least 3.

Proof. The condition (1) is satisfied by construction of y.

(2,a) Fix 0 # v € GF(p") and consider the map GF(p") — GF(p") which maps x + (x + v)™' — x™*. The size
of the image of this map is equal to the number of distinct elements b that solve the equation (x+v) ' -x~* = b.
If x # 0 or —v, then (x + v)((x + v)™!) = 1 and x(x"!) = 1, and

x+v) ' =x"'=b = x(x+v)(x+v) —xH) =x(x+0)b
- x—(x+u)=bx2+bvx
= bx’+bvx+v=0

= b(x2 +vx) = —0.

Now as x ranges over GF(p") except 0 and —v, the quantity (x* + vx) ranges over at least % distinct nonzero
values, whence solving for b we find at least % distinct values of b. Therefore the map x — (x +v) ™' — x*
has at least # > p"2 distinct values, fulfilling condition (2, a).

(2,b) Assume that U is a proper (vector) subspace of V; and U is closed under inversion. As subspace,
U is an additive subgroup of V;. Apply Theorem 2.10 and Lemma 2.11 to find that either U is a subfield of V;,
or |U| = |F| for some subfield F c V;. Since V; is isomorphic to GF(p"), Theorem 2.7 implies that |U| = pk
where k | r and k # r. Then as k is a proper divisor of r, k < 7. But then we have the following implications:

r dim(U)

U] < pg = dim(U) < > because |U| = p
>

= codim(U) because dim(U) + codim(U) = dim(V;) = r

ST

= codim(U) >3 provided r > 5.
This completes the proof of condition (2, b) and the theorem. O
Theorem 4.3. Letr > 4andV = M,, ,(GF(p")). If U # {0} is a subspace of V such that forallu e U andv € V
(@ep)v+u)—(xoy)(v) €U
where o = p o , then U is invariant under o and U is a sum of some of the V.

Proof. We already know that « is a permutation of the set V. By Lemma 3.9 and the fact that 7 is a linear
transformation we have that « is an invertible linear transformation of the vector space V over the field GF(p").
Thus, W = a }[U] is a vector subspace of V of the same dimension as U.

Thus, for all u € U and v € V we have

Yy +u) —y) € a ' [U] = W. (4.0)

Setting v = 0 in (4.1) and using the fact that y(0) = 0, we see that for each u € U we have y(u) € W. Hence, y is
a function from U to W. Since U and W are finite and |y[U]| = |U| = |W|, statement (1) of Lemma 4.2 implies
that

plU] =W and yp[W]=U.
Using the hypothesis that U is not {0}, choose a u € U and an i such that «; = Proj;(1) # 0. With i fixed from
now on, consider any v; € V; with v; # 0. We have that y(u + v;) — y(v;) € W and y(u) € W. Since W is a vector
space, —p(u) + y(u + v;) — y(v;) € W. Explicitly written y(u + v;) and y(u) have the form

Y(” + Ui) = Y1(“1) & YZ(uZ) ®---® yi(ui + l),-) &0 Ymn(umn)

and
pu) = y1(uy) © Y, (1) @ -+ @ (1) -+ - ® Py, (Uyy,)-
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Since V; is a vector space, —y;(1;) + y;(u; + v;) — ,(v;) € V;. Therefore,
—pu) + y(u +v;) — p(v;) = =y;(w;) + y;(w; +v;) — y;(v;) e WNV,.

If for each v; € V; this vector was the zero-vector, then the image of the map v; — y;(v; + ;) — y,(v;) from V;
to V; would be {y,(;)}. This would contradict (2, a) of Lemma 4.2. Thus, W nV; + {0}.

Since U NV, = (W nV;) and y;(x) = 0 implies x = 0, we have that U n V; # {0}. Thus there is a nonzero
elementy; € U N V,. By the hypothesis thatr > 4and (2, a) of Lemma 4.2, the map x — y;(x + ;) — y;(x) from V,
to V; has image of cardinality greater than p’~*. But as seen in (4.1), the image of this map is also a subset of W.
Thus W nV; is a linear subspace of V; and has cardinality greater then p". As subspace of V; the cardinality
of W n 'V, must be factor of the cardinality p” of V; and thus is a power of the prime number p. It follows that
the cardinality of W NV, is at least p"'. But then the codimension of W n V; in V; is at most 1. Similarly, the
codimension of U NV, is at most 1. Hence, the subspace U N W nV; of V; has codimension of at most 2 in V.
In particular, since r > 2, we have that U n W n'V; # {0}.

Because y(U) =W and y(W) = U, we see that Un W nV; is invariant under y. From condition (2),
it follows that Un W nV; = V,. Hence, U > V,.

So if U contains an element of V; for some i, then U > V,. Hence, U is a direct sum of some of the V,.
Since W = y(U) and y(V;) = V; for all i, we see that W = U, and since U = y(W), it follows thatU = «(U) O

Theorem 4.4. Let T = {T[k] : k € X} be the set of all generalized Rijndael-like functions
T[k] : M, ,(GF(p")) — M,,,(GF(p")) (p=2)

and G, = (T[k] : k € X) be the group generated by the set T. Assume that the only subspaces of M,,, ,,(GF(p"))
that are invariant under a = p o w are {0} and M,,, ,(GE(p")). Then for all m, nand r > 4 the group G, is primitive.

Proof. LetV = M,, (GF(p")). Suppose that G, acts imprimitively on V. By [10, Corollary 4.1], there is a proper
subspace U of V such that U # {0} and such that forallu € Uand v € V one has (« o y)(v + u) — (x o y)(v) € U.
By Theorem 4.3, U is a direct sum of some of the V; and an invariant subspace of « (i.e., U = «(U)). But this
contradicts the hypothesis that « has no nontrivial invariant subspaces. Therefore, G is primitive. O

The following theorem follows directly from Lemma 2.4 and Theorem 4.4,

Theorem 4.5. Let 7 = {T[k] : k € X} be the set of all generalized Rijndael-like functions on M, (GF(p"))
and G, = (T[k] : k € X) be the group generated by the set t. If {0} and M,, ,,(GF(p")) are the only subspaces
of M,,, ,(GF(p")) that are invariant under « = p o w and 3, contains an I-cycle with 2 <1 < (p"™" - 1!, then for
allm,n > 1andr > 4the group G, is either the alternating group or the symmetric group acting on M, ,(GF(p")).

Lemma 2.5 shows that the probability for a random permutation in G, to have a cycle of length I with
2<I<(p'"=DNlisequaltol —e” T Viwhere L = (p"™" = D! - 1. This means that the probability that there
is an I-cycle in G, that satisfies the condition of the preceding theorem increases as the values of m,n, p > 1
and r > 4 increase.

Also, note that the hypothesis that «’s only invariant subspaces are {0} and M,, ,(GF(p")) implies
that ged(cy, . .., ¢, n) = 1. Indeed, suppose that ged(c;, .. .,c,,,n) = x > 1. Consider an input a € M,,, ,(p") for «
with only one nonzero entry

0 ... 00
0 0 ... 00

a=
o 0 0 ... 00O

Note that under «, the orbit of a will have its nonzero entries at column positions of form 1 + k- x <n,k € N.
Thus, no orbit element will have a nonzero entry in the second column. But then as « is linear, it has an
invariant subspace consisting of members of M, ,(GF(p")) that have no nonzero entries in the second column.
This is a subspace different from {0} and M, ,(GF(p")), contradicting that «’s only invariant subspaces are {0}
and M, ,(GE(p")):
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Also, note that in general the condition gcd(c,,...,¢,,,n) = 1 is not sufficient to guarantee that «’s only
invariant subspaces are {0} and M,, ,,(GF(p")). To see this, the reader is invited to consider the following.

Example. Consider the vector space M,4(GF(7)), an irreducible polynomial f(x) = x> + x + 3 over GE(7)
and ¢ =1 and ¢, = 5. Since the MixColumns-like function p is linear, it can be specified as d=M - ¢
for ¢,d € M,4(GF(7)) and M a matrix of dimension 2 x 2. Let M = [{ j], i.e., the generating polynomial
M(x) = x + 1 for GF(7)/{f).
Now let a € M, 4(GF(7)),
|10 0 0 0 0 0 O
1300000 0 0]

be the input in the function «. It is easy to see that the orbit of a under a has 48 elements containing
a linearly independent subset of at most 15 elements. Thus the subspace W generated by this orbit has
dimension 1 < dim(W) < 15, and as « is linear, this is an invariant subspace of « with dimension less
than dim(M, 4(GF(7))) = 16.

Note that the ShiftRows-like function 7 for this example (in the sense of [17, Definition 9.4.1]) and the
MixColumns-like function p (in the sense that the orbit of any nonzero column vector includes all the nonzero
column vectors) are diffusion optimal. Thus, merely requiring that ShiftRows is diffusion optimal is not
sufficient to guarantee that the only invariant subspaces of « are {0} and M,, ,,(GF(p")).

Next we determine the group G = (T'[k,]T[k,_,]---T[k,] : k; € X) generated by the set of all compositions of s
(independently chosen) generalized Rijndael-like functions.

Theorem 4.6. Lett = {T'[k] : k € K} be the set of all generalized Rijndael-like functions and G, = (T[k] : k € K)
be the group generated by the set t. Then:

(@ Ifg, = A yrmn, then G = Aprmn.

(0) IfS; = 8ymn, then G, = A ymn if sisevenand G, = 8 ymn if sis 0dd.

Proof. Part (a) follows immediately from Lemma 2.1 and Theorem 2.2. To show (b) suppose that G, = 8 prmn-
If s is even, then every element of G} must be an even permutation. Hence §; = Aprmn by Lemma 2.1. If s is

odd, then §; must contain an odd permutation. Hence G = 8 prmns again by Lemma 2.1. O

5 Conclusion

In this paper we provided conditions for which the round functions of a Rijndael-like block cipher deployed
over a finite field GF(p") (p > 2) do not constitute a group under functional composition — Theorem 3.21.
We also provided conditions for which the round functions of a Rijndael-like block cipher over a finite
field GF(p") (p = 2) generate either the alternating group or the symmetric group on the message space —
Theorem 4.6.
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SELECTIVE STRONG SCREENABILITY AND A GAME

LILJANA BABINKOSTOVA AND MARION SCHEEPERS

ABsTRACT. Selective versions of screenability and of strong screen-
ability coincide in a large class of spaces. We show that the cor-
responding games are not equivalent in even such standard metric
spaces as the closed unit interval. We identify sufficient conditions
for ONE to have a winning strategy (Theorem 3.3), and necessary
conditions for TWO to have a winning strategy (Theorem 4.6) in
the selective strong screenability game.

1. INTRODUCTION

Unless specified otherwise, all topological spaces in this paper are as-
sumed to be infinite. A collection A of subsets of a topological space
(X,7) is discrete if there is for each € X a neighborhood U of x such
that [{A € A: ANU # 0}| < 1. Note that a finite family of nonempty
sets whose closures are disjoint is a discrete family. An infinite family of
sets with pairwise disjoint closures need not be discrete, as illustrated by
the family {[ﬁ, 5] :n € N} of disjoint closed subsets of the real line.
A disjoint family of open sets covering a space is automatically a discrete
family of open sets.

A family A of sets refines a family B of sets if there is for each A € A a
B € B such that A C B. The symbol O denotes the collection of all open
covers of the space (X, 7). When Y is a subset of X, then Oy denotes
the set of covers of Y by sets open in X.

R.H. Bing introduced the notions of screenable and strongly screenable
in [8]. A topological space (X, 7) is strongly screenable if there is for each
open cover U of X a sequence (V,, : n < w) such that each V), is a discrete
collection of sets, each V), refines U, and [ J{V,, : n < w} is an open cover of
X.

2010 Mathematics Subject Classification. 54D20, 91A44.
Key words and phrases. Selection principle, selective screenability, selective strong
screenability, infinite game.
(©2015 Topology Proceedings.
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We obtain the notion of being screenable by replacing “discrete” in the
definition of strong screenability with “disjoint”.

Towards defining the selective version of strong screenability let A and
B be collections of families of subsets of a set S. Assume that the set S is
endowed with a topology. Then S;(A, B) denotes the selection principle:

For each sequence (U, : n < w) of elements of A there is

a sequence (V, : n < w) such that:

(1) For each n, V, refines U,;

(2) For each n, V), is a discrete collection of sets;

(3) U{Vn : n < w} is an element of B.
In this notation the property S4(O,O) of a topological space is called
selective strong screenability of the space. If in (2) of the definition of
Sa(A, B) we replace discrete with disjoint we obtain the selection
principle S.(A, B) that was introduced in [2]. The corresponding selec-
tion principle S.(O, O) for a topological space is the selective version
of screenability, called selective screenability. Selective screenability was
introduced by Addis and Gresham in [1] under the name property C.

Screenability properties are related to several fundamental topological

notions, including paracompactness, metrizability and extensions of cov-
ering dimension. A family A of sets in a topological space (X, 7) has the
property of being locally finite if there is for each € X a neighborhood
U of x such that |[{A € A: ANU # 0}| is finite. A topological space
is paracompact if for each given open cover there is a locally finite open
cover refining the given cover. In [13] Michael and, independently, in [14]
Nagami proved:

Theorem 1.1 (Michael, Nagami). A regular space is paracompact if, and

only if, it is strongly screenable.
Theorem 5 of [14] also proves':

Theorem 1.2 (Nagami). A normal, countably paracompact space is screen-

able if, and only if, it is strongly screenable.

The hypothesis of countable paracompactness in Theorem 1.2 is nec-
essary. To justify this we first comment on the terminology zero dimen-
sional: According to Sierpinski [9] a space is zero-dimensional if each
element has a neighborhood basis consisting of sets that are both open
and closed. A space has covering dimension zero if each finite open
cover has a refinement by disjoint open sets, still covering the space.

I personal communication Roman Pol and Elzbieta Pol pointed out that Nagami’s
result can be strengthened to show that selective screenability and selective strong
screenability coincide in normal countably paracompact spaces, and thus in metric
spaces.



SELECTIVE STRONG SCREENABILITY AND A GAME 299

A space is ultraparacompact if each open cover has a refinement by dis-
joint open sets still covering the space. Covering dimension zero is also
called strongly zero dimensional.

Theorem 1.3 (Balogh, [7]). There is a strongly zerodimensional Ty space
that is screenable? but not countably paracompact, and thus not strongly
screenable.

In [6] it was shown that for regular spaces paracompactness is equiva-
lent to a selective version of paracompactness. Although in these spaces
paracompactness is equivalent to strong screenability, (selective) para-
compactness does not imply selective screenability: The Hilbert Cube
H = [0, 1]V is compact and metrizable, but as it is strongly infinite di-
mensional, it is not selectively screenable.

In separable metric spaces selective screenability is related to dimen-
sion theory: With Oy denoting the family of open covers consisting of two
sets each, S.(Oy,O) corresponds to Alexandroff’s notion of weakly infi-
nite dimensional. It was an open problem whether Hurewicz’s notion of
countable dimensionality coincides with Alexandroff’s notion of weak infi-
nite dimensionality until R. Pol gave an example of a compact selectively
screenable metrizable space that is not countable dimensional [17].

In separable metrizable spaces dimension theoretic concepts have been
further clarified by the study of the selective screenability game: Let an
ordinal o > 0 be given. Then G2 (A, B) denotes the following game of
length o: In inning v < o player ONE selects an element A, of A,
and TWO then responds with B, a disjoint collection of sets that is
a refinement of A,. A play Ao, By, ---, Ay, By, -+ 7 < «a is won by
TWO if J{B, : v < a} € B; otherwise, ONE wins. It was proven in [3]
that a separable metrizable space X is

(1) of Lebesgue covering dimension n if, and only if, n is minimal
such that TWO has a winning strategy in G**1(0, 0);

(2) countable dimensional (in the sense of Hurewicz) if, and only if,
TWO has a winning strategy in G¥ (O, O).

These results inspired the notion of game dimension, explored in the pa-
pers [4] and [5]. Even though selective screenability and selective strong
screenability are equivalent concepts in normal countably paracompact
spaces, the corresponding games have very different characteristics, the
topic of this paper. In sections 3 and 4 we report findings regarding player
ONE and player TWO, respectively, on the length w version of the se-
lective strong screenability game. In section 5 we consider other ordinal
lengths for the game.

2Badogh’s space is in fact selectively screenable.
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2. THE SELECTIVE STRONG SCREENABILITY GAME

For ordinal « > 0 define the game G§ (A, B) as follows: In each inning
v < a ONE first selects an A, from A, to which TWO responds with a
B, which is a discrete family of sets refining the family A,. A play

A07B07"'7A’Y;B’y?"' ’}/<OZ

is won by TWO if |J{B, : v < a} € B; otherwise, ONE wins.
Aside from the following easily verified relationships the games G§ (A, B)
and G (A, B) are in fact very different from each other:

o If TWO has a winning strategy in G5 (A, B), then TWO has a
winning strategy in G(A, B).
e If ONE has a winning strategy in G%(A,B), then ONE has a
winning strategy in G5 (A, B).
Moreover, certain monotonicity properties hold for this game:

e Assume that A4’ O A and B’ C B: If ONE has a winning strat-
egy in the game G§(A, B) then ONE has a winning strategy
in the game G5 (A’,B’). If TWO has a winning strategy in the
game G5 (A’, B’) then TWO has a winning strategy in the game
G7 (A, B).

e Let a < 8 be ordinal numbers. If ONE has a winning strategy in
the game Gg(A, B) then ONE has a winning strategy in the game
G4 (A, B). If TWO has a winning strategy in the game G (A, B)
then TWO has a winning strategy in the game GS(A, B).

Also the following fact is easy to verify:

Proposition 2.1. Let (X,7) be a topological space, let Y be a closed
subset of X and let a > 0 be an ordinal. If ONE has a winning strategy
in the game G3(O,0) played on Y, then ONE has a winning strategy
in this game played on X. If TWO has a winning strategy in the game
G5 (0, 0) played on X, then TWO has a winning strategy in this game
played on Y.

3. WINNING STRATEGIES FOR PLAYER ONE

The following version of the Banach-Mazur game on a topological space
(X, 7) with specified subspace Y was defined in [16]: There is an inning
per finite ordinal. In the n-th inning ONE chooses a nonempty open
subset O,, of X and TWO responds with a nonempty open subset T, of
X. The players must obey the rule that for each n, O, 2 T;,, O Op,41.
ONE wins a play

Oy, Ty, O1, Ty, ...On, T, ...
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Y N (({On:n <w}) # 0. Otherwise, TWO wins the play.
In [10], p. 53, the special case of Y = X of this game is denoted MB(X).
We use the notation MB(Y, X) to denote this game in the general case.

Lemma 3.1. If X is a T1-space and U # X is an open subset of X such
that |U| > 1, then there is an open cover U of X such that for each V e U
we have U L V.

Proof. With U and X as given, choose distinct elements x and y in U.
Then as X is Ty the sets X \ {z} and X \ {y} are open. The open cover
U={X\{z}, X\ {y}} is as required. O

Lemma 3.2. A space is connected if, and only if, it is not a union of a
discrete collection consisting of more than one nonempty proper subsets.

Proof. Suppose X is a space and that F is a collection of nonempty
proper subsets of X such that F is a discrete family, |F| > 1 and X =
UF. Then also G = {F : F € F} is a discrete family of subsets of
X that covers X, and |G| > 1. Choose U € G. Then U is nonempty
and closed, and as G is a discrete family, also V = [J(G \ {U}) is closed.
But then X = UUV and U and V are disjoint nonempty open sets,
whence X is not connected. Conversely, if X is not connected then a
family {U, V'} of disjoint nonempty open sets with union X is a discrete
collection consisting of more than one nonempty set. O

From now on call a connected set nontrivial if it has more than one
element. Recall that a family P of nonempty open subsets of a topological
space is said to be a w-base if there is for each nonempty open subset U
of the space an element V' of P such that V C U.

Theorem 3.3. Let X be a Ty topological space and let Y be a subspace
of X such that

(1) X has a w-base consisting of nontrivial connected sets, and
(2) ONE has a winning strategy in the game MB(Y, X).

Then ONE has a winning strategy in the game G4 (O, Oy).

Proof. Let 0 be ONE’s winning strategy in the game MB(Y, X). We may
assume that o calls on ONE to play elements of a fixed m-base consisting
of nontrivial connected open sets. Define a strategy F for ONE of the
game GY(0O, O) as follows:

To begin, consider Oy = o(X), and apply Lemma 3.1 to define F((),
ONE’s first move in G (O, O), to be an open cover for which no element
contains Oy as a subset. If TWQO’s response is the discrete open refinement
7o, by Lemma 3.2 the discrete family {T : T € To} does not cover Og. Let
TWO of the game MB(Y, X) play Ty = Og \U{T : T € To} a nonempty
open set.
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Let O; = o(Tp) be ONE’s response in the game MB(Y,X). ONE’s
move F'(7p) in the strong screenability game is an open cover of X for
which no member has O; as a subset. TWQO'’s response, 77 is a discrete
open refinement of F(7p). As {T : T € Ty} does not cover Oy, T} =
O1\U{T : T € T1} is a legal move for TWO in the game MB(Y, X).

In the next inning ONE of the game MB(Y, X) responds with Oy =
o(To, T1). ONE’s move F(Tp, 71) in the strong screenability game is an
open cover of X (as in Lemma 3.1) for which no member has O as a
subset. TWO’s response, 75 is a discrete open refinement of F(7y, T1).
By Lemma 3.2 {T : T € T3} cannot cover Oy, whence Ty = Oq \ |J{T :
T € Tz is a legal move for TWO of the game MB(Y, X). Then O3 =
o(To, T1, To} is a legal move for ONE in the Banach-Mazur game, and
SO on.

This outlines a definition of a strategy F' for ONE in the strong screen-
abilty game. Corresponding to an F' play we have a sequence

O 2T 20,2171 202152032 -+

of nonempty open sets such that for each n the open set | J(T1U...UT,)
is disjoint from O,,41. Since o is a winning strategy for ONE of the game
MB(Y, X), Y N (,,co0 On) is nonempty. Thus (J,, ., 7n is not a cover of
Y, and TWO looses F-plays of G4 (O, Oy). |

Corollary 3.4. If X is a compact locally connected Ti-space, then ONE
has a winning strategy in the game G4(0O, O).

Examples of compact locally connected spaces abound. A metrizable
compact connected locally connected space is called a Peano space. The
unit interval is an example of a Peano space. By the Hahn-Mazurkiewicz
Theorem a T, space is a Peano space if, and only if, it is a continuous
image of the closed unit interval.

Observe that if Y is a dense Gg set in the space X, then ONE has a
winning strategy in MB(X) if, and only if, ONE has a winning strategy
in MB(Y, X).

Corollary 3.5. Let Y be a dense Gy subspace of the Ty-space X such
that

(1) X has a w-base consisting of nontrivial connected sets, and
(2) ONE has a winning strategy in the game on MB(X).

Then ONE has a winning strategy in the game G4 (O, Oy) on X.
P, the set of irrational numbers, is a dense Gs subset of R, the real

line. Corollary 3.5 implies that ONE has a winning strategy in the game
G,/ (O, Op) on the real line.
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4. PLAYER TWO

Lemma 4.1. For a topological space X the following are equivalent:

(1) X is an ultraparacompact space.
(2) TWO has a winning strategy in the game G4(O, O).

With S the Sorgenfrey line, S x S is zero-dimensional and regular,
but not normal, thus not paracompact, and thus by the Michael-Nagami
Theorem, not strongly screenable. Thus, ONE has a winning strategy
in the game G;(O,0) on S x S, while TWO has a winning strategy in
GL(O,0) on S. In [18] P. Roy constructed a complete (non-separable)
metric space X of cardinality 2% which is zero-dimensional, has Lebesgue
covering dimension 1, and is not ultraparacompact. Roy’s example is a
complete zero-dimensional metric space for which TWO does not have a
winning strategy in G3(©, ©) and thus not in G4 (O, 0), as we shall see
in Theorem 4.6.

Zerodimensional Lindel6f spaces are ultraparacompact. Thus,

Corollary 4.2. For Lindeldf space X the following are equivalent:

(1) X is zero-dimensional.
(2) TWO has a winning strategy in Gy(O,0) on X.

Balogh’s space mentioned in Theorem 1.3 and constructed in [7] is a
union of countably many open sets, each ultraparacompact. Thus TWO
has a winning strategy in G (O, ©). As this space is not strongly screen-
able ONE has a winning strategy in G5 (O, O) for each countable ordinal
a.

The existence of winning strategies for TWO in the relative version of
the game seems more delicate. The following fact about extending open
sets from a subspace to a containing space can be found in Theorem 3
on p. 227 of [12]. Observe that the metric spaces in Lemma 4.3 are not
assumed to be separable.

Lemma 4.3. Let X be a metric space and let Y be a subset of X. For
each family {U; : i € I} of subsets of Y open in the relative topology of
Y there exists a family {V; : i € I} of sets open in X such that

(1) For each i € I we have U; =Y NV; and
(2) For every finite set J C I, if (\;c,U; = 0, then

jeJ Vi =

mjeJ U;, where the closures are computed in X.
Lemma 4.4. Let X be a metric space and let Y be a closed, ultrapara-

compact subspace of X. Then TWO has a winning strategy in the game
GL(0,0y).
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Proof. Let an open cover U of X be given. Since Y is an ultraparacompact
space there is in the relative topology of Y a disjoint family {U; : i € I} of
open sets that refines U and covers Y. Being disjoint subsets of Y these
relatively open sets are in fact closed in Y, and thus in X as Y is closed
in X. By Lemma 4.3 we may choose for each ¢ an open subset V; of X
such that V;NY = U; = Uy, such that when i # j are elements of I, then
Vin Vj =U;NU; =0, and as each U; is a subset of an element of the
open cover U of X, also each V; may be taken to be an open subset of
that same element of &. But then the refinement {V; : i € I'} of U is an
element of Oy, and is a discrete family. O

Corollary 4.5. Let X be a metric space and let Y be a subset of a o-
compact zero-dimensional subset of X. Then TWO has a winning strategy

m G;(O, Oy)

Proof. Let Y C C' C X be given with C' zerodimensional and o-compact.
Write C' = J,,.,, Cn where each C,, is compact. By Lemma 4.4 fix for
each n a winning strategy o,, of TWO in the game G}(O, O¢, ). Then the
strategy of responding to ONE’s move in inning n using the strategy o,
is winning for TWO in G5 (O, Oy). O

The example after Theorem 4.7 shows that game-length w in Corollary
4.5 is optimal.

Theorem 4.6. Let X be a metrizable space and let Y be a subspace of X.
If TWO has a winning strategy in the game G4 (O, Oy) on X, then'Y is
a subset of a union of countably many closed, strongly zero-dimensional

subsets of X.

Proof. Let F be a winning strategy for TWO in the game G4 (O, Oy).
Let d be a compatible metric for the topology of X, and for each positive
integer n let B,, be the set

1
{U € X : U open and diamy(U) < on b
Define Cp :={U F(B,) : 0< n< w}. And for each sequence (nq,--- ,ny)
of positive integers, define Cy, ... n, = ({UF(Bny, -, Bnps Bm) 1 0 <
m < w}.
We claim:

(a) Bach Cy, ... n,, as well as Cy, is a closed, strongly zerodimensional
set.
b)Y CUC,: T e<¥wl.
Towards proving (a): We give an argument for Cy, ... »,. The argument
for Cy is similar. Write C' for Cy,, ... »,. For each positive integer m the
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discrete (in X) family Uy, := {CNU : U € F(Bu,,* ,Bn,,Bm)} is a
cover of C' and is a discrete family of sets clopen in C. It follows that
U{Upm : 0 < m < w} is a o-discrete base of C, consisting of sets clopen
in the relative topology of C. By Theorem I1.9 in [15], C' has covering
dimension 0, that is, C' is strongly zero-dimensional.

Towards proving (b), suppose that on the contrary = € Y \ (J{C, :
T €<% w}). As z is not an element of Cy, choose an ny such that z is not
in |JF(By,). Then as x is not an element of C,,,, choose an ng such that
x is not in |J F'(Bp,,Br,), and so on. In this way we obtain an F-play
of the game G4(O,Oy) in which TWO lost since TWO did not cover
x € Y. This contradicts the hypothesis that F' is a winning strategy for
TWO. O

Note that the argument in the proof of Theorem 4.6 also gives:

Theorem 4.7. Let X be a metric space and let Y be a subspace of X.
If TWO has a winning strategy in GL(O,Oy), then Y is a subset of a
closed, strongly zerodimensional subset of X.

Proof. By the argument in the proof of Theorem 4.6, Y C Cj. (]

Thus, for example, TWO has a winning strategy in the game G (O, Og),
but does not have a winning strategy in the game Gé(@, Og).

Corollary 4.8. If X is a metrizable space, then the following are equiv-
alent:

(1) TWO has a winning strategy in Gj(O,O).

(2) X is ultraparacompact.

(3) TWO has a winning strategy in Gy(O,O).

Proof. (1) = (2): By Theorem 4.6, X is a union of countably many closed
sets, each strongly zerodimensional. By the countable sum theorem - see
[15] Theorem I1.2 A) - X is strongly zerodimensional. As X is metrizable
the Katetov-Morita Theorem - see Theorem IL.7 of [15] - implies that
X has covering dimension zero. Thus, by Proposition 3.2.2 of [9], X is
ultraparacompact.

(2) = (3): This implication is Lemma 4.4 since X is metrizable.
(3) = (1): This is left to the reader. O

Corollary 4.9. LetY be a subspace of the real line R. Then the following
are equivalent:

(1) TWO has a winning strategy in Gj (O, Oy).

(2) Y is a first category set of real numbers.

(3) TWO has a winning strategy in the game MB(Y,R).
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Proof. (1)=(2): Observe that a closed, zerodimensional set of real num-
bers is nowhere dense. Apply Theorem 4.6.

(2)=(1): As Y is a first category set of real numbers it is a subset of
a union, say A, of countably many closed, nowhere dense sets. R is
o-compact, whence A is a union of countably many compact zerodimen-
sional subsets of R. Since A has empty interior it is zero-dimensional.
Thus, Y is a subset of a o-compact zero-dimensional subset of R. Apply
Corollary 4.5.

(2)<(3): This is a direct application of Theorem 1 of [16]. O

In [11] Kulesza constructs a complete, zerodimensional metric space K
that is not ultraparacompact. Indeed, K has covering dimension 1. On
p. 111 of [11] K is represented as K = P UlJ,,,cn P5" where the subspace
Py is homeomorphic to D(N;)¥ and each PJ" is, by [11] Lemmas 3.3 and
3.4 and the remarks on [11], p. 113, a strongly zerodimensional closed
(and nowhere dense) subset of the space K.

Corollary 4.10. On the space K TWO does not have a winning strategy
n G;(Oa OPl)'

Proof. Suppose that, on the contrary, TWO has a winning strategy. By
Theorem 4.6 P, is contained in a union of countably many closed, strongly
zerodimensional subsets of K. But also each of the subspaces P53 is a
closed, strongly zerodimensional subset of K. Thus, K is the union of
countable many closed, strongly zerodimensional subsets. By Theorem
4.1.9 in [9] K has covering dimension 0, contradicting the fact that K has
covering dimension larger than 0. ]

5. LONGER GAMES

For any space (X, 7) there is an ordinal a < |X| such that TWO has
a winning strategy in the game G5 (O, O) on X. Thus, we may define

tpy(X,7) = min{a > 0: TWO has a winning strategy in G5 (O, O)}.

Let « be an infinite ordinal with Cantor normal form o = w?! - ny +
s+ WP ng, + nppgr where f; > - > B, > 0 and n; < w for each
i <n+ 1. Define o~ as follows:

« if nppr1 =0and B, >1
a =8 W+t (n, —1)+1 ifn,=0and B, =1
WP+ WP, + 1 otherwise.
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Corollary 5.1. Let X be a metrizable space and let o be an infinite
ordinal. If TWO has a winning strategy in Gg(O,0) on X then TWO

has a winning strategy in G5 (O, 0) on X.

Proof. For consider a winning strategy ¢ of TWO. We need only consider
ordinals « for which a > a™.

Case 1: N1 = 0. We may assume that 3,, = 1. After w® -ng +--- +

whm - (n,, — 1) innings TWO has covered a part, U, of the space X, and
a closed set C = X \ U remains to be covered. Using 0 TWO has a
winning strategy in the game G (O, 0) on C. Now Theorem 4.7 implies
that the closed set C' is strongly zero-dimensional. Since X is metrizable,
C is ultraparacompact. Thus, TWO has a winning strategy that wins

Gy (0,0)on X.

Case 2: nyyp1 > 0. We may assume that n,.; > 1. After w™ -n; +

o+ 4+ wPm . n,, innings TWO has covered a part, U, of the space X,
and a closed set C = X \ U remains to be covered. Using ¢ TWO
has a winning strategy in the game G, (0, 0) on C. Now Theorem
4.7 implies that the closed set C' is strongly zero-dimensional. As X is
metrizable, C is ultraparacompact. Thus, TWO has a winning strategy

that wins G5 (O, 0) on X. O

Since the unit interval is a Peano space, Corollary 3.4 implies that ONE
has a winning strategy in the game G4 (O, ©0). We show that TWO has
a winning strategy in G4'(O,0) on the unit interval. The key to the
argument is Lebesgue’s covering lemma:

Theorem 5.2 (Lebesgue). If (X, d) is a compact metric space then there
is for each open cover U of X a positive real number § such that for each
set’ Y C X for which the d-diameter is less than § there is a set U € U
such thatY C U.

Lemma 5.3. Let [a, b] be a closed interval of positive length L. Let U be
a cover of [a, b] by sets open in [a, b]. Then there is a finite discrete open
refinement V of U such that |JV C [a, b] and [a, b)) \ UV is a union of

. . e . L
finitely many disjoint closed intervals whose lengths add up to at most 5.

Proof. Using the Lebesgue covering lemma and the compactness of [a, b],
choose a positive real number § as in Theorem 5.2. Then choose € < § so
that M = % is an even integer. Choosing ag = a and a;41 = a; + € for
i < M we find that each of the intervals [a;, a;11], 0 < i < M is a subset
of an element of . Put V = {(a;, ai+1) : ¢ < M odd}. Then V is as
required. ([l
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Theorem 5.4. TWO has a winning strategy in ijH(O, O) on the closed
unit interval.

Proof. Player TWO’s strategy in G‘;I’H(O, O) is as follows: In the first
inning player TWO applies Lemma 5.3 to the open cover O; of [0, 1]
played by ONE to obtain the open refinement V; for which [0, 1]\ |JV; is
a union of finitely many closed disjoint intervals, I1,--- , I} with lengths
adding up to at most %

When ONE plays the open cover Oz next, TWO applies Lemma 5.3
to each I 31 to find a discrete open refinement Vs ; of Oy with all elements
subsets of ]17 and with [ jl \UV>,; a union of finitely many disjoint closed
subintervals of I ]1 of positive length with lengths adding up to at most

1
%’ and then TWO responds with Vo = UJS’”«l VQ,j’ It follows that

[0, 1]\ (UV1 U V2) is a union of finitely many closed, disjoint, intervals
of positive length 17, - - ,I,le with length adding up to at most i.

By applying this strategy to the next open covers chosen by ONE,
we find that after countably many moves the set [0, 1]\ [JU52,V; is com-
pact and zero dimensional. Then by Lemma 4.4 TWO wins in one more
inning. O

6. REMARKS AND QUESTIONS

Also for relative versions of the selective strong screenability game one
could define the corresponding length ordinals: For a subspace Y of a
topological space (X, ), define
tpy(X,Y,7) = min{a € ON : TWO has a winning strategy in the game

G3(0,0y)}.

Thus, tpy(X,7) = tpy(X, X, 7).

Problem 1. Is there a topological space X and a subspace Y for which

Problem 2. Is there a topological space X for which tpy(X,7) =27
There are complete metric spaces that are zero-dimensional but not

ultraparacompact. See for example [11] and [18]. In these spaces TWO

does not have a winning strategy in the game G(li((’), 0). Tt is not clear
whether more can be proven:

Problem 3. If X is a complete metric space that is not ultraparacompact,
does ONE have a winning strategy in the game G;(O,0) on X ?

In connection with Theorem 3.3, it would be interesting to know:

Problem 4. LetY be a set of real numbers. Are the following statements
equivalent?
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(1) ONE has a winning strategy in the game MB(Y,R).
(2) ONE has a winning strategy in the game Gj (O, Oy)

Our results on the closed unit interval and heuristic arguments suggest:

Conjecture 1. For each positive integer n ONE has a winning strategy in
GY™(0,0), and TWO has a winning strategy in G‘C‘l"""’l(O, 0) on [0, 1]™.

Similarly to the ordinal tp;(X, 7) for a space (X, 7) one can define the
ordinal tp.(X,7) to be the least ordinal o > 0 such that TWO has a
winning strategy in the game G2 (O, O). This ordinal was introduced and
studied in [3, 4, 5] as an alternative definition for covering dimension. The
inequality tp,(X,7) < tp;(X,7) holds for all topological spaces.

Now let C denote a class of topological spaces. If there is an ordinal
a such that for each (X,7) € C we have tp,(X,7) < «, then we define
tp.(C) to be the supremum of the ordinals tp,(X, 7) where (X, 7) ranges
over C. The ordinal tp,y(C) is defined similarly, when it exists. We have
that tp,(C) < tpy(C)

Let S be the class of separable metrizable spaces. Since every separable
metric space is a union of at most N; zerodimensional subsets, for each
separable metrizable space (X, 7), tp.(X,7) < w; and thus, tp,(S) < w;.
The Hilbert cube H is strongly infinite dimensional, and thus tp,(H) = w;,
meaning that for separable metrizable spaces the upper bound tp.(S) =
w1 is sharp, and achieved.

Towards bounds on tp,(S) we recall that cov(M) is the minimal cardi-
nality of a family of first category subsets of the closed unit interval whose
union is equal to the closed unit interval. One can show that cov(M) is
also the least ordinal « such that each separable metrizable space is the
union of at most « closed, zerodimensional subsets.

Theorem 6.1. For the class S of separable metrizable spaces, w; <

tp,(S) < cov(M).

Proof. We have w; = tp.(S) < tpy(S). A zerodimensional subset Y of
separable metrizable space (X, 7) is ultraparacompact; if it is also closed,
then TWO has a winning strategy in the game Glli((’),Oy). Thus, if
(X, 7) can be written as a union of k closed, zerodimensional subsets,
then tpy (X, 7) < k. O

We suspect that the upper bound of cov(M) in Theorem 6.1 can be
significantly improved. Assuming the Continuum Hypothesis, tp,(S) =
wi. And as we have shown in Theorem 5.4, TWO has a winning strategy
in G5 (O, 0) on the closed unit interval.

Problem 5. Is it true that tpy(X,7) < wy for each separable metrizable
space (X, 7)?
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