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COMPREHENSIVE MODULE LIST

5.1 Comprehensive Module list

Note: This list is currently sorted in alphabetical order w.r.t. the module names. It can be updated semi-automatically
by running in src/sage/combinat:

find —-name "x.py*" | sed ‘s|\.pyx\?$||; s|\./| sage/combinat/|’ | LANG=en_US.UTF-8 LC_COLLATE=C s

and copy pasting the result back there.

Todo

See trac ticket #17421 for desirable improvements.

5.1.1 Combinatorics

Introductory material

* Combinatorics quickref

e Introduction to combinatorics in Sage

Thematic indexes

e Algebraic combinatorics
— Cluster Algebras and Quivers
— Crystals
— Root Systems
— Symmetric Functions
* Counting
* Enumerated sets and combinatorial objects
* Enumerated sets of partitions, tableaux, ...

e Finite State Machines, Automata, Transducers
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* Combinatorial Species
» Combinatorial Designs and Incidence Structures
* Posets

e Words

Utilities
* Qutput functions
* Rankers

* Combinatorial maps

e Miscellaneous

Related topics

e Coding Theory
* Discrete dynamics

* Graph Theory

5.1.2 Abstract Recursive Trees

The purpose of this class is to help implement trees with a specific structure on the children of each node. For instance,
one could want to define a tree in which each node sees its children as linearly (see the Ordered Trees module)
or cyclically ordered.

Tree structures

Conceptually, one can define a tree structure from any object that can contain others. Indeed, a list can contain lists
which contain lists which contain lists, and thus define a tree ... The same can be done with sets, or any kind of iterable
objects.

While any iterable is sufficient to encode trees, it can prove useful to have other methods available like isomor-
phism tests (see next section), conversions to DiGraphs objects (see as_digraph () ) or computation of the number
of automorphisms constrained by the structure on children. Providing such methods is the whole purpose of the
AbstractTree class.

As aresult, the Abst ract Tree class is not meant to be instantiated, but extended. It is expected that classes extend-
ing this one may also inherit from classes representing iterables, for instance ClonableArray or ClonableList

Constrained Trees

The tree built from a specific container will reflect the properties of the container. Indeed, if A is an iterable class whose
elements are linearly ordered, a class B extending both of AbstractTree and A will be such that the children of a
node will be linearly ordered. If A behaves like a set (i.e. if there is no order on the elements it contains), then two
trees will be considered as equal if one can be obtained from the other through permutations between the children of
a same node (see next section).

Paths and ID

It is expected that each element of a set of children should be identified by its index in the container. This way, any
node of the tree can be identified by a word describing a path from the root node.

Canonical labellings

12 Chapter 5. Comprehensive Module List
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Equality between instances of classes extending both AbstractTree and A is entirely defined by the equality
defined on the elements of A. A canonical labelling of such a tree, however, should be such that two trees a and b
satisfying a == b have the same canonical labellings. On the other hand, the canonical labellings of trees a and b
satisfying a != b are expected to be different.

For this reason, the values returned by the canonical_labelling method heavily depend on the data structure
used for a node’s children and should be overridden by most of the classes extending AbstractTree if it is
incoherent with the data structure.

Authors
¢ Florent Hivert (2010-2011): initial revision
* Frédéric Chapoton (2011): contributed some methods

class sage.combinat.abstract_tree.AbstractClonableTree
Bases: sage.combinat.abstract_tree.AbstractTree

Abstract Clonable Tree.

An abstract class for trees with clone protocol (see 1ist_clone). It is expected that classes extending this
one may also inherit from classes like ClonableArray or ClonablelList depending whether one wants
to build trees where adding a child is allowed.

Note: Due to the limitation of Cython inheritance, one cannot inherit here from ClonableElement, because
it would prevent us from later inheriting from ClonableArray or ClonableList.

How should this class be extended ?

A class extending AbstractClonableTree should satisfy the following assumptions:

*An instantiable class extending AbstractClonableTree should also extend the
ClonableElement class or one of its subclasses generally, at least ClonableArray.

*To respect the Clone protocol, the AbstractClonableTree.check () method should be overridden
by the new class.

See also the assumptions in AbstractTree.

check ()
Check that self is a correct tree.

This method does nothing. It is implemented here because many extensions of
AbstractClonableTree also extend sage.structure.list_clone.ClonableElement,
which requires it.

It should be overridden in subclasses in order to check that the characterizing property of the respective
kind of tree holds (eg: two children for binary trees).

EXAMPLES:
sage: OrderedTree([[],[[]]1]1).check()
sage: BinaryTree ([[]1,[[]1,[11]) .check()

class sage.combinat.abstract_tree.AbstractLabelledClonableTree (parent, children,
label=None,

check=True)
Bases: sage.combinat.abstract_tree.AbstractLabelledTree,

sage.combinat.abstract_tree.AbstractClonableTree

Abstract Labelled Clonable Tree

5.1. Comprehensive Module list 13
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This class takes care of modification for the label by the clone protocol.

Note: Due to the limitation of Cython inheritance, one cannot inherit here from ClonableArray, because it
would prevent us to inherit later from ClonableList.

map_1labels (f)
Applies the function f to the labels of self

This method returns a copy of self on which the function f has been applied on all labels (a label z is
replaced by f(x)).

EXAMPLES:
sage: LT = LabelledOrderedTree
sage: t = LT([LT([],label=1),LT([],label=7)],1label=3); t

30101, 7011
sage: t.map_labels(lambda z:z+1)
41211, 8111

sage: LBT = LabelledBinaryTree

sage: bt = LBT([LBT([],label=1),LBT([],label=4)],label=2); bt
2010., .1, 4., .11

sage: bt.map_labels(lambda z:z+1)

3t2f., .1, 50., .11

set_label (path, label)
Changes the label of subtree indexed by path to label

INPUT:
*path — None (default) or a path (list or tuple of children index in the tree)
*label — any sage object

OUTPUT: Nothing, self is modified in place

Note: self must be in a mutable state. See sage.structure.list_clone for more details about
mutability.

EXAMPLES:

sage: t = LabelledOrderedTree([[],[[],[111])
sage: t.set_label ((0,), 4)

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: with t.clone() as t:

el t.set_label ((0,), 4)

sage: t

None[4[], None[None[], Nonel[]]]

sage: with t.clone() as t:

et t.set_label((1,0), label = 42)

sage: t

None[4[], None[42[], Nonel[]]]

Todo

Do we want to implement the following syntactic sugar:
with t.clone () as tt:
tt.labels[1l,2] = 3 ?

14
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set_root_1label (label)
Sets the label of the root of self

INPUT: 1abel — any Sage object
OUTPUT: None, self is modified in place

Note: self must be in a mutable state. See sage.structure.list_clone for more details about
mutability.

EXAMPLES:

sage: t = LabelledOrderedTree([[], [[],[]111])
sage: t.set_root_label (3)

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: with t.clone() as t:

el t.set_root_label (3)

sage: t.label()

sage: t
3[None[], None[None[], Nonel[]]]

This also works for binary trees:

sage: bt = LabelledBinaryTree([[],[11])
sage: bt.set_root_label (3)

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: with bt.clone() as bt:

el bt .set_root_label (3)

sage: bt.label()

3

sage: bt

3[None[., .], Nonel., .]]

TESTS:

sage: with t.clone() as t:

et t[0] = LabelledOrderedTree(t[0], label = 4)
sage: t

3[4[], None[None[], None[]]]

sage: with t.clone() as t:

e t[1,0] = LabelledOrderedTree(t[1l,0], label = 42)
sage: t

3[4[], Nonel[42[], Nonel]]]

class sage.combinat.abstract_tree.AbstractLabelledTree (parent, children, label=None,

check=True)
Bases: sage.combinat.abstract_tree.AbstractTree

Abstract Labelled Tree.

Typically a class for labelled trees is contructed by inheriting from a class for unlabelled trees and
AbstractLabelledTree.

5.1. Comprehensive Module list 15
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How should this class be extended ?

A class extending AbstractLabel ledTree should respect the following assumptions:

*For a labelled tree T the call T.parent () .unlabelled_trees () should return a parent for unla-

belled trees of the same kind: for example,

—if T is a binary labelled tree, T.parent() is LabelledBinaryTrees() and
T.parent () .unlabelled_trees () isBinaryTrees ()

—if T is an ordered labelled tree, T.parent () is LabelledOrderedTrees () and
T.parent () .unlabelled_trees () is OrderedTrees ()

In the same vein, the class of T should contain an attribute _UnLabel1led which should be the class for

the corresponding unlabelled trees.
See also the assumptions in AbstractTree.
See also:
AbstractTree

as_digraph ()
Returns a directed graph version of self.

labels and no None labels.

Warning: At this time, the output makes sense only if se1f is a labelled binary tree with no repeated

EXAMPLES:
sage: LT = LabelledOrderedTrees ()
sage: tl = LT([LT([],label=6),LT([],label=1)],1label=9)

sage: tl.as_digraph()
Digraph on 3 vertices

sage: t = BinaryTree([[None, Nonel], [[],Nonell);

sage: 1t = t.canonical_labelling()
sage: lt.as_digraph()
Digraph on 4 vertices

label (path=None)
Return the label of self.

INPUT:

*path — None (default) or a path (list or tuple of children index in the tree)

OUTPUT: the label of the subtree indexed by path

EXAMPLES:

sage: t = LabelledOrderedTree([[],[]], label = 3)

sage: t.label()

3

sage: t[0].label ()

sage: t = LabelledOrderedTree ([LabelledOrderedTree([], 5),[]1], label = 3)
sage: t.label()

3

sage: t[0].label ()

5

sage: t[1l].label()

16
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sage: t.label([0])
5

labels ()
Return the list of labels of self.

EXAMPLES:

sage: LT = LabelledOrderedTree

sage: t = LT([LT([],label="b"),LT([],label="c’)],label="a")
sage: t.labels()

[("a’, 'b", 'c']

sage: LBT = LabelledBinaryTree
sage: LBT ([LBT([],label=1),LBT([],label=4)],label=2) .labels()
(2, 1, 4]

leaf labels ()
Return the list of labels of the leaves of self.

In case of a labelled binary tree, these “leaves” are not actually the leaves of the binary trees, but the nodes
whose both children are leaves!

EXAMPLES:

sage: LT = LabelledOrderedTree

sage: t = LT([LT([],label="b"),LT([],label="c")],label="2a")
sage: t.leaf labels()

["b", "c"]

sage: LBT = LabelledBinaryTree
sage: bt = LBT([LBT([],label="b’),LBT([],label="c’)],label="a’)
sage: bt.leaf_labels()

[Ibl, Icl]
sage: LBT([], label="1").leaf_labels()
["17]

sage: LBT (None) .leaf_labels()
[]

shape ()
Return the unlabelled tree associated to self.

EXAMPLES:
sage: t = LabelledOrderedTree([[],[[]]], label = 25).shape(); t
(01, (0111

sage: LabelledBinaryTree ([[]1,[[],[11], label = 25).shape()
(l., -1, (Ct-r -1, [.r 111

sage: LRT = LabelledRootedTree

sage: tb = LRT([],label="b")

sage: LRT([tb, tb]l, label=’a’) .shape()
(L1, (11

TESTS:

sage: t.parent()

Ordered trees

sage: type(t)

<class ’sage.combinat.ordered_tree.OrderedTrees_all_with_category.element_class’>

5.1. Comprehensive Module list 17
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class sage.combinat.abstract_tree.AbstractTree

Bases: object
Abstract Tree.

There is no data structure defined here, as this class is meant to be extended, not instantiated.
How should this class be extended?

A class extending Abstract Tree should respect several assumptions:
eFor a tree T, the call iter (T) should return an iterator on the children of the root T.

*The canonical_labelling method should return the same value for trees that are considered equal
(see the “canonical labellings” section in the documentation of the AbstractTree class).

*For a tree T the call T.parent () .labelled_trees () should return a parent for labelled trees of
the same kind: for example,

—if T is a binary tree, T.parent () is BinaryTrees () and
T.parent () .labelled_trees () is LabelledBinaryTrees ()

—if T I an ordered tree, T.parent () is OrderedTrees () and
T.parent () .labelled_trees () is LabelledOrderedTrees ()

TESTS:
sage: TestSuite (OrderedTree()) .run()
sage: TestSuite (BinaryTree()) .run()

breadth first order_ traversal (action=None)

Run the breadth-first post-order traversal algorithm and subject every node encountered to some procedure
action. The algorithm is:
queue <- [ root ];
while the queue is not empty:

node <- pop( queue );

manipulate the node;

prepend to the queue the list of all subtrees of

the node (from the rightmost to the leftmost).

INPUT:

eaction — (optional) a function which takes a node as input, and does something during the explo-
ration

OUTPUT:
None. (This is not an iterator.)
EXAMPLES:

For example, on the following binary tree b:

| |
| [
| |
oA / N
| [
| |
| |

18
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the breadth-first order traversal algorithm explores b in the following order of nodes: 3,1,7,2,5,8,4, 6.

TESTS:

sage: b = BinaryTree([[None, [1]1,[[[1,[]11,[11]) .canonical_labelling()

sage: 1 = []

sage: b.breadth_first_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

(3, 1, 7, 2, 5, 8, 4, 6]

sage: t = OrderedTree([[[[],[1]1,[(]1,[[]1,[]1]1]).canonical_labelling()
sage: t

1[2(3[04([], 50111, e[7[11, 8[9[], 10[]1]

sage: 1 = []

sage: t.breadth_first_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

[ll 2/ 6’ 8’ 3’ 7/ 9’ 10/ 4’ 5]

sage: 1 = []

sage: BinaryTree () .canonical_labelling() .\

et breadth_first_order_traversal (

el lambda node: 1l.append(node.label()))

sage: 1

[]

sage: OrderedTree([]) .canonical_labelling() .\
e breadth_first_order_traversal (

et lambda node: 1l.append(node.label()))
sage: 1

[1]

canonical_labelling (shift=1)
Returns a labelled version of self.

The actual canonical labelling is currently unspecified. However, it is guaranteed to have labels in 1...n
where n is the number of nodes of the tree. Moreover, two (unlabelled) trees compare as equal if and only
if their canonical labelled trees compare as equal.

EXAMPLES:

sage: t = OrderedTree([[], [[I, [[I, (11, ((), (111, C((1, [111)
sage: t.canonical_labelling()

11211, 3141, 5(el], 7011, 891, 10(111, 11([12[], 13[]11]

sage: BinaryTree([]) .canonical_labelling()

17., .]

sage: BinaryTree ([[],[[],[]1]1]) .canonical_labelling()
20(10., .1, 4030., .1, 5[., .111]

TESTS:

sage: BinaryTree () .canonical_labelling()

depth ()
The depth of self.

EXAMPLES:
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sage: OrderedTree () .depth()

sage: OrderedTree([]) .depth()

sage: OrderedTree([[],[]]) .depth()

sage: OrderedTree([[],[[]]1]).depth()

sage: OrderedTree([[], [[], [[I, (1], (0[], (111, [(1, [11]).depth()

sage: BinaryTree () .depth{()

sage: BinaryTree([[],[[],[]1]]).depth()

iterative_post_order_traversal (action=None)

Run the depth-first post-order traversal algorithm (iterative implementation) and subject every node en-
countered to some procedure act ion. The algorithm is:
explore each subtree (by the algorithm) from the
leftmost one to the rightmost one;
then manipulate the root with function ‘action' (in the
case of a binary tree, only if the root is not a leaf).

INPUT:

*action — (optional) a function which takes a node as input, and does something during the explo-
ration

OUTPUT:
None. (This is not an iterator.)

See also:

spost_order_traversal_iter ()

TESTS:

sage: 1 = []

sage: b = BinaryTree([[None, [1]1,[[[1,[]1]1,[111).canonical_labelling()

sage: b

31t., 20., .11, 7[(5(4(., .1, 6[., .11, 8[., .111

sage: b.iterative_post_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

(2, 1, 4, 6, 5, 8, 7, 3]

sage: t = OrderedTree ([[[[1,[111,[011,[[],[11]1).canonical_labelling()

sage: t

1[2[(3[04[], 50111, e[7[11, 8[9[], 10[]1]

sage: 1 = []

sage: t.iterative_post_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

(4, 5, 3, 2, 7, 6, 9, 10, 8, 1]

sage: 1 = []

sage: BinaryTree () .canonical_labelling() .\

e iterative_post_order_traversal (

et lambda node: 1l.append(node.label()))

20
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sage: 1

[]

sage: OrderedTree([]) .canonical_labelling() .\
e iterative_post_order_traversal (

el lambda node: 1l.append(node.label()))
sage: 1

(1]

The following test checks that things do not go wrong if some among the descendants of the tree are equal
or even identical:

sage: u = BinaryTree (None)
sage: v = BinaryTree([u, ul)
sage: w = BinaryTree([v, V])
sage: t = BinaryTree([w, w])
sage: t.node_number ()

7

sage: 1 = []

sage: t.iterative_post_order_traversal (lambda node: 1l.append(l))
sage: len(1l)

7

iterative_pre_order_ traversal (action=None)
Run the depth-first pre-order traversal algorithm (iterative implementation) and subject every node encoun-
tered to some procedure act ion. The algorithm is:
manipulate the root with function ‘action' (in the case
of a binary tree, only if the root is not a leaf);
then explore each subtree (by the algorithm) from the
leftmost one to the rightmost one.

INPUT:

eaction — (optional) a function which takes a node as input, and does something during the explo-
ration

OUTPUT:
None. (This is not an iterator.)

See also:

spre_order_traversal_iter ()

spre_order_traversal ()

TESTS:

sage: 1 = []

sage: b = BinaryTree([[None, [1],[[[1,[]1],[11]1).canonical_labelling()

sage: b

3rt., 20., .11, 71514(., .1, 6[., .11, 8[., .111

sage: b.iterative_pre_order_traversal (lambda node: l.append(node.label()))
sage: 1

[31 1/ 2’ 7’ 5’ 4/ 6’ 8]

sage: t = OrderedTree ([[[[1,[111,[011,[[1,[11]1).canonical_labelling()
sage: t

12131411, 50111, 607011, 8[9[], 10[]1]

sage: 1 = []
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sage: t.iterative_pre_order_traversal (lambda node: l.append(node.label()))

sage: 1

(1, 2, 3, 4, 5, 6, 7, 8, 9, 10]

sage: 1 = []

sage: BinaryTree () .canonical_labelling() .\

e pre_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

[]

sage: OrderedTree([]) .canonical_labelling() .\

el iterative_pre_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

(1]

The following test checks that things do not go wrong if some among the descendants of the tree are equal
or even identical:

sage: u = BinaryTree (None)
sage: v = BinaryTree([u, ul)
sage: w = BinaryTree([v, V])
sage: t = BinaryTree([w, w])
sage: t.node_number ()

7

sage: 1 = []

sage: t.iterative_pre_order_traversal (lambda node: 1l.append(l))
sage: len(1l)
7

node_number ()
The number of nodes of self.

EXAMPLES:
sage: OrderedTree () .node_number ()
iage: OrderedTree ([]) .node_number ()
iage: OrderedTree([[],[]]) .node_number ()
zage: OrderedTree ([[], [[]]]) .node_number ()
2age: OrderedTree([[], ([[], ([], [11, C01, (111, [[], [11]).node_number ()
13
EXAMPLES:
sage: BinaryTree (None) .node_number ()
Zage: BinaryTree ([]) .node_number ()
iage: BinaryTree ([[], None]) .node_number ()
iage: BinaryTree ([ [None, [[], []]], None]) .node_number ()
5
paths ()
Return a generator for all paths to nodes of self.
OUTPUT:
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This method returns a list of sequences of integers. Each of these sequences represents a path from the root
node to some node. For instance, (1, 3,2, 5, 0, 3) represents the node obtained by choosing the 1st child of
the root node (in the ordering returned by iter), then the 3rd child of its child, then the 2nd child of the
latter, etc. (where the labelling of the children is zero-based).

The root element is represented by the empty tuple ().

EXAMPLES:
sage: list (OrderedTree([]) .paths())

ON
sage: list (OrderedTree([[], [[]]]) .paths())

(O, 0, (1,), (1, 0)]

sage: list(BinaryTree([[],[[]1,[]1]1]).paths())
(O, (0,), (1,), (1, 0), (1, 1)]

TESTS:

sage: t = OrderedTree([[], ([, (T[], (11, ((1, (111, [C1, [111)
sage: t.node_number () == len(list (t.paths()))

True

sage: list (BinaryTree() .paths())
[]

sage: bt = BinaryTree([[]1,[[1,1[111])
sage: bt.node_number () == len(list (bt.paths()))
True

post_order_traversal (action=None)
Run the depth-first post-order traversal algorithm (recursive implementation) and subject every node en-
countered to some procedure action. The algorithm is:
explore each subtree (by the algorithm) from the
leftmost one to the rightmost one;
then manipulate the root with function ‘action' (in the
case of a binary tree, only if the root is not a leaf).

INPUT:

eaction — (optional) a function which takes a node as input, and does something during the explo-
ration

OUTPUT:
None. (This is not an iterator.)

See also:

spost_order_traversal_iter ()

siterative_post_order_traversal ()

TESTS:

sage: 1 = []

sage: b = BinaryTree([[None, [1]1,[[[1,[11,[111).canonical_labelling()
sage: b

311(., 20., .11, 7[5(4(., .1, 6[(., .11, 8[., .111

sage: b.post_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

(2, 1, 4, 6, 5, 8, 7, 3]
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sage: t = OrderedTree([[[[], (111, 0011,001,0111) .\

e canonical_labelling(); t

123141, sr111, et7011, 81901, 100111

sage: 1 = []

sage: t.post_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

(4, 5, 3, 2, 7, 6, 9, 10, 8, 1]

sage: 1 = []

sage: BinaryTree () .canonical_labelling() .\

el post_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

[]

sage: OrderedTree([]) .canonical_labelling() .\

e post_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

(1]

The following test checks that things do not go wrong if some among the descendants of the tree are equal
or even identical:
sage: u = BinaryTree (None)

sage: v = BinaryTree([u, ul)
sage: w = BinaryTree([v, VI])
sage: t = BinaryTree([w, w])
sage: t.node_number ()

7

sage: 1 = []

sage: t.post_order_traversal (lambda node: 1l.append(l))
sage: len(1l)
7

post_order_traversal iter()
The depth-first post-order traversal iterator.

This method iters each node following the depth-first post-order traversal algorithm (recursive implemen-
tation). The algorithm is:
explore each subtree (by the algorithm) from the
leftmost one to the rightmost one;
then yield the root (in the case of binary trees, only if
it is not a leaf).

EXAMPLES:

For example on the following binary tree b:

| |
| [
| |
A\ / A
| [
| |
| |

(only the nodes are shown), the depth-first post-order traversal algorithm explores b in the following order
of nodes: 2,1,4,6,5,8,7,3.

For another example, consider the labelled tree:

24 Chapter 5. Comprehensive Module List



Sage Reference Manual: Combinatorics, Release 7.1

| 1 |
| /o /o
| 2 6 8_ |
| A
| 3_7 9 10 |
/7 |
[ 45 |

The algorithm explores this tree in the following order: 4, 5,3,2,7,6,9, 10, 8, 1.

TESTS:
sage: b = BinaryTree([[None, [1],[[[1,[]1]1,[111).canonical_labelling()
sage: ascii_art ([b])

[ 3 ]
( ]
( ]
LA /N ]
[ 2 5 8 ]
( ]
( 4 6 ]

)

sage: [node.label() for node in b.post_order_traversal_iter()]
[21 1/ 4! 6! 5’ 8/ 7! 3]

sage: t = OrderedTree ([[[[1,[111,[011,[[1,[11]1).canonical_labelling()
sage: ascii_art ([t])

[ 1 1

[ /7 / ]

[ 2 6 8_ ]

[ | /7 ]

[ 3_ 7 9 10 ]

.t 7/ ]

[ 45 ]

sage: [node.label() for node in t.post_order_traversal_iter()]
(4, 5, 3, 2, 7, 6, 9, 10, 8, 1]

sage: [node.label() for node in BinaryTree () .canonical_labelling() .\
et post_order_traversal_iter ()]

sage: [node.label() for node in OrderedTree([]) .\
e canonical_labelling () .post_order_traversal_ iter ()]

The following test checks that things do not go wrong if some among the descendants of the tree are equal
or even identical:
sage: u = BinaryTree (None)

sage: v = BinaryTree([u, ul)

sage: w = BinaryTree([v, VI])

sage: t = BinaryTree([w, w])

sage: t.node_number ()

7

sage: 1 = [1 for i in t.post_order_traversal_iter()]
sage: len(1l)

7

pre_order_traversal (action=None)
Run the depth-first pre-order traversal algorithm (recursive implementation) and subject every node en-
countered to some procedure act ion. The algorithm is:
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manipulate the root with function ‘action' (in the case
of a binary tree, only if the root is not a leaf);

then explore each subtree (by the algorithm) from the
leftmost one to the rightmost one.

INPUT:

*action — (optional) a function which takes a node as input, and does something during the explo-
ration

OUTPUT:
None. (This is not an iterator.)
EXAMPLES:

For example, on the following binary tree b:

| |
| [
| |
A\ / AN
| [
| |
| |

the depth-first pre-order traversal algorithm explores b in the following order of nodes: 3,1,2,7,5,4,6, 8.

Another example:

| 1 |
| /o /o
| 2 6 8_ |
| A
| 3.7 9 10 |
I/ 7/ |
| 45 |

The algorithm explores this tree in the following order: 1,2,3,4,5,6,7,8,9, 10.

See also:

spre_order_traversal_iter ()

siterative_pre_order_traversal ()

TESTS:

sage: 1 = []

sage: b = BinaryTree([[None, [11,[[[],[11,[11]).canonical_labelling()
sage: b

3r1t., 20., .11, 70(5(4(., .1, 6[., .11, 8[., .111]

sage: b.pre_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

[31 1/ 27 77 5/ 4/ 67 8]
sage: 1li = []

sage: b.iterative_pre_order_traversal (lambda node: li.append(node.label()))
sage: 1 == 1i

True

sage: t = OrderedTree ([[[[1,[111,[011,[[1,[11]1).canonical_labelling()

26
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sage: t

1[2[(3[4[], 50111, e[7[11, 8[9[], 10[]1]

sage: 1 = []

sage: t.pre_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

(1, 2, 3, 4, 5, 6, 7, 8, 9, 10]

sage: 1li = []

sage: t.iterative_pre_order_traversal (lambda node: li.append(node.label()))
sage: 1 == 11

True

sage: 1 = []

sage: BinaryTree () .canonical_labelling() .\

el pre_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

[]

sage: OrderedTree([]) .canonical_labelling() .\

et pre_order_traversal (lambda node: 1l.append(node.label()))
sage: 1

[1]

The following test checks that things do not go wrong if some among the descendants of the tree are equal
or even identical:
sage: u = BinaryTree (None)

sage: v = BinaryTree([u, ul)
sage: w = BinaryTree([v, VI])
sage: t = BinaryTree([w, w])
sage: t.node_number ()

7

sage: 1 = []

sage: t.pre_order_traversal (lambda node: l.append(l))
sage: len(1l)
7

pre_order_ traversal iter()
The depth-first pre-order traversal iterator.

This method iters each node following the depth-first pre-order traversal algorithm (recursive implemen-
tation). The algorithm is:
yield the root (in the case of binary trees, if it is not
a leaf);
then explore each subtree (by the algorithm) from the
leftmost one to the rightmost one.

EXAMPLES:

For example, on the following binary tree b:

| |
| |
| [
oA / A
| |
| [
| |

(only the nodes shown), the depth-first pre-order traversal algorithm explores b in the following order of
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nodes: 3,1,2,7,5,4,6,8.

Another example:

| 1 |
| /7 /]
| 2 6 8_ |
| A
| 3.7 9 10 |
A |
I 45 |

The algorithm explores this labelled tree in the following order: 1,2,3,4,5,6,7, 8,9, 10.

TESTS:

sage: b = BinaryTree([[None, [1],[[[1,[]1],[11]1).canonical_labelling()
sage: ascii_art ([b])

[ _ 3 ]

[ 7/ \ ]

[ 1 _7_ ]

[\ / ]

[ 2 5 8 ]

[ / N\ ]

[ 4 6 ]

sage: [n.label() for n in b.pre_order_traversal_iter()]

[31 1/ 27 77 5/ 4/ 67 8]

sage: t = OrderedTree ([[[[1,[111,[011,[[],[11]1).canonical_labelling()
sage: ascii_art ([t])

[ 1 ]

[ / / ]

[ 2 6 8_ ]

[ [ A ]

[ 3_ 7 9 10 ]

L/ 7/ ]

[ 45 ]

sage: [n.label() for n in t.pre_order_traversal_iter()]

[ll 2/ 37 47 5/ 6/ 77 87 9/ lo]

sage: [n for n in BinaryTree (None) .pre_order_traversal_iter()]

The following test checks that things do not go wrong if some among the descendants of the tree are equal
or even identical:
sage: u = BinaryTree (None)

sage: v = BinaryTree([u, ul)

sage: w = BinaryTree([v, V])

sage: t = BinaryTree([w, w])

sage: t.node_number ()

7

sage: 1 = [1 for i in t.pre_order_traversal_iter()]
sage: len(1l)

7

subtrees ()
Return a generator for all nonempty subtrees of self.

The number of nonempty subtrees of a tree is its number of nodes. (The word “nonempty” makes a
difference only in the case of binary trees. For ordered trees, for example, all trees are nonempty.)
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EXAMPLES:
sage: list (OrderedTree([]) .subtrees())

[[]]
sage: list (OrderedTree([[],[[]]]).subtrees())

ceel, 31l 01, te1l, 11

sage: list (OrderedTree([[],[[]1]]).canonical_labelling() .subtrees())
(10201, 3040111, 211, 314011, 4[]1]
sage: list (BinaryTree([[]

[[1,[1]1]).subtrees())
]

cet., 1, 0ty 21, 0oy 2110, Loy 210 00, W10 0oy W10, Loy 10 Ley W11

sage: v = BinaryTree([[],[1])
sage: list (v.canonical_labelling() .subtrees())
(220., .1, 3t., .11, 2(., .1, 3[., .11

TESTS:

sage: t = OrderedTree([[], [(], [[I, (11, [C1, (111, ([}, [111)
sage: t.node_number () == len(list (t.subtrees()))

True

sage: list (BinaryTree () .subtrees())

[]

sage: bt = BinaryTree([[1,[[],[111])

sage: bt.node_number () == len(list (bt.subtrees()))

True

to_hexacode ()
Transform a tree into an hexadecimal string.

The definition of the hexacode is recursive. The first letter is the valence of the root as an hexadecimal (up
to 15), followed by the concatenation of the hexacodes of the subtrees.

This method only works for trees where every vertex has valency at most 15.

See from_hexacode () for the reverse transformation.

EXAMPLES:

sage: from sage.combinat.abstract_tree import from_hexacode
sage: LT = LabelledOrderedTrees ()

sage: from_hexacode (’2010", LT).to_hexacode ()

72010"

sage: LT.an_element () .to_hexacode ()

73020010

sage: t = from_hexacode ("a0000000000000000", LT)

sage: t.to_hexacode()

7a0000000000"

sage: OrderedTrees (6) .an_element () .to_hexacode ()
7500000

TESTS:

sage: one = LT ([], label='@")

sage: LT ([one for _ in range(l5)], label=’'@’).to_hexacode ()
7 £000000000000000”

sage: LT ([one for _ in range(l16)], label="@").to_hexacode ()
Traceback (most recent call last):

ValueError: the width of the tree is too large
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tree_factorial ()

Return the tree-factorial of self.

Definition:

The tree-factorial 7"! of a tree 7" is the product [ [, o> #children(v).

EXAMPLES:

sage: LT = LabelledOrderedTrees ()

sage: t = LT([LT([],label=6)

sage: t.tree_factorial()

3

,LT([],1label=1)],label=9)

sage: BinaryTree([[],[[],[]1]1]).tree_factorial()

15

TESTS:

sage: BinaryTree () .tree_factorial()

1

sage.combinat.abstract_tree.from_hexacode (ch, parent=None, label="@")
Transform an hexadecimal string into a tree.

INPUT:

ech — an hexadecimal string

eparent —kind of trees to be produced. If None, this will be LabelledOrderedTrees

*label —alabel (default: ' @") to be used for every vertex of the tree

See AbstractTree.to_hexacode () for the description of the encoding

See from_hexacode_aux () for the actual code

EXAMPLES:

sage: from sage.combinat.abstract_tree import from_hexacode
, LabelledOrderedTrees())

sage: from_hexacode (’12000"
@rerery, @riill

sage: from_hexacode (’1200",
ererery, @riill

LabelledOrderedTrees ())

It can happen that only a prefix of the word is used:

sage: from_hexacode(’a’+14%x"0",

erery, eri, er1, eri, eri,

One can choose the label:

sage: from_hexacode (’1200",
ofo[o[]l, oll]]

ery, ery, ery, er1,

LabelledOrderedTrees ())

@r1l

LabelledOrderedTrees (), label="0")

One can also create other kinds of trees:

sage: from_hexacode (’1200",
(e, 111

OrderedTrees ())

30
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5.1.3 Affine Permutations

class sage.combinat.affine_permutation.AffinePermutation (parent, Ist, check=True)
Bases: sage.structure.list_clone.ClonableArray

An affine permutation, representated in the window notation, and considered as a bijection from Z to Z.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])

sage: p=A([3, -1, O, 6, 5, 4, 10, 9])

sage: p

Type A affine permutation with window [3, -1, 0, 6, 5, 4, 10, 9]

apply_simple_reflection (i, side="right’)
Applies a simple reflection.

INPUT:
*i — an integer.
*side — Determines whether to apply the reflection on the ‘right’ or ‘left’. Default ‘right’.

EXAMPLES:

sage: p=AffinePermutationGroup([’'A’,7,11)([3, -1, O, 6, 5, 4, 10, 91)
sage: p.apply_simple_reflection(3)

Type A affine permutation with window [3, -1, 6, 0O, 5, 4, 10, 9]
sage: p.apply_simple_reflection(1l1l)

Type A affine permutation with window [3, -1, 6, O, 5, 4, 10, 9]
sage: p.apply_simple_reflection (3, ’left’)

Type A affine permutation with window [4, -1, O, 6, 5, 3, 10, 9]
sage: p.apply_simple_reflection(1ll, 'left’)

Type A affine permutation with window [4, -1, 0, 6, 5, 3, 10, 9]

grassmannian_quotient (i=0, side="right’)
Return Grassmannian quotient.

Factors self into a unique product of a Grassmannian and a finite-type element. Returns a tuple contain-
ing the Grassmannain and finite elements, in order according to side.

INPUT:
*i — An element of the index set; the descent checked for. Defaults to O.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])

sage: p=A([3, -1, 0, 6, 5, 4, 10, 91])

sage: gg=p.grassmannian_quotient ()

sage: gqg

(Type A affine permutation with window [-1, O, 3, 4, 5, 6, 9, 10], Type A affine permutatior
sage: gg[0].is_i_grassmannian ()

True

sage: 0 not in gqg[l].reduced_word()
True

sage: prod(gq)==p

True

sage: ggleft=p.grassmannian_gquotient (side=’1left’)
sage: 0 not in ggLeft[0].reduced_word()

True

sage: ggLeft[l].is_1i_grassmannian(side='left’)

5.1. Comprehensive Module list 31



Sage Reference Manual: Combinatorics, Release 7.1

True
sage: prod(gglLeft)==
True

index_set ()

Index set of the affine permutation group.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])
sage: A.index_set ()
( O 14 1 ’ 2 r 3 14 4 14 5 ’ 6 4 7 )
inverse ()
Finds the inverse affine permutation.
EXAMPLES:
sage: p=AffinePermutationGroup([’'A’,7,11)([3, -1, O, 6, 5, 4, 10, 91)

sage: p.inverse ()

Type A affine permutation with window

is_i_grassmannian (i=0, side="right’)

o,

-1, 1, 6, 5, 4, 10, 11]

Test whether self is ¢-grassmannian, ie, either is the identity or has i as the sole descent.

INPUT:

*1 — An element of the index set.

eside — determines the side on which to check the descents.

EXAMPLES:

sage: A=AffinePermutationGroup(['A’,7,1])

sage: p=A([3, -1, O, 6, 5, 4, 10,
sage: p.is_i_grassmannian ()

False

sage: g=A.from_word([3,2,1,01])
sage: g.is_i_grassmannian ()

True

sage: g=A.from_word([2,3,4,5])
sage: J.is_i_grassmannian (5)

True

91)

sage: g.1is_1_grassmannian (2, side=’left’)

True

is_one ()
Tests whether the affine permutation is the identity.

EXAMPLES:

sage: A=AffinePermutationGroup ([’A’,7,11)

sage: p=A([3, -1, O, 6, 5, 4, 10,
sage: p.is_one()

False

sage: g=A.one|()

sage: g.is_one()

True

lower_covers (side='right’)

Return lower covers of self.

91)
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sage.combinat.affine_permutation.AffinePermutationGroup (cartan_type)

The set of affine permutations of one less length related by multiplication by a simple transposition on the

indicated side. These are the elements that se1f covers in weak order.

EXAMPLES:
sage: A=AffinePermutationGroup([’A’,7,1])
-1,
sage: p.lower_covers ()

sage: p=A([3,

[Type A affine permutation with window

reduced_word ()
Returns a reduced word for the affine permutation.

0,

6, 5,

4,

10,

91)

EXAMPLES:

sage: A=AffinePermutationGroup(['A’,7,1])
sage: p=A([3, -1, 0, 6, 5, 4, 10, 9])
sage: p.reduced_word()

(o, 7, 4, 1, o, 7, 5, 4, 2, 1]

signature ()

[711

Signature of the affine permutation, (—1)!, where [ is the length of the permutation.

EXAMPLES:

sage: A=AffinePermutationGroup(['A’,7,1])
-1,
sage: p.signature ()

sage: p=A([3,

1

to_weyl_group_element ()
The affine Weyl group element corresponding to the affine permutation.

EXAMPLES:

0,

6, 5,

4,

10,

91)

sage: A=AffinePermutationGroup(['A’,7,1])
71’

sage: p=A([3,

sage: p

0 -1
-1
-1

O O O O o+
o

[
(
[
[
(
[
[
(

= O O O O O O O

OO R P R R R

0

O O OO O O

0, 6, 5,
0 1 0]
0 1 -1]
0 0 0]
0 0 0]
1 1 0]
0 1 0]
0 1 0]
0 1 0]

4,
.to_weyl_group_element ()

10,

91)

Wrapper function for specific affine permutation groups.

91,

Type A affine permutatior

These are combinatorial implmentations of the affine Weyl groups of types A, B, C, D, and G as permutations

of the set of all integers. the basic algorithms are derived from [BjBr] and [Erik].

REFERENCES:
EXAMPLES:

sage: ct=CartanType([’'2A’,7,1])
sage: A=AffinePermutationGroup (ct)

sage: A

The group of affine permutations of type

We define an element of A:

["ar,
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sage:
sage:

Type A affine permutation with window

p=A([3,
P

711 Or

6,

5,

4, 10, 91)

[3/ 71/ O/ 6/ 5, 4, lO, 9]

We find the value p(1), considering p as a bijection on the integers. This is the same as calling the ‘value’

method:
sage:
3
sage:
True

p.value (1)

p(l)==p.value (1)

We can also find the position of the integer 3 in p considered as a sequence, equivalent to finding p~*(3):

sage:
1
sage:
1

p.position (3)

(p"-1) (3)

Since the affine permutation group is a group, we demonstrate its group properties:

sage: A.one()

Type A affine permutation with window [1, 2, 3, 4, 5, 6, 7, 8]
sage: g=A([0, 2, 3, 4, 5, 6, 7, 91)

sage: p*qg

Type A affine permutation with window [1, -1, O, 6, 5, 4, 10, 11]
sage: g*p

Type A affine permutation with window [3, -1, 1, 6, 5, 4, 10, 8]
sage: p"-1

Type A affine permutation with window [0, -1, 1, 6, 5, 4, 10, 11]
sage: p”"-lxp==A.one()

True

sage: pxp”-1l==A.one ()

True

If we decide we prefer the Weyl Group implementation of the affine Weyl group, we can easily get it:

sage: p.to_weyl_group_element ()
[0O-1 0 1 0 0 1 0]
[1 -1 0 1 O 0 1 -1]
[1 -1 0 1 0 0 0 0]
[0O O O 1 0 0 0 0]
[0O O O 1 0-1 1 0]
[0 O O 1 -1 0 1 0]
[0 O O O 0O 0 1 0]
[0O-1 1 0 0 0 1 0]

We can find a reduced word and do all of the other things one expects in a Coxeter group:

sage: p.has_right_descent (1)

True

sage: p.apply_simple_reflection (1)

Type A affine permutation with window [-1, 3, 0, 6, 5, 4, 10, 9]
sage: p.apply_simple_reflection (0)

Type A affine permutation with window [1, -1, O, 6, 5, 4, 10, 11]
sage: p.reduced_word()

(o, 7, 4, 1, o0, 7, 5, 4, 2, 1]

sage: p.length()
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class

10

The following methods are particular to Type A. We can check if the element is fully commutative:
sage: p.is_fully_ commutative ()

False

sage: g.is_fully_ commutative ()

True

And we can also compute the affine Lehmer code of the permutation, a weak composition with k£ + 1 entries:

sage: p.to_lehmer_code()
o, 3, 3, 0, 1, 2, 0, 1]

Once we have the Lehmer code, we can obtain a k-bounded partition by sorting the Lehmer code, and then
reading the row lengths. There is a unique 0-Grassmanian (dominant) affine permutation associated to this
k-bounded partition, and a k-core as well.

sage: p.to_bounded_partition()

[5, 3, 2]

sage: p.to_dominant ()

Type A affine permutation with window [-2, -1, 1, 3, 4, 8, 10, 13]

sage: p.to_core()

[5, 3, 2]

Finally, we can take a reduced word for p and insert it to find a standard composition tableau associated uniquely
to that word.

sage: p.tableau_of_word(p.reduced_word())
ey, i, e, 91, (2, 7, 101, (1, (31, [4, 81, [1, [5]]

We can also form affine permutation groups in types B, C, D, and G.
sage: B=AffinePermutationGroup([’'B’,4,1])

sage: B.an_element ()

Type B affine permutation with window [-1, 3, 4, 11]

sage: C=AffinePermutationGroup([’C’,4,1])
sage: C.an_element ()
Type C affine permutation with window [2, 3, 4, 10]

sage: D=AffinePermutationGroup([’D’,4,1])
sage: D.an_element ()
Type D affine permutation with window [-1, 3, 11, 5]

sage: G=AffinePermutationGroup([’'G’,2,1])
sage: G.an_element ()
Type G affine permutation with window [0, 4, -1, 8, 3, 7]

sage.combinat.affine_permutation.AffinePermutationGroupGeneric (cartan_type)
Bases: sage.structure.unique_representation.UniqueRepresentation,
sage.structure.parent.Parent

The generic affine permutation group class, in which we define all type-free methods for the specific affine
permutation groups.

cartan_matrix ()
Returns the Cartan matrix of self.

EXAMPLES:
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sage: AffinePermutationGroup([’A’,7,1]).cartan_matrix/()
2-1 0 0 0 0 0 -1]

[

(-1 2 -1 0 0O 0 0 0]
[0O-1 2-1 0 0 0 0]
[0 O-1 2 -1 0 0 0]
(0O O O0-1 2 -1 0 0]
[0 O O O0-1 2 -1 0]
[O O O O 0 -1 2 -1]
(-1 0 0 0 0O 0 -1 2]

cartan_type ()
Returns the Cartan type of self.

EXAMPLES:

sage: AffinePermutationGroup([’A’,7,1]).cartan_type /()
[("a", 7, 1]

classical ()
Returns the finite permutation group.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])

sage: A.classical()

Symmetric group of order 8! as a permutation group

from word (w)
Builds an affine permutation from a given word. Note: Already in category as from_reduced_word,
but this is less typing!

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])

sage: p=A([3, -1, 0, 6, 5, 4, 10, 91)

sage: A.from_word([O, 7, 4, 1, O, 7, 5, 4, 2, 11)

Type A affine permutation with window [3, -1, O, 6, 5, 4, 10, 9]

index_set ()
EXAMPLES:

sage: AffinePermutationGroup([’A’,7,1]) .index_set ()
(0, 1, 2, 3, 4, 5, 6, 7)

is_crystallographic ()
Tells whether the affine permutation group is crystallographic.

EXAMPLES:
sage: AffinePermutationGroup([’'A’,7,1]).is_crystallographic/()
True

random_element (n=None)
Return a random affine permutation of length n.

If n is not specified, then n is chosen as a random non-negative integer in [0, 1000].

Starts at the identity, then chooses an upper cover at random. Not very uniform: actually constructs a
uniformly random reduced word of length n. Thus we most likely get elements with lots of reduced
words!
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For the actual code, see sage . categories.coxeter_group.random_element_of_length().

EXAMPLES:
sage: A = AffinePermutationGroup ([’'A’,7,11)
sage: A.random_element () # random

Type A affine permutation with window [-12, 16, 19, -1, -2, 10, -3, 9]
sage: p = A.random_element (10)

sage: p.length() == 10
True

rank ()
Rank of the affine permutation group, equal to k& + 1.
EXAMPLES:
sage: AffinePermutationGroup([’A’,7,1]) .rank()
8

reflection_index_set ()
EXAMPLES:

sage: AffinePermutationGroup([’A’,7,1]).reflection_index_set ()
(0, 1, 2, 3, 4, 5, 6, 7)

weyl group ()
Returns the Weyl Group of the same type as self.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])
sage: A.weyl_group ()
Weyl Group of type ['A’, 7, 1] (as a matrix group acting on the root space)

class sage.combinat.affine_permutation.AffinePermutationGroupTypeA (cartan_type)
Bases: sage.combinat.affine_permutation.AffinePermutationGroupGeneric

TESTS:

sage: AffinePermutationGroup([’A’,7,11)
The group of affine permutations of type [’A’, 7, 1]

Element
alias of AffinePermutationTypeA

from_ lehmer_code (C, typ="decreasing’, side="right’)
Returns the affine permutation with the supplied Lehmer code (a weak composition with k + 1 parts, at
least one of which is 0).

INPUT:

*typ - ‘increasing’ or ‘decreasing’: type of product. (default: ‘decreasing’.)
*side - ‘right’ or ‘left’: Whether the decomposition is from the right or left. (default: ‘right’.)
EXAMPLES:

sage: import itertools

sage: A=AffinePermutationGroup([’A’,7,1])

sage: p=A([3, -1, 0, 6, 5, 4, 10, 91])

sage: p.to_lehmer_code()

(0, 3, 3, 0, 1, 2, 0, 1]

sage: A.from_lehmer_code(p.to_lehmer_code())==p
True

5.1. Comprehensive Module list 37



Sage Reference Manual: Combinatorics, Release 7.1

sage: orders = (’increasing’,’decreasing’)

sage: sides = (’left’,’right’)

sage: for o,s in itertools.product (orders,sides):

et A.from_lehmer_code(p.to_lehmer_code(o,s),0,s)==p

one ()
Returns the identity element.

EXAMPLES:

sage: AffinePermutationGroup([’A’,7,1]) .one/()
Type A affine permutation with window [1, 2, 3, 4, 5, 6, 7, 8]

TESTS:

sage: A=AffinePermutationGroup([’A’,5,1])
sage: A==loads (dumps (A))

True

sage: TestSuite (A) .run()

class sage.combinat.affine_permutation.AffinePermutationGroupTypeB (cartan_type)
Bases: sage.combinat.affine_permutation.AffinePermutationGroupTypeC

TESTS:
sage: AffinePermutationGroup([’'A",7,1])
The group of affine permutations of type ['A’, 7, 1]

Element
alias of AffinePermutationTypeB

class sage.combinat.affine_permutation.AffinePermutationGroupTypeC (cartan_type)
Bases: sage.combinat.affine_permutation.AffinePermutationGroupTypeC

TESTS:

sage: AffinePermutationGroup([’A’,7,1])
The group of affine permutations of type [’'A’, 7, 1]

Element
alias of AffinePermutationTypeC

class sage.combinat.affine_permutation.AffinePermutationGroupTypeD (cartan_type)
Bases: sage.combinat.affine_permutation.AffinePermutationGroupTypeC

TESTS:
sage: AffinePermutationGroup([’A’,7,1])
The group of affine permutations of type ['A’, 7, 1]

Element
alias of AffinePermutationTypeD

class sage.combinat.affine_permutation.AffinePermutationGroupTypeG (cartan_type)
Bases: sage.combinat.affine_permutation.AffinePermutationGroupGeneric

TESTS:
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sage: AffinePermutationGroup([’A’,7,1]1)
The group of affine permutations of type ['A’, 7, 1]

Element
alias of AffinePermutationTypeG

one ()
Returns the identity element.

EXAMPLES:
sage: AffinePermutationGroup([’'G’,2,1]) .one()
Type G affine permutation with window [1, 2, 3, 4, 5, 6]

TESTS:

sage: G=AffinePermutationGroup([’'G’,2,1])
sage: G==loads (dumps (G))

True

sage: TestSuite (G) .run()

class sage.combinat.affine_permutation.AffinePermutationTypeA (parent, Ist,
check=True)

Bases: sage.combinat.affine_permutation.AffinePermutation
Initialize self
INPUT:

*parent — The parent affine permutation group.

*1st — List giving the base window of the affine permutation.

echeck— Chooses whether to test that the affine permutation is legit.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])

sage: p=A([3, -1, O, 6, 5, 4, 10, 9]) #indirect doctest

sage: p

Type A affine permutation with window [3, -1, 0, 6, 5, 4, 10, 9]

apply_ simple_reflection_left (i)
Applies simple reflection to the values ¢, ¢ + 1.

EXAMPLES:

sage: p=AffinePermutationGroup([’'A’,7,1]1)([3, -1, 0O, 6, 5, 4,
sage: p.apply_simple_reflection_left (3)

Type A affine permutation with window [4, -1, O, 6, 5, 3, 10,
sage: p.apply_simple_reflection_left (11)

Type A affine permutation with window [4, -1, O, 6, 5, 3, 10,

apply simple_reflection_right (i)
Applies the simple reflection to positions ¢, ¢ 4+ 1. 7 is allowed to be any integer.

EXAMPLES:

sage: p=AffinePermutationGroup([’'A’,7,1]1)([3, -1, O, 6, 5, 4,
sage: p.apply_simple_reflection_right (3)

Type A affine permutation with window [3, -1, 6, 0O, 5, 4, 10,
sage: p.apply_simple_reflection_right (11)

Type A affine permutation with window [3, -1, 6, 0O, 5, 4, 10,
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check ()
Check that self is an affine permutation.

EXAMPLES:

sage: A=AffinePermutationGroup(['A’,7,1])

sage: p=A([3, -1, 0, 6, 5, 4, 10, 91)

sage: p
Type A affine permutation with window [3, -1, 0, 6, 5, 4, 10, 9]
sage: g=A([1,2,3]) # indirect doctest

Traceback (most recent call last):

ValueError: Length of list must be k+1=8.
sage: g=A([1,2,3,4,5,6,7,01) # indirect doctest
Traceback (most recent call last):

ValueError: Window does not sum to 36.
sage: g=A([1,1,3,4,5,6,7,91) # indirect doctest

Traceback (most recent call last):

ValueError: Entries must have distinct residues.

flip automorphism/()

The Dynkin diagram automorphism which fixes sg and reverses all other indices.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])

sage: p=A([3, -1, O, 6, 5, 4, 10, 9])

sage: p.flip_automorphism()

Type A affine permutation with window [O, -1, 5, 4, 3, 9, 10, 6]

has_left_descent (i)

Determines whether there is a descent at 7.
INPUT:

*i — an integer.

EXAMPLES:

sage: p=AffinePermutationGroup([’A’,7,1]1) ([3, -1, O, 6, 5, 4, 10, 9])
sage: p.has_left_descent (1)

True

sage: p.has_left_descent (9)

True

sage: p.has_left_descent (0)

True

has_right_descent (i)

Determines whether there is a descent at s.
INPUT:

*i — an integer.

EXAMPLES:

sage: p=AffinePermutationGroup([’'A’,7,171)([3, -1, O, 6, 5, 4, 10, 91)
sage: p.has_right_descent (1)

True

sage: p.has_right_descent (9)

True
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sage: p.has_right_descent (0)
False

is_fully commutative ()
Determines whether se1f is fully commutative, ie, has no reduced words with a braid.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])
sage: p=A([3, -1, 0, 6, 5, 4, 10, 91)
sage: p.is_fully commutative ()

False

sage: g=A([-3, -2, O, 7, 9, 2, 11, 12])
sage: g.is_fully commutative ()

True

maximal_cyclic_decomposition (typ='decreasing’, side="right’, verbose=False)
Finds the unique maximal decomposition of self into cyclically decreasing/increasing elements.

INPUT:

*typ — ‘increasing’ or ‘decreasing’ (default: ‘decreasing’.) Chooses whether to find increasing or
deacreasing sets.

eside — ‘right’ or ‘left’ (default: ‘right’.) Chooses whether to find maximal sets starting from the left
or the right.

*verbose — Print extra information while finding the decomposition.

EXAMPLES:

sage: p=AffinePermutationGroup([’'A’,7,11)([3, -1, O, 6, 5, 4, 10, 91)
sage: p.maximal_cyclic_decomposition ()

(to, 71, 14, 1, o1, (7, 5, 4, 2, 11]

sage: p.maximal_cyclic_decomposition(side=’1left’)

(r, o, 7, 5, 41, (1, 0, 51, [2, 111

sage: p.maximal_cyclic_decomposition (typ='increasing’, side=’right’)
(rx1, 5, o0, 1, 21, (4, 5, 7, 0, 111

sage: p.maximal_cyclic_decomposition(typ=’'increasing’, side=’'left’)
(to, 1, 2, 4, 51, 14, 7, 0, 11, [7]1]

TESTS:

sage: A=AffinePermutationGroup([’A’,7,11])

sage: p=A([3, -1, 0, 6, 5, 4, 10, 91)

sage: S=p.maximal_cyclic_decomposition ()

sage: p==prod(A.from_word(l) for 1 in S)

True

sage: S=p.maximal_cyclic_decomposition (typ='increasing’, side=’left’)
sage: p==prod(A.from_word(l) for 1 in S)

True

sage: S=p.maximal_cyclic_decomposition (typ='increasing’, side=’right’)
sage: p==prod(A.from_word(l) for 1 in S)

True

sage: S=p.maximal_cyclic_decomposition (typ='decreasing’, side=’right’)
sage: p==prod(A.from_word(l) for 1 in S)

True

maximal_cyclic_factor (typ='decreasing’, side="right’, verbose=False)
For an affine permutation x, finds the unique maximal subset A of the index set such that x = yd 4 is a
reduced product.
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INPUT:

*typ — ‘increasing’ or ‘decreasing.” Determines the type of maximal cyclic element found.

eside — ‘right’ or ‘left’.

sverbose — True or False. If True, outputs information about how the cyclically increasing element

was found.

EXAMPLES:

sage: p=AffinePermutationGroup(['A’,7,11)([3, -1, 0, 6, 5, 4, 10, 91)

sage: p.maximal_cyclic_factor()
(7, 5, 4, 2, 1]

sage: p.maximal_cyclic_factor(side="1left’)

(1, 0, 7, 5, 4]

sage: p.maximal_cyclic_factor ('’ increasing’,’right”’)

(4, 5, 7, 0, 1]

sage: p.maximal_cyclic_factor (’increasing’,’left’)

(0, 1, 2, 4, 5]

position (i)

Find the position j such the self.value (j)=1

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])
sage: p=A([3, -1, O, 6, 5, 4, 10, 9])
sage: p.position(3)

1

sage: p.position(1l1l)

9

promotion ()

The Dynkin diagram automorphism which sends s; to s;4 1.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])
sage: p=A([3, -1, 0, 6, 5, 4, 10, 9])
sage: p.promotion ()

Type A affine permutation with window [2,

4, 0, 1, 7, 6, 5, 11]

tableau_of_word (w, typ='decreasing’, side="right’, alpha=None)

Finds a tableau on the Lehmer code of self corresponding to the given reduced word.

For a full description of this algorithm, see [D2012].
INPUT:

*w — a reduced word for self.

*typ — ‘increasing’ or ‘decreasing.” The type of Lehmer code used.

eside — ‘right’ or ‘left.

*alpha — A content vector. w should be of type alpha. Specifying alpha produces semistandard

tableaux.
REFERENCES:

EXAMPLES:
sage: A=AffinePermutationGroup(['A’,7,1])
sage: p=A([3, -1, O, 6, 5, 4, 10, 9])

42
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sage: p.tableau_of_word(p.reduced_word())

(tr, (i, e, 91, (2, 7, 101, [1, (31, 1[4, 81, [1, [5]]

sage: A=AffinePermutationGroup ([’A’,7,11])

sage: p=A([3, -1, 0, 6, 5, 4, 10, 91)

sage: w=p.reduced_word()

sage: w

(o, 7, 4, 1, o, 7, 5, 4, 2, 1]

sage: alpha=[5,3,2]

sage: p.tableau_of_word(p.reduced_word(), alpha=alpha)

(e, 1, 2, 31, 1, 2, 31, 1, (11, [1, 21, [1, [1]]

sage: p.tableau_of_word(p.reduced_word(), side=’'left’)

(rx, 4, o1, fl(e1, (1, (1, (3, 71, (81, (1, [2, 5, 10]]

sage: p.tableau_of_word(p.reduced_word(), typ=’increasing’, side=’right’)
(re, o1, 1, 21, 1, (1, (3, 41, (81, [1, [5 6, 7]]

sage: p.tableau_of_word(p.reduced_word(), typ=’increasing’, side=’"left’)
(rx, 21, 4, 5, 6], 19, 101, [1, [31, (7, 81, [1, [1]

to_bounded_partition (typ=’decreasing’, side="right’)
Returns the k-bounded partition associated to the dominant element obtained by sorting the Lehmer code.

INPUT:

*typ — ‘increasing’ or ‘decreasing’ (default: ‘decreasing’.) Chooses whether to find increasing or
deacreasing sets.

eside — ‘right’ or ‘left’ (default: ‘right’.) Chooses whether to find maximal sets starting from the left
or the right.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,2,1])
sage: p=A.from_lehmer_code([4,1,0])

sage: p.to_bounded_partition()

(2, 1, 1, 1]

to_core (typ='decreasing’, side="right’)
Returns the core associated to the dominant element obtained by sorting the Lehmer code.

INPUT:
*typ — ‘increasing’ or ‘decreasing’ (default: ‘decreasing’.)

eside — ‘right’ or ‘left’ (default: ‘right’.) Chooses whether to find maximal sets starting from the left
or the right.

EXAMPLES:

sage: A=AffinePermutationGroup ([’A’,2,1])
sage: p=A.from_lehmer_code([4,1,0])

sage: p.to_bounded_partition()

(2, 1, 1, 1]

sage: p.to_core()

(4, 2, 1, 11

to_dominant (typ="decreasing’, side="right’)
Finds the Lehmer code and then sorts it. Returns the affine permutation with the given sorted Lehmer

code; this element is O-dominant.
INPUT:

*typ — ‘increasing’ or ‘decreasing’ (default: ‘decreasing’.) Chooses whether to find increasing or
deacreasing sets.
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eside — ‘right’ or ‘left’ (default: ‘right’.) Chooses whether to find maximal sets starting from the left
or the right.

EXAMPLES:
A=AffinePermutationGroup(['A’,7,1]1)
p=A([3, -1, 0, 6, 5, 4, 10, 91)
p.to_dominant ()

A affine permutation with window

sage:
sage:
sage:
Type
sage:
Type

[_21 _11 1/
side="left’)
[31 4/ 71/ 5/

3,
p.to_dominant (typ=’increasing’,
A affine permutation with window

to_lehmer_code (typ="decreasing’, side="right’)
Returns the affine Lehmer code.

There are four such codes; the options typ and side determine which code is generated. The codes
generated are the shape of the maximal cyclic decompositions of self according to the given typ and
side options.

INPUT:

*typ — ‘increasing’ or ‘decreasing’ (default: ‘decreasing’.) Chooses whether to find increasing or
deacreasing sets.

eside — ‘right’ or ‘left’ (default: ‘right’.) Chooses whether to find maximal sets starting from the left

or the right.
EXAMPLES:
sage: import itertools
sage: A=AffinePermutationGroup ([’A’,7,11)
sage: p=A([3, -1, 0, 6, 5, 4, 10, 91])
sage: orders = (’increasing’,’decreasing’)
sage: sides = (’left’,’right’)
sage: for o,s in itertools.product (orders, sides):
..... p.to_lehmer_code (o, s)
(2, 3, 2, 0, 1, 2, 0, 0]
(2, 2, o, 0, 2, 1, 0, 3]
(3, 1, o, o0, 2, 1, 0, 3]
(o, 3, 3, o, 1, 2, 0, 1]
sage: for a in itertools.product (orders, sides):
..... A.from_lehmer_code (p.to_lehmer_code(al[0],al[l]), al0],all])==
True
True
True
True

to_type_a()
Returns an embedding of sel f into the affine permutation group of type A. (For Type A, just returns self.)

EXAMPLES:
sage: p=AffinePermutationGroup([’'A’,7,1]1)([3, -1, O, 6, 5, 4, 10, 91)
sage: p.to_type_a()==

True

value (i, base_window=False)
Return the image of the integer i under this permutation.

INPUT:
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*base_window —a Boolean, indicating whether ¢ is in the base window. If True, will run a bit faster,
but the method will screw up if ¢ is not actually in the index set.

EXAMPLES:

sage: A=AffinePermutationGroup([’A’,7,1])
sage: p=A([3, -1, 0, 6, 5, 4, 10, 91)
sage: p.value(l)

3
sage: p.value(9)
11
class sage.combinat.affine_permutation.AffinePermutationTypeB (parent, Ist,

check=True)
Bases: sage.combinat.affine_permutation.AffinePermutationTypeC

Initialize self

INPUT:
*parent — The parent affine permutation group.
*1st — List giving the base window of the affine permutation.
echeck— Chooses whether to test that the affine permutation is legit.

EXAMPLES:

sage: A=AffinePermutationGroup([’'A’,7,1])

sage: p=A([3, -1, 0, 6, 5, 4, 10, 91) #indirect doctest

sage: p

Type A affine permutation with window [3, -1, O, 6, 5, 4, 10, 9]

apply simple_reflection_left (i)
Applies simple reflection indexed by ¢ on values.

EXAMPLES:

sage: B=AffinePermutationGroup([’'B’,4,1])

sage: p=B([-5,1,6,-21)

sage: p.apply_simple_reflection_left (0)

Type B affine permutation with window [-5, -2, 6, 1]
sage: p.apply_simple_reflection_left (2)

Type B affine permutation with window [-5, 1, 7, -3]
sage: p.apply_simple_reflection_left (4)

Type B affine permutation with window [-4, 1, 6, -2]

apply simple_reflection_right (i)
Applies the simple reflection indexed by ¢ on positions.

EXAMPLES:

sage: B=AffinePermutationGroup([’'B’,4,1])

sage: p=B([-5,1,6,-2])

sage: p.apply_simple_reflection_right (1)

Type B affine permutation with window [1, -5, 6, -2]
sage: p.apply_simple_reflection_right (0)

Type B affine permutation with window [-1, 5, 6, -2]
sage: p.apply_simple_reflection_right (4)

Type B affine permutation with window [-5, 1, 6, 11]

check ()
Check that self is an affine permutation.
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EXAMPLES:

sage: B=AffinePermutationGroup ([’'B’,4,11])

sage: x=B([-5,1,6,-21)

sage: x

Type B affine permutation with window [-5, 1, 6, -2]

has_left descent (i)

Determines whether there is a descent at 1.
INPUT:
*i — an integer.

EXAMPLES:

sage: B=AffinePermutationGroup ([’'B’,4,11])

sage: p=B([-5,1,6,-21)

sage: [p.has_left_descent (i) for i in B.index_set ()]
[True, True, False, False, True]

has_right_descent (i)

Determines whether there is a descent at index <.
INPUT:
*i — an integer.

EXAMPLES:

sage: B=AffinePermutationGroup ([’B’,4,11])

sage: p=B([-5,1,6,-21)

sage: [p.has_right_descent (i) for i in B.index_set ()]
[True, False, False, True, False]

class sage.combinat.affine_permutation.AffinePermutationTypeC (parent,

check=True)

Bases: sage.combinat.affine_permutation.AffinePermutation

Initialize self

INPUT:

*parent — The parent affine permutation group.

*1st —List giving the base window of the affine permutation.

echeck— Chooses whether to test that the affine permutation is legit.

EXAMPLES:

sage: A=AffinePermutationGroup ([’A’,7,1])

sage: p=A([3, -1, 0, 6, 5, 4, 10, 9]1) #indirect doctest

sage: p

Type A affine permutation with window [3, -1, 0, 6, 5, 4, 10, 9]

apply simple_reflection_left (i)

Applies simple reflection indexed by ¢ on values.

EXAMPLES:

sage: C=AffinePermutationGroup([’C’,4,1])

sage: x=C([-1,5,3,71])

sage: for 1 in C.index_set(): x.apply_simple_reflection_left (1)
Type C affine permutation with window [1, 5, 3, 7]

Ist,
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Type C affine permutation with window [-2, 5, 3, 8]
Type C affine permutation with window [-1, 5, 2, 6]
Type C affine permutation with window [-1, 6, 4, 7]
Type C affine permutation with window [-1, 4, 3, 7]

apply_simple_reflection_right (i)
Applies the simple reflection indexed by ¢ on positions.

EXAMPLES:

sage: C=AffinePermutationGroup([’C’,4,1])

sage: x=C([-1,5,3,71)

sage: for i1 in C.index_set(): x.apply_simple_reflection_right (i)

Type C affine permutation with window [1, 5, 3, 7]

Type C affine permutation with window [5, -1, 3, 7]

Type C affine permutation with window [-1, 3, 5, 7]

Type C affine permutation with window [-1, 5, 7, 3]

Type C affine permutation with window [-1, 5, 3, 2]
check ()

Check that self is an affine permutation.

EXAMPLES:

sage: C=AffinePermutationGroup(['C’,4,1])

sage: x=C([-1,5,3,71)

sage: X

Type C affine permutation with window [-1, 5, 3, 7]

has_left_ descent (i)
Determines whether there is a descent at 7.

INPUT:
*i — an integer.

EXAMPLES:

sage: C=AffinePermutationGroup([’C’,4,1])

sage: x=C([-1,5,3,71)

sage: for i1 in C.index_set(): x.has_left_descent (1)
True

False

True

False

True

has_right_descent (i)
Determines whether there is a descent at index <.

INPUT:
*i —an integer.

EXAMPLES:

sage: C=AffinePermutationGroup([’C’,4,1])

sage: x=C([-1,5,3,7])

sage: for i in C.index_set (): x.has_right_descent (1)
True

False

True
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False
True

position (i)
Find the position j such the self.value (j) =1

EXAMPLES:

sage: C=AffinePermutationGroup([’C’,4,1])
sage: x=C.one|()

sage: [x.position(i) for i in range(-10,10)]==range(-10,10)
True

to_type_a()
Returns an embedding of sel1f into the affine permutation group of type A.
EXAMPLES:

sage: C=AffinePermutationGroup([’C’,4,1])

sage: x=C([-1,5,3,71)

sage: x.to_type_al()

Type A affine permutation with window [-1, 5, 3, 7, 2, 6, 4, 10, 9]

value (i)
Returns the image of the integer ¢ under this permutation.

EXAMPLES:

sage: C=AffinePermutationGroup([’C’,4,1])
sage: x=C.one ()

sage: [x.value(i) for i in range(-10,10) ]==range(-10,10)
True
class sage.combinat.affine_permutation.AffinePermutationTypeD (parent, Ist,

check=True)
Bases: sage.combinat.affine_permutation.AffinePermutationTypeC

Initialize self

INPUT:
*parent — The parent affine permutation group.
*1st — List giving the base window of the affine permutation.
echeck— Chooses whether to test that the affine permutation is legit.

EXAMPLES:

sage: A=AffinePermutationGroup([’'A’,7,1])

sage: p=A([3, -1, 0, 6, 5, 4, 10, 9]1) #indirect doctest

sage: p

Type A affine permutation with window [3, -1, O, 6, 5, 4, 10, 9]

apply simple_reflection_left (i)
Applies simple reflection indexed by ¢ on values.

EXAMPLES:

sage: D=AffinePermutationGroup([’D’,4,11])

sage: p=D([1,-6,5,-21)

sage: p.apply_simple_reflection_left (0)

Type D affine permutation with window [-2, -6, 5, 1]
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sage: p.apply_simple_reflection_left (1)
Type D affine permutation with window [2, -6, 5, -1]
sage: p.apply_simple_reflection_left (4)
Type D affine permutation with window [1, -4, 3, -2]

apply_simple_reflection_right (i)
Applies the simple reflection indexed by ¢ on positions.

EXAMPLES:

sage: D=AffinePermutationGroup([’D’,4,1])

sage: p=D([1,-6,5,-21)

sage: p.apply_simple_reflection_right (0)

Type D affine permutation with window [6, -1, 5, -2]
sage: p.apply_simple_reflection_right (1)

Type D affine permutation with window [-6, 1, 5, -2]
sage: p.apply_simple_reflection_right (4)

Type D affine permutation with window [1, -6, 11, 4]

check ()
Check that self is an affine permutation.

EXAMPLES:
sage: D=AffinePermutationGroup([’D’,4,1])
sage: p=D([1,-6,5,-21)

sage: p
Type D affine permutation with window [1, -6, 5, -2]

has_left_ descent (i)
Determines whether there is a descent at 7.

INPUT:
*i — an integer.

EXAMPLES:

sage: D=AffinePermutationGroup([’D’,4,1])

sage: p=D([1,-6,5,-21)

sage: [p.has_left_descent (i) for i in D.index_set ()]
[True, True, False, True, True]

has_right_descent (i)
Determines whether there is a descent at index <.

INPUT:
*i —an integer.

EXAMPLES:

sage: D=AffinePermutationGroup([’D’,4,1])

sage: p=D([1l,-6,5,-2])

sage: [p.has_right_descent (i) for i in D.index_set ()]
[True, True, False, True, False]

class sage.combinat.affine_permutation.AffinePermutationTypeG (parent, Ist,

check=True)
Bases: sage.combinat.affine_permutation.AffinePermutation

Initialize self
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INPUT:
*parent — The parent affine permutation group.
*1st — List giving the base window of the affine permutation.

echeck- Chooses whether to test that the affine permutation is legit.

EXAMPLES:
sage: A=AffinePermutationGroup([’A’,7,1])
sage: p=A([3, -1, O, 6, 5, 4, 10, 9])
sage: p

Type A affine permutation with window

#indirect doctest

[3, -1, 0, 6, 5, 4,

apply simple_reflection_left (i)
Applies simple reflection indexed by 7 on values.

EXAMPLES:

10, 9]

sage:
sage:
sage:

Type

sage:

Type

sage:

Type

G=AffinePermutationGroup ([’'G’,2,1])
p=G([2, 10, -5, 12, -3, 5])
p.apply_simple_reflection_left (0)

G affine permutation with window [O,
p.apply_simple_reflection_left (1)

G affine permutation with window [1,
p.apply_simple_reflection_left (2)

G affine permutation with window [3,

10, -7, 14,

9, -4, 11,

11, -5, 12,

apply simple_reflection_right (i)
Applies the simple reflection indexed by ¢ on positions.

EXAMPLES:

sage:
sage:
sage:

Type

sage:

Type

sage:

Type

check ()

G=AffinePermutationGroup ([’'G’,2,1])
p=G([2, 10, -5, 12, -3, 51)
p.apply_simple_reflection_right (0)

G affine permutation with window [-9,
p.apply_simple_reflection_right (1)

G affine permutation with window [10,
p.apply_simple_reflection_right (2)

G affine permutation with window [2,

_ll _57

2, 12,

-5, 10,

Check that self is an affine permutation.

EXAMPLES:

sage:
sage:
sage:

Type

G=AffinePermutationGroup (['G’,2,1])
P:G([Zr 10! 75/ 12/ 737 5])

P

G affine permutation with window [2, 10, -5, 12,

has_left_descent (i)
Determines whether there is a descent at 3.

INPUT:
*i —an integer.

EXAMPLES:
sage:
sage:

G=AffinePermutationGroup ([’ G’
p:G([2/ 10! 75/ 12/ 737 5])

r2,11)
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sage: [p.has_left_descent (i) for i in G.index_set ()]
[False, True, False]

has_right_descent (i)
Determines whether there is a descent at index 7.

INPUT:
*i —an integer.

EXAMPLES:

sage: G=AffinePermutationGroup([’'G’,2,1])

sage: p=G([2, 10, -5, 12, -3, 51])

sage: [p.has_right_descent (i) for i in G.index_set ()]
[False, False, True]

position (i)
Find the position j such the self.value (j) =1

EXAMPLES:

sage: G=AffinePermutationGroup([’'G’,2,1])
sage: p=G([2, 10, -5, 12, -3, 51)

sage: [p.position(i) for i in p._1lst]

(1, 2, 3, 4, 5, 6]

to_type_a()
Returns an embedding of self into the affine permutation group of type A.

EXAMPLES:

sage: G=AffinePermutationGroup([’'G’,2,1])

sage: p=G([2, 10, -5, 12, -3, 51)

sage: p.to_type_al()

Type A affine permutation with window [2, 10, -5, 12, -3, 5]

value (i, base_window=False)
Returns the image of the integer ¢ under this permutation.

INPUT:

*base_window — a Boolean indicating whether 7 is between 1 and k£ + 1. If True, will run a bit faster,
but the method will screw up if ¢ is not actually in the index set.

EXAMPLES:

sage: G=AffinePermutationGroup([’'G’,2,1])
sage: p=G([2, 10, -5, 12, -3, 51)

sage: [p.value(i) for i in [1..12]]

(2, 10, -5, 12, -3, 5, 8, 16, 1, 18, 3, 11]

5.1.4 Algebraic combinatorics

Quickref

Todo
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write it!

Thematic tutorials

Todo

get Sphinx to create those cross links properly

¢ Algebraic Combinatorics in Sage
* Lie Methods and Related Combinatorics in Sage

* Linear Programming (Mixed Integer)

Enumerated sets of combinatorial objects

o Enumerated sets of partitions, tableaux, ...
e GelfandTsetlinPattern, GelfandTsetlinPatterns

* KnutsonTaoPuzzleSolver

Combinatorial Hopf Algebras

* Symmetric Functions
* Non-Commutative Symmetric Functions and Quasi-Symmetric Functions
* Schubert Polynomials

o Symmetric Functions in Non-Commuting Variables

Groups and Algebras

Todo

add link to the catalog of algebras when it exists

* Groups

e SymmetricGroup, CoxeterGroup, WeylGroup
e PartitionAlgebra

* TwahoriHeckeAlgebra

¢ SymmetricGroupAlgebra

* NilCoxeterAlgebra

e AffineNilTemperleyLiebTypeA

* Descent Algebras

e Diagram and Partition Algebras
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Combinatorial Representation Theory

* Root Systems

* Crystals

* Rigged Configurations

* Cluster Algebras and Quivers

* KazhdanLusztigPolynomial

e SymmetricGroupRepresentation
» Yang-Baxter Graphs

* Hall Polynomials

Operads and their algebras

» Free Pre-Lie Algebras

5.1.5 Combinatorics features that are imported by default in the interpreter names-
pace

sage.combinat.all.SetPartitionsAk (k)
Returns the combinatorial class of set partitions of type A_k.

EXAMPLES:
sage: A3 = SetPartitionsAk(3); A3
Set partitions of {1, ..., 3, -1, ..., -3}

sage: A3.first () #random

{{1, 2, 3, -1, -3, -2}}

sage: A3.last () #random

{{-1}, (-2}, {3}, {1}, (=3}, {2}}
sage: A3.random_element () #random
{{1, 3, -3, -1}, {2, —-2}}

sage: A3.cardinality ()
203

sage: A2p5 = SetPartitionsAk(2.5); A2p5

Set partitions of {1, ..., 3, -1, ..., -3} with 3 and -3 in the same block
sage: A2p5.cardinality()
52

sage: A2p5.first () #random

{{1, 2, 3, -1, -3, -2}}

sage: A2pb.last () #random

{{-1}, (-2}, {2}, {3, -3}, {1}}
sage: A2p5.random_element () #random
{{-1}, (-2}, {3, -3}, {1, 2}}

sage.combinat.all.SetPartitionsBk (k)
Returns the combinatorial class of set partitions of type B_k. These are the set partitions where every block has
size 2.
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EXAMPLES:

sage: B3 = SetPartitionsBk(3); B3

Set partitions of {1, ..., 3, -1, ..., -3} with block size 2
sage: B3.first () #random

{2, -2}, {1, -3}, {3, -1}}

sage: B3.last () #random

{1, 2}, {3, -2}, {-3, -1}}

sage: B3.random_element () #random

{{2/ _1}/ {lr _3}1 {37 _2}}

sage: B3.cardinality ()

15
sage: B2pb SetPartitionsBk(2.5); B2pb5
Set partitions of {1, ..., 3, -1, ..., -3} with 3 and -3 in the same block and with block size 2

sage: B2pb.first () #random

{{2, -1}, {3, -3}, {1, -2}}

sage: B2p5.last () #random

{1, 23}, {3, -3}, {-1, -2}}

sage: B2pb.random_element () #random
{2, -2}, {3, -3}, {1, -1}}

sage: B2pb.cardinality ()
3

sage.combinat.all.SetPartitionsIk (k)
Returns the combinatorial class of set partitions of type I_k. These are set partitions with a propagating number
of less than k. Note that the identity set partition {{1, -1}, ..., {k, -k} } is not in I_k.

EXAMPLES:

sage: I3 = SetPartitionsIk(3); I3

Set partitions of {1, ..., 3, -1, ..., -3} with propagating number < 3
sage: I3.cardinality()

197

sage: I3.first () #random

{{1, 2, 3, -1, -3, -2}}

sage: I3.last () #random

{{-1}, (-2}, {3}, {1}, (=3}, {2}}
sage: I3.random_element () #random
{{-1}, (-3, -2}, {2, 3}, {1}}

sage: I2p5 = SetPartitionsIk(2.5); I2pb5

Set partitions of {1, ..., 3, -1, ..., -3} with 3 and -3 in the same block and propagating numbe
sage: I2pb.cardinality ()
50

sage: I2p5.first () #random

{{1, 2, 3, -1, -3, =-2}}

sage: I2p5.last () #random

{{-1}, (-2}, {2}, {3, -3}, {1}}
sage: I2pb.random_element () #random
{{-1}, (-2}, {1, 3, -3}, {2}}

sage.combinat.all.SetPartitionsPRk (k)
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sage.combinat.all.SetPartitionsPk (k)
Returns the combinatorial class of set partitions of type P_k. These are the planar set partitions.

EXAMPLES:

sage: P3 = SetPartitionsPk(3); P3

Set partitions of {1, ..., 3, -1, ..., -3} that are planar
sage: P3.cardinality ()

132

sage: P3.first () #random

{{1, 2, 3, -1, -3, -2}}

sage: P3.last () #random

{{-1}, (-2}, {3}, {1}, {=3}, {2}}

sage: P3.random_element () #random

({1, 2, -1}, {=3}, {3, -2}}

sage: P2p5 = SetPartitionsPk(2.5); P2pb

Set partitions of {1, ..., 3, -1, ..., -3} with 3 and -3 in the same block and that are planar
sage: P2pb.cardinality ()
42

sage: P2pb.first () #random

{{1, 2, 3, -1, -3, -2}}

sage: P2p5.last () #random

{{-1}, (-2}, {2}, {3, =3}, {1}}
sage: P2pb.random_element () #random
{{1, 2, 3, -3}, {-1, -2}}

sage.combinat.all.SetPartitionsRk (k)

sage.combinat.all.SetPartitionsSk (k)
Returns the combinatorial class of set partitions of type S_k. There is a bijection between these set partitions
and the permutations of 1, ..., k.

EXAMPLES:

sage: S3 = SetPartitionsSk(3); S3

Set partitions of {1, ..., 3, -1, ..., -3} with propagating number 3
sage: S3.cardinality()

6

sage: S3.list () #random

[{{2, -2}, {3, -3}, {1, -1}},
({1, -1}, {2, -3}, {3, -2}},
({2, -1}, {3, -3}, {1, -2}},
({1, -2}, {2, -3}, {3, -1}1},
({1, -3}, {2, -1}, {3, -2}},
({1, -3}, {2, -2}, {3, -1}1}]

sage: S3.first () #random

{{2, -2}, {3, -3}, {1, -1}}

sage: S3.last () #random
{{ll _3}1 {21 _2}1 {37 _l}}
sage: S3.random_element () #random

({1, =3}, {2, -1}, {3, -2}}

sage: S3pb = SetPartitionsSk(3.5); S3pb

Set partitions of {1, ..., 4, -1, ..., -4} with 4 and -4 in the same block and propagating numbe
sage: S3pb.cardinality ()
6
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sage: S3p5.list () #random

({{2, -2}, {3, -3}, {1, -1}, {4, —-4}},
({2, -3}, {1, -1}, {4, -4}, {3, -2}},
{{2, -1}, {3, -3}, {1, -2}, {4, —-4}},
({2, -3}, {1, -2}, {4, -4}, {3, -1}},
({1, -3}, {2, -1}, {4, -4}, {3, -2}},
({1, -3}, {2, -2}, {4, -4}, {3, -1}}]

sage: S3p5.first() #random

{2, -2}, {3, -3}, {1, -1}, {4, —-4}}

sage: S3pb.last () #random

{{1, -3}, {2, -2}, {4, -4}, {3, -1}}

sage: S3p5.random_element () #random

{1, -3}, {2, -2}, {4, -4}, {3, -1}}

sage.combinat.all.SetPartitionsTk (k)
Returns the combinatorial class of set partitions of type T_k. These are planar set partitions where every block

is of size 2.

EXAMPLES:

sage: T3 = SetPartitionsTk(3); T3
Set partitions of {1, ..., 3, -1, ..., -3} with block size 2 and that are planar
sage: T3.cardinality()

5

sage: T3.first () #random

{{1, -3}, {2, 3}, {-1, -2}}

sage: T3.last () #random

{1, 23}, {3, -1}, {-3, -2}}

sage: T3.random_element () #random

{{11 73}/ {21 3}! {711 72}}

sage: T2p5 = SetPartitionsTk(2.5); T2pb5

Set partitions of {1, ..., 3, -1, ..., -3} with 3 and -3 in the same block and with block size 2
sage: T2pb.cardinality ()
2

sage: T2p5.first () #random
{{2, -2}, {3, -3}, {1, -1}}
sage: T2p5.last () #random

{1, 23}, {3, -3}, {-1, -2}}

5.1.6 Alternating Sign Matrices

AUTHORS:
¢ Mike Hansen (2007): Initial version
¢ Pierre Cange, Luis Serrano (2012): Added monotone triangles

e Travis Scrimshaw (2013-28-03): Added element class for ASM’s and made MonotoneTriangles inherit
from GelfandTsetlinPatterns

 Jessica Striker (2013): Added additional methods

class sage.combinat.alternating_sign_matrix.AlternatingSignMatrices (n,

use_monotone_triangles=None)
Bases: sage.structure.unique_representation.UniqueRepresentation,

sage.structure.parent.Parent
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Class of all n x n alternating sign matrices.

An alternating sign matrix of size n is an n X n matrix of 0‘s, 1‘s and —1°s such that the sum of each row and
column is 1 and the non-zero entries in each row and column alternate in sign.

Alternating sign matrices of size n are in bijection with monotone triangles with n rows.

INPUT:
*n — an integer, the size of the matrices.

euse_monotone_triangle — deprecated

EXAMPLES:

This will create an instance to manipulate the alternating sign matrices of size 3:
sage: A = AlternatingSignMatrices (3)

sage: A

Alternating sign matrices of size 3

sage: A.cardinality ()

7

Notably, this implementation allows to make a lattice of it:
sage: L = A.lattice()
sage: L
Finite lattice containing 7 elements
sage: L.category ()
Join of Category of finite lattice posets
and Category of finite enumerated sets
and Category of facade sets

Element
aliasof AlternatingSignMatrix

cardinality ()
Return the cardinality of self.

The number of n X n alternating sign matrices is equal to

(3k + 1)! 14171101 - - - (30 — 2)!
H (n+k)!  nln+D)n+2)(n+3)--(2n—1)!

EXAMPLES:

sage: [AlternatingSignMatrices (n).cardinality () for n in range (0, 11)]
(1, 1, 2, 7, 42, 429, 7436, 218348, 10850216, 911835460, 129534272700]

cover_relations ()
Iterate on the cover relations between the alternating sign matrices.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)
sage: for (a,b) in A.cover_relations():
et eval(’a, b’")

(

[1 0 0] [0 1 0]
(01 0] [1 0 0]
(0 0 1], [0 O 1]

5.1. Comprehensive Module list 57



Sage Reference Manual: Combinatorics, Release 7.1

o

(0 0 1], [0 1

(

[0 1 0] [ 0 1 0]
[1 0 0] [ 1 -1 1]
(00 1], [ O 1 O]

(

[1 0 0] [ 0O 1 0]
[0 0 1] [ 1 -1 1]
(01 0], [ O 1 0]

=

-1 1] [1 0 0]

=

-1 1] [0 0 1]

0 0 1] [0 0 1]
10 0] [0 1 0]
01 0], [1 0 0]

(

[0 1 0] [0 0 1]
[0 0 [0 1 0]
[1 0 0], [1 0 0]

from_contre_tableau (comps)
Return an alternating sign matrix from a contre-tableau.

EXAMPLES:

sage: ASM = AlternatingSignMatrices (3)

sage: ASM.from_contre_tableau([[1, 2, 31, [1, 2], [111)
[0 0 1]

[0 1 0]

[1 0 0]

sage: ASM.from_contre_tableau([[1, 2, 31, [2, 31, [311])
[1 0 0]

[0 1 0]

[0 0 1]

from corner_ sum (corner)
Return an alternating sign matrix from a corner sum matrix.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A.from_corner_sum(matrix(([([0,0,0,0],([0,1,1,1],10,1,2,2],10,1,2,311))
[1 0 0]

[0 1 0]
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[0 0 1]

sage: A.from_corner_sum(matrix(([0,0,0,0],10,0,1,11,10,1,1,21,10,1,2,311))
[ 0O 1 0]

[ 1 -1 1]

[ 0O 1 0]

from_height_function (height)
Return an alternating sign matrix from a height function.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A.from_height_function(matrix([[0,1,2,3]1,[1,2,1,21,[12,3,2,11,1[3,2,1,011))
[0 0 1]

[1 0 0]

[0 1 0]

sage: A.from_height_function(matrix([([0,1,2,31,11,2,1,21,102,1,2,11,103,2,1,011))
[ 0 1 0]

[ 1 -1 1]

[ 0 1 0]

from_monotone_triangle (triangle)
Return an alternating sign matrix from a monotone triangle.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A.from_monotone_triangle([[3, 2, 11, [2, 11, [111)
[1 0 0]

[0 1 0]

[0 0 1]

sage: A.from_monotone_triangle([[3, 2, 11, [3, 21, [311])
[0 0 1]

[0 1 0]

[1 0 0]

gyration_orbit_sizes ()
Return the sizes of gyration orbits of self.

EXAMPLES:

sage: AlternatingSignMatrices (3) .gyration_orbit_sizes()
(3, 2, 2]

sage: AlternatingSignMatrices (4) .gyration_orbit_sizes()
(4, 8, 2, 8, 8, 8, 2, 2]

sage: A = AlternatingSignMatrices (5)

sage: 1i = [5,10,10,10,10,10,2,5,10,10,10,10,10,10,10,10,10,10,10,10,\
4,10,10,10,10,10,10,4,5,10,10,10,10,10,10,10,2,4,5,10,10,10,10,10,10,\
4,5,10,10,2,2]

sage: A.gyration_orbit_sizes() == 1i

True

gyration_orbits ()
Return the list of gyration orbits of self.

EXAMPLES:

sage: AlternatingSignMatrices (3) .gyration_orbits()
((
[1 0 0] [0 0 1] [ 0O 1 0]
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lattice()
Return the lattice of the alternating sign matrices of size n, created by LatticePoset.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)
sage: L = A.lattice()

sage: L

Finite lattice containing 7 elements

matrix_space ()
Return the underlying matrix space.

EXAMPLES:

sage: A = AlternatingSignMatrices(3)

sage: A.matrix_space|()

Full MatrixSpace of 3 by 3 dense matrices over Integer Ring

size ()
Return the size of the matrices in self.

TESTS:

sage: A = AlternatingSignMatrices (4)
sage: A.size()

4

class sage.combinat.alternating_sign_matrix.AlternatingSignMatrix (parent, asm)

Bases: sage.structure.element.Element
An alternating sign matrix.

An alternating sign matrix is a square matrix of 0°s, 1‘s and —1°s such that the sum of each row and column is
1 and the non-zero entries in each row and column alternate in sign.

These were introduced in [MiRoRu].
REFERENCES:

ASM compatible (B)
Return True if self and B are compatible alternating sign matrices in the sense of [EKLP92]. (If self
is of size n, B must be of size n + 1.)

In [EKLP92], there is a notion of a pair of ASM’s with sizes differing by 1 being compatible, in the sense
that they can be combined to encode a tiling of the Aztec Diamond.

REFERENCES:
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0
]

’

’

, 0
1,

’

]
0

EXAMPLES:

sage: A = AlternatingSignMatrix (matrix([[0,0,1,0],[0,1,-1,1],[1
sage: B = AlternatingSignMatrix (matrix([([0,0,1,0,0],(0,0,0,1,01,
sage: A.ASM_compatible (B)

True

sage: A = AlternatingSignMatrix (matrix([[O0,1,01,[1,-1,11,I

sage: B = AlternatingSignMatrix (matrix([[0,0,1,0]1,[0,0,0,1

sage: A.ASM_compatible (B)

False

ASM compatible_bigger ()
Return all ASM’s compatible with self that are of size one greater than self.

0,
[1

]

’

)
0

0,01,100,0,1,011))
»0,0,-1,11,10,1,0,0,01, [0,

)
,01,00,1,0,011))

Given an n x n alternating sign matrix A, there are as many ASM’s of size n + 1 compatible with A as 2
raised to the power of the number of 1’s in A [EKLP92].

EXAMPLES:

sage: A = AlternatingSignMatrix (matrix([[1,0]1,[0,111))
sage: A.ASM_compatible_bigger ()

[

[ 0 1 0] [1 0 0] [0 1 0] [1 0 0]

[ 1 -1 1] [0 0 [1 0 0] [0 1 0]

[ o0 1 01, [0 1 0], [0 O 1], [0 O 1]

]

sage: B = AlternatingSignMatrix (matrix([[0,1],[1,011))
sage: B.ASM_compatible_bigger ()

[

[0 0 1] [0 0 1] [0 1 0] [ 0 1 0]

[0 1 0] [1 0 0] [0 0 1] [ 1 -1 1]

(L 0 0], [0O1 0], [10OO0O], [ O 1 0]

]

ASM compatible_smaller ()
Return the list of all ASMs compatible with self that are of size one smaller than self.

Given an alternating sign matrix A of size n, there are as many ASM’s of size n — 1 compatible with it as
2 raised to the power of the number of —1°s in A [EKLP92].

EXAMPLES:

sage: A = AlternatingSignMatrix(matrix(((0,0,1,01,110,1,-1,11,11,0,0,01,10,0,1,011))
sage: A.ASM_compatible_smaller ()

[

[0 0 1] [ 0O 1 0]

[1 0 0] [ 1 -1 1]

(01 0], [ O 1 O]

1

sage: B = AlternatingSignMatrix (matrix([[1,0,0],10,0,11,[0,1,011))
sage: B.ASM_compatible_smaller ()

[

[1 0]

[0 1]

corner_sum matrix ()
Return the corner sum matrix from self.

EXAMPLES:
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= AlternatingSignMatrices (3)
rgr, o, o1,10, 1, 01,10, 0, 11]).corner_sum _matrix/()

sage: asm = A([[0, 1, O],[1, -1, 11,10, 1, 011)
sage: asm.corner_sum_matrix()

sage: asm = A([[O, O, 1],[1, O, 0],([0, 1, O011)
sage: asm.corner_sum_matrix()

N PO O
w N = O

TESTS:

Some non-symmetric tests:

sage: A = AlternatingSignMatrices (3)

sage: asm = A([[0O, 1, O], [0, O, 11, [1, O, O11)
sage: asm.corner_sum_matrix()

[0 0
[0 0
[0 0
[0 1
sage: B AlternatingSignMatrices (4)

sage: asm = B([[O, O, 1, O, [1, O, O, O], ([O, 1, -1, 11, [0, O, 1, 0O11)
sage: asm.corner_sum_matrix()

N P PO
w N = O

]
]
]
]

NN PR OO
w NN PO
Sw N PO

]
]
]
]
]

gyration ()
Return the alternating sign matrix obtained by applying gyration to the height function in bijection with
self.

Gyration acts on height functions as follows. Go through the entries of the matrix, first those for which the
sum of the row and column indices is even, then for those for which it is odd, and increment or decrement
the squares by 2 wherever possible such that the resulting matrix is still a height function. Gyration was
first defined in [WielandOO] as an action on fully-packed loops.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[1, O, O],[0O, 1, 01,[0, O, 11]).gyration()
[0 0 1]

[0 1 0]

[1 0 0]

sage: asm = A([[0, 1, 01,[1, -1, 11,10, 1, 011)
sage: asm.gyration()

[1 0 0]

[0 1 0]

[0 0 1]
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sage: asm = A([[0O, O, 1],([1, O, O1,([0, 1, 011)
sage: asm.gyration()

[0 1 0]

[0 0 1]

[1 0 0]

sage: A
sage: A(
[ 0 1

AlternatingSignMatrices (3)
1, 0, 01,10, 1, 01,[0, O, 111).gyration().gyration/()

i, o0, O0],[0, 1, 0],[0, O, 111).gyration() .gyration().gyration ()

sage: A = AlternatingSignMatrices (4)

sage: M = A([[0,0,1,01,(1,0,0,01,10,1,-1,11,10,0,1,011)
sage: for i in range(5):

e M = M.gyration ()

O O+ O

gyration_orbit ()
Return the gyration orbit of self (including self)

EXAMPLES:
sage: AlternatingSignMatrix([[O0,1,0]1,[1,-1,1]1,[0,1,0]11).gyration_orbit ()

[ 0O 1 0] [1 0 0] [0 0 1]
[ 1 -1 1] [0 1 0] [0 1 0]
(o0 1 01, [00 1], [1 O O]

sage: AlternatingSignMatrix([[O,1,0,0],(1,-1,1,0],(0,1,-1,11,10,0,1,0]]).gyration_orbit ()

[

[ 0O 1 0 0] [1 00 0] [0 0 1 0] [0 0 0 1]
[1 -1 1 0] [0 1 0 0] [ 0 1 -1 1] [0 01 0]
[ 0 1 -1 1] [0 01 0] [ 1 -1 1 0] [01 0 0]
(o o 1 01, [OO0OO1], [T O 1 0O 0], [1 OO O]

]

0,01,(0,0,1,0,0,01,(1,-1,0,0,0,11,\

sage: len(AlternatingSignMatrix([[0,1,0,0,
]) .gyration_orbit ())

o,
[OIIVOVOVOIOJV[OVOVOVIIOIO]I[OVOVOIOI
12

=~

height_function ()
Return the height function from se1f. A height function corresponding to an n x n ASM is an (n+ 1) X
(n + 1) matrix such that the first row is 0,1, ..., n, the last row is n,n — 1,...,1,0, and the difference
between adjacent entries is 1.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[1, O, 0O],[0, 1, 01,0, 0O, 1]1]).height_function()
[0 1 2 3]
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sage: asm = A([[0, 1, O],[1, -1, 11,10, 1, 011)
sage: asm.height_function ()

sage: asm = A([[O, O, 1],[1, O, 0],([0, 1, O11)
sage: asm.height_function()

=N PN
O P N W

inversion number ()
Return the inversion number of self.

If we denote the entries of the alternating sign matrix as a, j, the inversion number is defined as
D isk 2oj<1 @i,jak, . When restricted to permutation matrices, this gives the usual inversion number of
the permutation.

This definition is equivalent to the one given in [MiRoRu].

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[1, O, 01,0, 1, 01,[0, 0O, 11]1).inversion_number ()
0

sage: asm = A([[O0, O, 1],[1, O, 01,10, 1, 011)
sage: asm.inversion_number ()

2

sage: asm = A([[0O, 1, O],[1, -1, 11,[0, 1, 0O11)
sage: asm.inversion_number ()

2

sage: P=Permutations(5)

sage: all(p.number_of_inversions()==AlternatingSignMatrix(p.to_matrix()) .inversion_number ()
True

is_permutation ()
Return True if self is a permutation matrix and False otherwise.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)
sage: asm = A([[0,1,0],(1,0,01,100,0,111)
sage: asm.is_permutation ()

True

sage: asm = A([[0,1,0],[1,-1,11,10,1,011)
sage: asm.is_permutation ()

False

left_key ()
Return the left key of the alternating sign matrix self.

The left key of an alternating sign matrix was defined by Lascoux in [LascouxPreprint] and is obtained by
successively removing all the —1‘suntil what remains is a permutation matrix. This notion corresponds to
the notion of left key for semistandard tableaux. So our algorithm proceeds as follows: we map self to
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its corresponding monotone triangle, view that monotone triangle as a semistandard tableaux, take its left
key, and then map back through monotone triangles to the permutation matrix which is the left key.

REFERENCES:

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[0,0,1],([1,0,0]1,10,1,0]17) .1left_key()
[0 0 1]

[1 0 0]

[0 1 0]

sage: t = A([[0,1,0],(1,-1,11,10,1,011) .left_key(); t
[1 0 0]

[0 0 1]

[0 1 0]

sage: parent (t)

Alternating sign matrices of size 3

left_key_as_permutation ()
Return the permutation of the left key of self.

See also:
eleft_key ()

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[0,0,11,([1,0,01,[0,1,0]1]).1left_key_as_permutation()
(3, 1, 2]
sage: t =
[1, 3, 2]

sage: parent (t)
Standard permutations

A([[0,1,0],0[1,-1,17,10,1,01]).1left_key_as_permutation(); t

link_pattern/()
Return the link pattern corresponding to the fully packed loop corresponding to self.

EXAMPLES:

We can extract the underlying link pattern (a non-crossing partition) from a fully packed loop:
sage: A = AlternatingSignMatrix([[O, 1, O], [1, -1, 11, [0, 1, O11)
sage: A.link_pattern()

[((1, 2), (3, 6), (4, 5]

sage: B = AlternatingSignMatrix([(([1, O, O], [0, 1, O], [0, O, 111)
sage: B.link_pattern()
[(L, 6), (2, 5), (3, 4)]

number_ negative_ones ()
Return the number of entries in self equal to -1.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)
sage: asm = A([[0,1,0],[1,0,01,[0,0,111)
sage: asm.number_negative_ones ()

0

sage: asm = A([[O,1,0],(1,-1,1],10,1,011])
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sage: asm.number_negative_ones ()
1

rotate_ccw()

Return the counterclockwise quarter turn rotation of self.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[1, O, 01,0, 1, 01,[0, O, 111).rotate_ccw()
[0 0 1]

[0 1 0]

[1 0 0]

sage: asm = A([[0, O, 11,([1, O, 01,10, 1, O11)
sage: asm.rotate_ccw()

[1 0 0]

[0 0 1]

[0 1 0]

rotate_cw ()

Return the clockwise quarter turn rotation of self.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[1, O, 01,10, 1, 01,10, O, 1]1]1).rotate_cw()
[0 0 1]

[0 1 0]

[1 0 0]

sage: asm = A([[0O, O, 17,1, O, 01,10, 1, 011)
sage: asm.rotate_cw()

[0 1 0]

[1 0 0]

[0 0 1]

to_dyck_word (algorithm)

Return a Dyck word determined by the specified algorithm.

The algorithm ‘last_diagonal’ uses the last diagonal of the monotone triangle corresponding to se1f. The
algorithm ‘link_pattern’ returns the Dyck word in bijection with the link pattern of the fully packed loop.

Note that these two algorithms in general yield different Dyck words for a given alternating sign matrix.
INPUT:
*algorithm-
-’ last_diagonal’
—"1link_pattern’

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[0,1,01,[1,0,01,10,0,111) .to_dyck_word(algorithm
(1, 1, o0, 0, 1, 0]

sage: d = A([[0,1,0],11,-1,11,10,1,011]) .to_dyck_word(algorithm = ’"last_diagonal’);
(1, 1, o0, 1, 0, 0]

sage: parent (d)

Complete Dyck words

sage: A = AlternatingSignMatrices (3)

sage: asm = A([[0,1,0],[1,0,01,100,0,111)

"last_diagonal’)
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sage: asm.

(1, o, 1,
sage: asm

sage: asm.

(1, o, 1,
sage: A =
sage: asm

sage: asm.

(L, 1, 1,

sage: asm.

Traceback

TypeError:
.to_dyck_word(algorithm = ’"notamethod’)

sage: asm
Traceback

to_dyck_word(algorithm = ’1link _pattern’)
0, 1, 0]

= A([[O,1,01,([1,-1,1],1(00,1,011)
to_dyck_word(algorithm = ’1link _pattern’)
1, 0, 0]

AlternatingSignMatrices (4)

= A([[0,0,1,01,[1,0,0,01,(0,1,-1,11,10,0,1,011)
to_dyck_word(algorithm = ’"1link_pattern’)
o, 1, 0, 0, 0]

to_dyck_word()

(most recent call last):

to_dyck_word() takes exactly 2 arguments (1 given)

(most recent call last):

ValueError: unknown algorithm ’'notamethod’

to_fully packed loop ()

Return the fully packed loop configuration from self.

See also:
:class:FullyPackedLoop
EXAMPLES:

sage: asm = AlternatingSignMatrix(([([1,0,0],([0,1,0],10,0,111)
sage: fpl = asm.to_fully_packed_loop()

sage: fpl

|

|
+
|

|

+

to_matrix()
Return self as a regular matrix.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: asm = A([[1, O, O],[0, 1,
sage: m = asm.to_matrix(); m

[1 0 0]

[0 1 0]

[0 0 1]

sage: m.parent ()

0l,10, 0, 111)

Full MatrixSpace of 3 by 3 dense matrices over Integer Ring

to_monotone_triangle ()
Return a monotone triangle from self.

EXAMPLES:
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sage: A = AlternatingSignMatrices (3)

sage: A([[1, O, 01,0, 1, 01,[0, 0O, 11]).to_monotone_triangle()
(3, 2, 11, 12, 11, I[111]

sage: asm = A([[0, 1, O],[1, -1, 1]1,[0, 1, O11)

sage: asm.to_monotone_triangle ()

(s, 2, 11, (3, 11, [2]]

sage: asm = A([[0O, O, 1],([1, O, O1,([0, 1, 0O11)

sage: asm.to_monotone_triangle ()

(s, 2, 11, (3, 11, [31]

sage: A.from_monotone_triangle (asm.to_monotone_triangle()) == asm
True

to_permutation ()

Return the corresponding permutation if self is a permutation matrix.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)
sage: asm = A([[0,1,0],([1,0,01,10,0,111)
sage: p = asm.to_permutation(); p

[2, 1, 3]

sage: parent (p)

Standard permutations

sage: asm = A([[0,1,0],[1,-1,11,10,1,011)
sage: asm.to_permutation()

Traceback (most recent call last):

ValueError: Not a permutation matrix

to_semistandard tableau ()

Return the semistandard tableau corresponding the monotone triangle corresponding to self.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[0,0,11,[1,0,01,[0,1,0]]) .to_semistandard_tableau()

(r1, 1, 31, 12, 31, I[311]

sage: t = A([[0,1,0],(1,-1,11,10,1,01]) .to_semistandard_tableau(); t
(rr, 1, 21, (2, 31, [31]

sage: parent (t)

Semistandard tableaux

to_six vertex_model ()

Return the six vertex model configuration from self. This  method
sage.combinat.six_vertex_model.from_alternating_sign_matrix().

EXAMPLES:
sage: asm = AlternatingSignMatrix([[0,1,0],([1,-1,1]1,([0,1,011)
sage: asm.to_six_vertex_model ()

A S A

|
> # > # <- # <—
~ | ~
| v |
——> # <= # > # <-—-
| . |
\Y% | \Y%
——> # > §# <- # <-—-
| |

calls
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class

class

class

TESTS:
sage: ASM AlternatingSignMatrices (5)
sage: all((x.to_six_vertex_model()) .to_alternating_sign_matrix/()

(
el for x in ASM)

transpose ()
Return the counterclockwise quarter turn rotation of self.

EXAMPLES:

sage: A = AlternatingSignMatrices (3)

sage: A([[1, O, 01,10, 1, 01,10, 0O, 111).transpose()
[1 0 0]

[0 1 0]

[0 0 1]

sage: asm = A([[0, O,
sage: asm.transpose()
(01 0]

[0 0 1]

(1 0 0]

11,101, 0, 01,10, 1, O]])

sage.combinat.alternating _sign_matrix.ContreTableaux
Bases: sage.structure.parent.Parent

Factory class for the combinatorial class of contre tableaux of size n.

EXAMPLES:

sage: ct4 = ContreTableaux(4); ct4
Contre tableaux of size 4

sage: ctéd.cardinality ()

42

sage.combinat.alternating sign_matrix.ContreTableaux n (n)
Bases: sage.combinat.alternating_sign_matrix.ContreTableaux

TESTS:

sage: ct2 = ContreTableaux(2); ct2
Contre tableaux of size 2

sage: ct2 == loads (dumps(ct2))
True

cardinality ()
EXAMPLES:
sage: [ ContreTableaux(n).cardinality() for n in range (0, 11)]
(1, 1, 2, 7, 42, 429, 7436, 218348, 10850216, 911835460, 129534272700]

sage.combinat.alternating_sign_matrix.MonotoneTriangles (n)
Bases: sage.combinat.gelfand_tsetlin_patterns.GelfandTsetlinPatternsTopRow

Monotone triangles with n rows.
A monotone triangle is a number triangle (a; ;)1<i<n,1<j<; on {1,...,n} such that:
*0ij < it

*Bit1,j < Qijj S Qit1,541
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This notably requires that the bottom columnis [1, ..., n].
Alternatively a monotone triangle is a strict Gelfand-Tsetlin pattern with top row (n,...,2,1).
INPUT:

en — The number of rows in the monotone triangles
EXAMPLES:

This represents the monotone triangles with base [3,2,1]:
sage: M = MonotoneTriangles (3)

sage: M

Monotone triangles with 3 rows

sage: M.cardinality ()

7

The monotone triangles are a lattice:
sage: M.lattice()
Finite lattice containing 7 elements

Monotone triangles can be converted to alternating sign matrices and back:

sage: M = MonotoneTriangles (5)

sage: A = AlternatingSignMatrices (5)

sage: all(A.from _monotone_triangle (m).to_monotone_triangle() == m for m in M)
True

cardinality ()
Cardinality of self.

The number of monotone triangles with n rows is equal to
"lif (Bk+1)! 114171101 - - (3n — 2)!
(n+k)!  nln+D(n+2)!(n+3) - (2n—1)!

k=0

EXAMPLES:

sage: M = MonotoneTriangles (4)
sage: M.cardinality()

42

cover_relations ()
Iterate on the cover relations in the set of monotone triangles with n rows.

EXAMPLES:

sage: M = MonotoneTriangles (3)

sage: for (a,b) in M.cover_relations{():
et eval("a, b’")

ees, 2, 11, (2, 13, (111, (03, 2, 11, [2, 11, [2]1])
(res, 2, 11, tz, 11, (111, (@3, 2, 11, [3, 11, [11])
(res, 2, 11, 2z, 11, (211, (03, 2, 11, [3, 11, [2]])
ees, 2, 11, (3, 13, (111, (03, 2, 11, [3, 11, [2]1])
(res, 2, 11, (3, 11, (211, (I3, 2, 11, [3, 11, [3]])
(res, 2, 11, (3, 11, (211, (03, 2, 11, [3, 2], [2]])
ees, 2, 11, (3, 13, (311, (03, 2, 11, [3, 2], [31])
(res, 2, 11, (3, 21, [211, (I3, 2, 11, [3, 2], [3]])

lattice ()
Return the lattice of the monotone triangles with n rows.
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EXAMPLES:

sage: M = MonotoneTriangles (3)

sage: P = M.lattice()

sage: P

Finite lattice containing 7 elements

class sage.combinat.alternating_sign_matrix.TruncatedStaircases
Bases: sage.structure.parent.Parent

Factory class for the combinatorial class of truncated staircases of size n with last column last_column.

EXAMPLES:

sage: t4 TruncatedStaircases (4, [2,3]); t4
Truncated staircases of size 4 with last column [2, 3]
sage: td.cardinality()

4

class sage.combinat.alternating_sign_matrix.TruncatedStaircases_nlastcolumn (n,

last_column)
Bases: sage.combinat.alternating_sign_matrix.TruncatedStaircases

TESTS:
sage: t4 TruncatedStaircases (4, [2,3]); t4
Truncated staircases of size 4 with last column [2, 3]
sage: t4 == loads (dumps (t4))
True
cardinality ()

EXAMPLES:

sage: T = TruncatedStaircases (4, [2,3])

sage: T.cardinality()

4

sage.combinat.alternating_sign_matrix.nw_corner_sum (M, i)
Return the sum of entries to the northwest of (7, j) in matrix.

EXAMPLES:

sage: from sage.combinat.alternating sign matrix import nw_corner_sum
sage: A = matrix.ones (3, 3)

sage: nw_corner_sum(A,2,2)

4

5.1.7 Backtracking
This library contains generic tools for constructing large sets whose elements can be enumerated by exploring a search
space with a (lazy) tree or graph structure.

* GenericBacktracker: Depth first search through a tree described by a children function, with branch
pruning, etc.

Deprecated classes (use RecursivelyEnumeratedSet () instead):
e SearchForest: Depth and breadth first search through a tree described by a children function.
e TransitiveIdeal: Depth first search through a graph described by a neighbours relation.

* TransitiveIdealGraded: Breadth first search through a graph described by a neighbours relation.
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Deprecation details:

e SearchForest (seeds, succ) keeps the same behavior as before trac ticket #6637 and is
now the same as RecursivelyEnumeratedSet (seeds, succ, structure=’forest’,
enumeration=’depth’).

e TransitiveIdeal (succ, seeds) keeps the same behavior as before trac ticket #6637 and
is now the same as RecursivelyEnumeratedSet (seeds, succ, structure=None,
enumeration=’'naive’).

e TransitiveIdealGraded (succ, seeds, max_depth) keeps the same behavior as be-
fore trac ticket #6637 and is now the same as RecursivelyEnumeratedSet (seeds, succ,
structure=None, enumeration=’'breadth’, max_depth=max_depth).

TODO:

e For now the code of SearchForest is still in sage/combinat/backtrack.py. It
should be moved in sage/sets/recursively_enumerated_set.pyx into a class named
RecursivelyEnumeratedSet_forest in a later ticket.

e TransitiveIdeal and TransitiveIdealGraded are used in the code of
categories/finitely_generated_semigroups.py (at least). These should be updated to
use RecursivelyEnumeratedSet in a later ticket for speed improvements and TransitiveIdeal
and TransitiveIdealGraded may be deprecated.

* Once the deprecation has been there for enough time: delete TransitiveIdeal and
TransitiveIdealGraded.

class sage.combinat .backtrack.GenericBacktracker (initial_data, initial_state)
Bases: object

A generic backtrack tool for exploring a search space organized as a tree, with branch pruning, etc.
See also SearchForest and TransitiveIdeal for handling simple special cases.

class sage.combinat .backtrack.PositiveIntegerSemigroup
Bases: sage.structure.unique_representation.UniqueRepresentation,
sage.combinat.backtrack.SearchForest

The commutative additive semigroup of positive integers.

This class provides an example of algebraic structure which inherits from SearchForest. It builds the
positive integers a la Peano, and endows it with its natural commutative additive semigroup structure.

EXAMPLES:
sage: from sage.combinat.backtrack import PositiveIntegerSemigroup
sage: PP = PositiveIntegerSemigroup ()

sage: PP.category ()
Join of Category of monoids and Category of commutative additive semigroups and Category of infi
sage: PP.cardinality ()

+Infinity

sage: PP.one()

1

sage: PP.an_element ()

1

sage: some_elements = list (PP.some_elements()); some_elements

([, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26,

TESTS:
sage: from sage.combinat.backtrack import PositiveIntegerSemigroup
sage: PP = PositiveIntegerSemigroup ()
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We factor out the long test from the TestSuite:

sage: TestSuite (PP) .run(skip=’_test_enumerated_set_contains’)
sage: PP._test_enumerated_set_contains () # long time

children (x)
Return the single child x+1 of the integer x

EXAMPLES:
sage: from sage.combinat.backtrack import PositiveIntegerSemigroup
sage: PP = PositivelIntegerSemigroup ()
sage: list (PP.children(1l))
(2]
sage: list (PP.children(42))
[43]
one ()
Return the unit of self.
EXAMPLES:

sage: from sage.combinat.backtrack import PositiveIntegerSemigroup
sage: PP = PositivelntegerSemigroup ()
sage: PP.one()

1
roots ()
Return the single root of self.
EXAMPLES:
sage: from sage.combinat.backtrack import PositiveIntegerSemigroup
sage: PP = PositivelIntegerSemigroup ()
sage: list (PP.roots())
[1]

class sage.combinat .backtrack.SearchForest (roots=None, children=None, post_process=None,
algorithm="depth’, facade=None, cate-
gory=None)
Bases: sage.structure.parent.Parent

The enumerated set of the nodes of the forest having the given roots, and where children (x) returns the
children of the node x of the forest.

See also GenericBacktracker, TransitiveIdeal, and TransitiveIdealGraded.

INPUT:
eroots — alist (or iterable)
echildren — a function returning a list (or iterable, or iterator)
*post_process — a function defined over the nodes of the forest (default: no post processing)
*calgorithm—'"depth’ or "breadth’ (default: ' depth’)
ecategory — a category (default: EnumeratedSets)

The option post_process allows for customizing the nodes that are actually produced. Furthermore, if
f (x) returns None, then x won’t be output at all.

EXAMPLES:

We construct the set of all binary sequences of length at most three, and list them:
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sage: from sage.combinat.backtrack import SearchForest
sage: S = SearchForest( [[]],

e lambda 1: [1+[0], 14+[1]] if len(l) < 3 else [],
e category=FiniteEnumeratedSets())

sage: S.list ()

SearchForest needs to be explicitly told that the set is finite for the following to work:
sage: S.category ()

Category of finite enumerated sets

sage: S.cardinality()

15

We proceed with the set of all lists of letters in 0, 1, 2 without repetitions, ordered by increasing length (i.e.
using a breadth first search through the tree):

sage: from sage.combinat.backtrack import SearchForest

sage: tb = SearchForest( [[]],

e lambda 1: [1 + [i] for i in range(3) if i not in 1],

et algorithm = ’'breadth’,

e category=FiniteEnumeratedSets())

sage: tb[0]

sage: tb.cardinality ()

sage: list (tb)

For infinite sets, this option should be set carefully to ensure that all elements are actually generated. The
following example builds the set of all ordered pairs (4, j) of nonnegative integers such that j < 1:

sage: from sage.combinat.backtrack import SearchForest

sage: I = SearchForest([(0,0)1,

lambda 1: [(1[0]+1, 1[1]), (1[0], 1)]

Lol if 1[1] == 0 else [(1[0], 1[11+1)1])

With a depth first search, only the elements of the form (i, 0) are generated:
sage: depth_search = I.depth_first_search_iterator()
sage: [next (depth_search) for i in range(7)]

[, 0), (1, 0), (2, 0), (3, 0), (4, 0), (5, 0), (6, 0)]

Using instead breadth first search gives the usual anti-diagonal iterator:

sage: breadth_search = I.breadth_first_search_iterator()
sage: [next (breadth_search) for i in range(1l5)]
[(0, 0),

(1, 0), (0, 1),

(2, 0), (1, 1), (0, 2),

(3, 0), (2, 1), (1, 2), (0, 3),

(4, 0), (3, 1), (2, 2), (1, 3), (0, 4)]
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Deriving subclasses

The class of a parent A may derive from SearchForest so that A can benefit from enumeration tools. As a
running example, we consider the problem of enumerating integers whose binary expansion have at most three
nonzero digits. For example, 3 = 2% + 2° has two nonzero digits. 15 = 23 4 22 + 2! + 29 has four nonzero
digits. In fact, 15 is the smallest integer which is not in the enumerated set.

To achieve this, we use SearchForest to enumerate binary tuples with at most three nonzero digits, apply a
post processing to recover the corresponding integers, and discard tuples finishing by zero.

A first approach is to pass the roots and children functions as arguments to
SearchForest._ _init_ ():

sage: from sage.combinat.backtrack import SearchForest

sage: class A(UniqueRepresentation, SearchForest):

e def _ _init__ (self):

e SearchForest._ _init__ (self, [()1,
e lambda x : [x+(0,), x+(1,)] if sum(x) < 3 else [],
e lambda x : sum(x[i]x271 for 1 in range(len(x))) if sum(x) !'= 0 and x[-1]

R algorithm = ’'breadth’,

e category=InfiniteEnumeratedSets ())

sage: MyForest = A(); MyForest

An enumerated set with a forest structure

sage: MyForest.category()

Category of infinite enumerated sets

sage: p = iter (MyForest)

sage: [next(p) for i in range(30)]

[, 2, 3, 4, 6, 5, 7, 8, 12, 10, 14, 9, 13, 11, 16, 24, 20, 28, 18, 26, 22, 17, 25, 21,

An alternative approach is to implement roots and children as methods of the subclass (in fact they could
also be attributes of A). Namely, A. roots () must return an iterable containing the enumeration generators,
and A.children (x) must return an iterable over the children of z. Optionally, A can have a method or
attribute such that A.post_process (x) returns the desired output for the node x of the tree:

sage: from sage.combinat.backtrack import SearchForest

sage: class A (UniqueRepresentation, SearchForest):

e def _ _init__ (self):

e SearchForest.__init__ (self, algorithm = ’breadth’,

e category=InfiniteEnumeratedSets())

e def roots(self):

e return [ ()]

e def children(self, x):

e if sum(x) < 3:

et return [x+(0,), x+(1,)]

e else:

et return []

e def post_process(self, x):

e if sum(x) == 0 or x[-1] == O0:

et return None

e else:

e return sum(x[i1i]*271i for i1 in range(len(x)))

sage: MyForest = A(); MyForest

An enumerated set with a forest structure

sage: MyForest.category()

Category of infinite enumerated sets

sage: p = iter (MyForest)

5.1. Comprehensive Module list 75

32,



Sage Reference Manual: Combinatorics, Release 7.1

sage: [next (p) for i in range(30)]

(1, 2, 3, 4, 6, 5, 7, 8, 12, 10, 14, 9, 13, 11, 16, 24, 20, 28, 18, 26, 22, 17, 25,

| Letusnow fake children being defined in a Python module:

Warning: A SearchForest instance is picklable if and only if the input functions are themselves
picklable. This excludes anonymous or interactively defined functions:

sage: def children(x):

e return [x+1]

sage: S = SearchForest( [1l], children, category=InfiniteEnumeratedSets/())
sage: dumps (S)

Traceback (most recent call last):

21, 19, 32,

PicklingError: Can’t pickle <type ’function’>: attribute lookup __ _builtin__.funct]ion failed

sage: import _ main_

sage: __main__.children = children

sage: S = SearchForest( [1], children, category=InfiniteEnumeratedSets())
sage: loads (dumps (S))

An enumerated set with a forest structure

breadth_first search iterator()

Return a breadth first search iterator over the elements of self

EXAMPLES:
sage: from sage.combinat.backtrack import SearchForest
sage: f = SearchForest ([[]],

e lambda 1: [1+([0], 14+[1]] if len(l) < 3 else [])
sage: list (f.breadth_first_search_iterator())

(tl, rtoil, 21, ro, o, ro, 11, 1, oz, 1, 11, (0, 0, 01, o, o0, 11, 0, 1, 01, [0, 1, 11, |
sage: S = SearchForest([(0,0)],
...t lambda x : [(x[0], x[1]+1)] if x[1] != 0 else [(x[0]+1,0), (x[0]1,1)1,
....: post_process = lambda x: x if ((is_prime(x[0]) and is_prime(x[1])) and ((x[0] - x[1])
sage: p = S.breadth_first_search_iterator()
sage: [next(p), next(p), next(p), next(p), next(p), next(p), next (p)]
[(5, 3), (7, 5), (13, 11), (19, 17), (31, 29), (43, 41), (61, 59)]
children (x)
Return the children of the element x
The result can be a list, an iterable, an iterator, or even a generator.
EXAMPLES:
sage: from sage.combinat.backtrack import SearchForest
sage: I = SearchForest([(0,0)], lambda 1: [(1([0]+1, 1([1]), (1[0], 1)] if 1[1] == 0 else [ (1]

sage: [i for i in I.children((0,0))]
[(1, 0), (0, 1)]
sage: [i for i in I.children((1,0))]
[z, 0), (1, 1)1

sage: [i for i in I.children((1,1))]
[(1, 2)]

sage: [i for i in I.children((4,1))]
[(4, 2)]

sage: [i for i in I.children((4,0))]
[(5, 0), (4, 1)]
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depth_first_search iterator()
Return a depth first search iterator over the elements of self

EXAMPLES:
sage: from sage.combinat.backtrack import SearchForest
sage: f = SearchForest ([[]],

e lambda 1: [1+[0], 1+[1]] if len(l) < 3 else [])
sage: list (f.depth_first_search_iterator())
(t1, roi, o, oy, rto, o, o1, o, o, 13, (0, 1, 10, 1, 01, (0, 1, 11, I[11, I[1, 0], [1, O, O]

elements_of depth_iterator (depth=0)
Return an iterator over the elements of self of given depth. An element of depth n can be obtained
applying n times the children function from a root.

EXAMPLES:

sage: from sage.combinat.backtrack import SearchForest

sage: S = SearchForest ([(0,0)] ,

el lambda x : [(x[0], x[1]+1)] if x[1] != 0 else [(x[0]+1,0), (x[0],1)1,
el post_process = lambda x: x 1if ((is_prime(x[0]) and is_prime(x[1]))
et and ((x[0] - x[1]) == 2)) else None)

sage: p = S.elements_of_depth_iterator(8)

sage: next (p)

(5, 3)

sage: S = SearchForest (NN, lambda x : [],

e lambda x: x"2 1if x.is_prime() else None)
sage: p = S.elements_of_depth_iterator (0)

sage: [next(p), next(p), next(p), next(p), next(p)]

[4, 9, 25, 49, 121]

roots ()
Return an iterable over the roots of self.
EXAMPLES:
sage: from sage.combinat.backtrack import SearchForest
sage: I = SearchForest([(0,0)], lambda 1: [(1[0]+1, 1[1]), (1[0], 1)] if 1[1] == 0 else [(1]
sage: [i for i in I.roots()]
[(0, 0)]
sage: I = SearchForest([(0,0), (1,1)], lambda 1: [(1[0]+1, 1([1]), (1[0], 1)] if 1[1] == 0 els
sage: [i for i in I.roots()]

(0, 0), (1, 1]

class sage.combinat .backtrack.TransitiveIdeal (succ, generators)
Bases: sage.sets.recursively_enumerated_set.RecursivelyEnumeratedSet_generic

Generic tool for constructing ideals of a relation.

INPUT:
erelation — a function (or callable) returning a list (or iterable)
egenerators — alist (or iterable)

Returns the set S of elements that can be obtained by repeated application of relation on the elements of
generators.

Consider relation as modeling a directed graph (possibly with loops, cycles, or circuits). Then S is the ideal
generated by generators under this relation.
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Enumerating the elements of S is achieved by depth first search through the graph. The time complexity is
O(n + m) where n is the size of the ideal, and m the number of edges in the relation. The memory complexity
is the depth, that is the maximal distance between a generator and an element of S.

See also SearchForest and TransitiveIdealGraded.

EXAMPLES:

sage: from sage.combinat.backtrack import Transitiveldeal

sage: [i for i in TransitiveIdeal (lambda i: [i+1] if i<10 else [], [0])]
[, , 2, 3, 4, 5, 6, 7, 8, 9, 10]

sage: [i for i in TransitiveIdeal (lambda i: [mod(i+1,3)1, [0])]

[0, 1, 21

sage: [1i for 1 in TransitiveIdeal (lambda i: [mod(i+2,3)1, [0])]

[0, 2, 1]

sage: [1 for i1 in TransitiveIdeal (lambda i: [mod(i+2,10)1, [01])]

[0, 2, 4, 6, 8]

sage: [i for i in TransitiveIdeal (lambda i: [mod(i+3,10),mod(i+5,10)], [0]1)]
[o, 3, 8, 1, 4, 5, 6, 7, 9, 2]

sage: [1 for i1 in TransitiveIdeal (lambda i: [mod(i+4,10),mod(i+6,10)]1, [0])]
[o, 4, 8, 2, 6]

sage: [1 for i1 in TransitiveIdeal (lambda i: [mod(i+3,9)1, [0,11)]

[o, 1, 3, 4, 6, 7]

sage: [p for p in TransitiveIdeal (lambda x:[x], [Permutation([3,1,2,4]), Permutation([2,1,3,41)1)
(2, 1, 3, 41, I3, 1, 2, 4]]

We now illustrate that the enumeration is done lazily, by depth first search:

sage: C = TransitiveIdeal (lambda x: [x-1, x+1], (-10, 0, 10))
sage: £ = C.__iter__ ()

sage: [ next(f) for i in range(6) ]

[0, 1, 2, 3, 4, 5]

We compute all the permutations of 3:

sage: [p for p in TransitiveIdeal (attrcall ("permutohedron_succ"), [Permutation([1,2,31)1]1)]
rexy, 2, 31, (2, 1, 31, [, 3, 21, (2, 3, 11, I[3, 1, 2], [3, 2, 11]

We compute all the permutations which are larger than [3,1,2,4], [2,1,3,4] in the right permutohedron:
sage: [p for p in TransitiveIdeal (attrcall ("permutohedron_succ"), [Permutation([3,1,2,4]), Permt

[t2, 1, 3, 41, I3, 1, 2, 41, (2, 1, 4, 31, [3, 1, 4, 21,
(2, 3, 1, 41, I[3, 4, 1, 21, [3, 4, 2, 11, [2, 3, 4, 1],
(2, 4, 1, 31, 13, 2, 1, 41, 1[4, 3, 1, 21, [4, 3, 2, 1],
(3, 2, 4, 11, 1[4, 2, 1, 31, (2, 4, 3, 11, [4, 2, 3, 11]

Using Transitiveldeal people have been using the __contains___ method provided from the _ iter
method. We need to make sure that this continues to work:

sage: T = TransitiveIdeal (lambda a:[a+7,a+5], [0])

sage: 12 in T

True

class sage.combinat .backtrack.TransitiveIdealGraded (succ, generators, max_depth=inf)
Bases: sage.sets.recursively_enumerated_set.RecursivelyEnumeratedSet_generic

Generic tool for constructing ideals of a relation.

INPUT:
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erelation — a function (or callable) returning a list (or iterable)

egenerators — alist (or iterable)

emax_depth — (Default: infinity) Specifies the maximal depth to which elements are computed

Return the set S of elements that can be obtained by repeated application of relation on the elements of
generators.

Consider relation as modeling a directed graph (possibly with loops, cycles, or circuits). Then S is the ideal

generated by generators under this relation.

Enumerating the elements of S is achieved by breadth first search through the graph; hence elements are enu-
merated by increasing distance from the generators. The time complexity is O(n + m) where n is the size of
the ideal, and m the number of edges in the relation. The memory complexity is the depth, that is the maximal
distance between a generator and an element of S.

See also SearchForest and TransitiveIdeal.

EXAMPLES:

sage: from sage.combinat.backtrack import TransitiveIdealGraded
[1 for 1 in TransitivelIdealGraded (lambda 1i:
7,

sage:
[OV ll 2/

We now illustrate that the enumeration is done lazily, by breadth first search:

TransitiveldealGraded (lambda x:
C.__iter_ ()

sage: C =
sage: f =

The elements at distance 0 from the generators:

sage: sorted([ next (f)

3, 4, 5,

[-10, 0O, 10]

The elements at distance 1 from the generators:

sage: sorted([ next (f)

[_117 _9/

The elements at distance 2 from the generators:

sage: sorted([ next (f)

[_127 _8/

The enumeration order between elements at the same distance is not specified.

_17 1/ 9/

_21 2/ 8/

6,

8,

9,

10]

for i in range (3)

for i in range (6)

11]

for i in range (6)

12]

[xill

1)

1)

1)

x+1],

[i+1]

(7101

if i<10 else

(01)1

We compute all the permutations which are larger than [3,1,2,4] or [2,1,3,4] in the permutohedron:

sage:
[13,
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47
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3]

3]
1]
1]

[p for p in TransitivelIdealGraded(attrcall ("permutohedron_succ"),

14

’

]

[Permutation([3,1,2,4]1),

sage.combinat .backtrack.search_forest_iterator (roots, children, algorithm="depth’)
Return an iterator on the nodes of the forest having the given roots, and where children (x) returns the
children of the node x of the forest. Note that every node of the tree is returned, not simply the leaves.

INPUT:

eroots — alist (or iterable)

echildren — a function returning a list (or iterable)

5.1. Comprehensive Module list

79



Sage Reference Manual: Combinatorics, Release 7.1

ealgorithm—"'depth’ or "breadth’ (default: ' depth’)
EXAMPLES:

We construct the prefix tree of binary sequences of length at most three, and enumerate its nodes:
sage: from sage.combinat.backtrack import search_forest_iterator

sage: list (search_forest_iterator ([[]], lambda 1: [1+[0], 1+[1]]

e if len(l) < 3 else [1]))

!, ftolg, ro, or, fto, o, oj, o, o, 11, fo, 1Jj, [0, 1, 01,

(¢, 1, 13, 21, (1, 01, (1, O, O}, (1, O, 11, (1, 1}, [1, 1, O1, [1, 1, 1]]

By default, the nodes are iterated through by depth first search. We can instead use a breadth first search
(increasing depth):

sage: list (search_forest_iterator ([[]], lambda 1: [1+[0], 1+[1]]

e if len(l) < 3 else [],

e algorithm=’'breadth’))

This allows for iterating trough trees of infinite depth:
sage: it = search_forest_iterator ([[]], lambda 1: [1+[0], 1+[1]], algorithm='breadth’)

sage: [ next(it) for i in range(16) ]

[0,

(oj, r1t1, fro, o1, fo, 11, I[1, 01, I[1, 171,
(o, o, oy, ro, o, 11, f0, 1, 01, [0, 1, 11,
(1, o, oJy, 1, o, 11, (%, 1, OJ, (1, 1, 17,
(0, 0, 0, 0]]

Here is an iterator through the prefix tree of sequences of letters in 0, 1, 2 without repetitions, sorted by length;
the leaves are therefore permutations:

sage: list (search_forest_iterator([[]], lambda 1: [1 + [i] for i in range(3) if i not in 1],
e algorithm='breadth’))

5.1.8 Baxter permutations

class sage.combinat .baxter_permutations.BaxterPermutations
Bases: sage.structure.unique_representation.UniqueRepresentation,
sage.structure.parent.Parent

The combinatorial class of Baxter permutations.

A Baxter permutation is a permutation avoiding the generalized permutation patterns 2 —41 —3 and 3 — 14 — 2.
In other words, a permutation ¢ is a Baxter permutation if for any subword u := wujususuy of o such that the
letters us and ug are adjacent in o, the standardized version of w is neither 2413 nor 3142.

See [Girl2] for a study of Baxter permutations.
INPUT:

en — (default: None) a nonnegative integer, the size of the permutations.
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OUTPUT:

Return the combinatorial class of the Baxter permutations of size n if n is not None. Otherwise, return the
combinatorial class of all Baxter permutations.

EXAMPLES:

sage: BaxterPermutations (5)
Baxter permutations of size 5
sage: BaxterPermutations ()
Baxter permutations

REFERENCES:

class sage.combinat .baxter_permutations.BaxterPermutations_all (n=None)

Bases: sage.sets.disjoint_union_enumerated_sets.DisjointUnionEnumeratedSets,
sage.combinat.baxter_permutations.BaxterPermutations

The enumerated set of all Baxter permutations.

See BaxterPermutations for the definition of Baxter permutations.

EXAMPLES:

sage: from sage.combinat.baxter_ permutations import BaxterPermutations_all
sage: BaxterPermutations_all()
Baxter permutations

to_pair_of_ twin_binary trees (p)
Apply a bijection between Baxter permutations of size self._n and the set of pairs of twin binary trees
with self._n nodes.

INPUT:
*p — a Baxter permutation.
OUTPUT:

The pair of twin binary trees (11, Tr) where T}, (resp. Tr) is obtained by inserting the letters of p from
left to right (resp. right to left) following the the binary search tree insertion algorithm. This is called the
Baxter P-symbol in [Gir]2] Definition 4.1.

Note: This method only works when p is a permutation. For words with repeated letters, it would
return two “right binary search trees” (in the terminology of [Girl2]), which conflicts with the definition

in [Girl2].

EXAMPLES:

sage: BaxterPermutations () .to_pair_ of_twin_binary_trees (Permutation([]))

(.r )

sage: BaxterPermutations () .to_pair_of_twin_binary_trees (Permutation([1l, 2, 31))
(xrc., 20., 30., -111, 3t2(10., .1, -1, .1)

sage: BaxterPermutations () .to_pair_of_twin_binary_trees (Permutation([3, 4, 1, 2]))
(3r10., 20., .11, 40C., .11, 2[(1(., .1, 4[3[., -1, .11)

class sage.combinat .baxter_permutations.BaxterPermutations_size (n)

Bases: sage.combinat.baxter_permutations.BaxterPermutations
The enumerated set of Baxter permutations of a given size.

See BaxterPermutations for the definition of Baxter permutations.

EXAMPLES:
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sage: from sage.combinat.baxter_ permutations import BaxterPermutations_size
sage: BaxterPermutations_size (5)
Baxter permutations of size 5

cardinality ()
Return the number of Baxter permutations of size self._n.

For any positive integer n, the number of Baxter permutations of size n equals
n n+1\ (n+1\ (n+1
Z (k—l) ( k ) (k+1)

= ()

This is OEIS sequence AOO1181.
EXAMPLES:

sage: [BaxterPermutations(n).cardinality() for n in xrange(13)]
(1, 1, 2, 6, 22, 92, 422, 2074, 10754, 58202, 326240, 1882960, 11140560]

sage: BaxterPermutations (3r).cardinality ()
6

sage: parent (_)

Integer Ring

5.1.9 Binary Recurrence Sequences.

This class implements several methods relating to general linear binary recurrence sequences, including a sieve to find
perfect powers in integral linear binary recurrence sequences.

EXAMPLES:

sage: R = BinaryRecurrenceSequence (1l,1) #the Fibonacci sequence
sage: R(137) #the 137th term of the Fibonacci sequence
19134702400093278081449423917

sage: R(137) == fibonacci (137)

True

)

sage: [R(i) % 4 for i in xrange(12)]
(¢, 1, 1, 2, 3, 1, 0, 1, 1, 2, 3, 1]

sage: R.period(4) #the period of the fibonacci sequence modulo 4
6
sage: R.pthpowers (2, 10%%30) # long time (7 seconds) —- in fact these are all squares, c.f. [

o, 1, 2, 12]

sage: S = BinaryRecurrenceSequence (8,1) #a Lucas sequence

sage: S.period(73)

148

sage: S(5) % 73 == S(5 +148) %73

True

sage: S.pthpowers (3,10%%30) # long time (3 seconds) —- provably finds the indices of all 3rd powe.
[0, 1, 2]

sage: T = BinaryRecurrenceSequence (2,0,1,2)
sage: [T(i) for i in xrange(10)]

(1, 2, 4, 8, 16, 32, 64, 128, 256, 512]
sage: T.is_degenerate()

True

sage: T.is_geometric()
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True
sage: T.pthpowers (7,10%%30)
Traceback (most recent call last):

ValueError: The degenerate binary recurrence sequence is geometric or quasigeometric and has many ptl

AUTHORS:
-Isabel Vogt (2013): initial version
REFERENCES:

class sage.combinat.binary_recurrence_sequences.BinaryRecurrenceSequence (b, c,
u0=0,
ul=1)

Bases: sage.structure.sage_object.SageObject

Create a linear binary recurrence sequence defined by initial conditions uy and u; and recurrence relation
Upt2 = b * Upiq + € * Up.

INPUT:
*b — an integer (partially determining the recurrence relation)
ec — an integer (partially determining the recurrence relation)
*u0 — an integer (the Oth term of the binary recurrence sequence)
eul — an integer (the 1st term of the binary recurrence sequence)
OUTPUT:

*An integral linear binary recurrence sequence defined by u0, ul, and u,+2 = b * upy1 + ¢ * Uy,

See also:

fibonacci (), lucas_numberl (), lucas_number?2 ()

EXAMPLES:

sage: R = BinaryRecurrenceSequence(3,3,2,1)

sage: R

Binary recurrence sequence defined by: u_n = 3 x u_{n-1} + 3 » u_{n-2};
With initial conditions: u_0 = 2, and u_1l =1

is_arithmetic ()
Decide whether the sequence is degenerate and an arithmetic sequence.

The sequence is arithmetic if and only if uy — ug = ug — U1 = u3z — us.

This corresponds to the matrix F' = [[0, 1], [c, b]] being nondiagonalizable and o/ = 1.

EXAMPLES:
sage: S = BinaryRecurrenceSequence (2,-1)
sage: [S(i) for i in xrange(10)]

[OI 1/ 2! 3! 4’ 5/ 6! 7! 8’ 91
sage: S.is_arithmetic()
True

is_degenerate ()
Decide whether the binary recurrence sequence is degenerate.
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Let o and 3 denote the roots of the characteristic polynomial p(z) = 2% —bx—c. Leta = u; —uop3/(3—a)
and b = u; — upar/ (8 — ). The sequence is, thus, given by u,, = aa™ — b3™. Then we say that the
sequence is nondegenerate if and only if @ * b * o x 8 # 0 and o/ 3 is not a root of unity.

More concretely, there are 4 classes of degeneracy, that can all be formulated in terms of the matrix
F= [[07 1]7 [Cv b“

*F' is singular — this corresponds to ¢ = 0, and thus « * § = 0. This sequence is geometric after term
u0 and so we call it quasigeometric.

*v = [[ug], [u1]] is an eigenvector of F' — this corresponds to a geometric sequence with a * b = 0.

*F' is nondiagonalizable — this corresponds to v = . This sequence will be the point-wise product of
an arithmetic and geometric sequence.

F* is scaler, for some k > 1 — this corresponds to a/3 a k th root of unity. This sequence is a union
of several geometric sequences, and so we again call it quasigeometric.

EXAMPLES:

sage: S = BinaryRecurrenceSequence (0,1)
sage: S.is_degenerate()

True

sage: S.is_geometric()

False

sage: S.is_quasigeometric ()

True

sage: R = BinaryRecurrenceSequence (3,-2)
sage: R.is_degenerate()
False

sage: T = BinaryRecurrenceSequence (2,-1)
sage: T.is_degenerate()

True

sage: T.is_arithmetic()

True

is_geometric ()

Decide whether the binary recurrence sequence is geometric - ie a geometric sequence.

This is a subcase of a degenerate binary recurrence sequence, for which ab = 0, i.e. w,/u,—1 = r for
some value of r. See 1s_degenerate for a description of degeneracy and definitions of a and b.

EXAMPLES:

sage: S = BinaryRecurrenceSequence (2,0,1,2)
sage: [S(i) for i in xrange(10)]

(1, 2, 4, 8, 16, 32, 64, 128, 256, 512]
sage: S.is_geometric()

True

is_quasigeometric ()

Decide whether the binary recurrence sequence is degenerate and similar to a geometric sequence, i.e. the
union of multiple geometric sequences, or geometric after term u0.

If a/fB is a k th root of unity, where & > 1, then necessarily k = 2,3,4,6. Then F' = [[0,1],[c, ] is
diagonalizable, and F'* = [[*, 0], [0, 8¥]] is scaler matrix. Thus for all values of j mod k, the j mod &k
terms of u,, form a geometric series.

If « or 3 is zero, this implies that ¢ = 0. This is the case when F’ is singular. In this case, u1, uo, ug, ... is
geometric.
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EXAMPLES:

sage: S = BinaryRecurrenceSequence (0,1)
sage: [S(i) for i in xrange(10)]

(6, 1, o, 1, o, 1, 0, 1, 0, 11

sage: S.is_quasigeometric ()

True

sage: R = BinaryRecurrenceSequence (3,0)
sage: [R(i) for i in xrange(10)]

(o, 1, 3, 9, 27, 81, 243, 729, 2187, 6561]
sage: R.is_quasigeometric ()

True

period (m)
Return the period of the binary recurrence sequence modulo an integer m.

If ny is congruent to ng modulu period (m), then u,, is is congruent to u,, modulo m.
INPUT:
em — an integer (modulo which the period of the recurrence relation is calculated).
OUTPUT:
*The integer (the period of the sequence modulo m)
EXAMPLES:
If p = £1 mod 5, then the period of the Fibonacci sequence mod p is p—1 (c.f. Lemma 3.3 of [BMSO06]).

sage: R = BinaryRecurrenceSequence (1l,1)
sage: R.period(31)
30

sage: [R(i) % 4 for i in xrange(12)]
(o, 1, 1, 2, 3, 1, 0, 1, 1, 2, 3, 1]
sage: R.period(4)

6

This function works for degenerate sequences as well.

sage: S = BinaryRecurrenceSequence (2,0,1,2)

sage: S.is_degenerate()

True

sage: S.is_geometric/()

True

sage: [S(1) % 17 for i in xrange(16)]

(r, 2, 4, 8, 16, 15, 13, 9, 1, 2, 4, 8, 16, 15, 13, 9]
sage: S.period(17)

8

Note: the answer is cached.

pthpowers (p, Bound)
Find the indices of proveably all pth powers in the recurrence sequence bounded by Bound.

Let u,, be a binary recurrence sequence. A p th power in u,, is a solution to u,, = y® for some integer y.
There are only finitely many p th powers in any recurrence sequence [SS].

INPUT:

*p - a rational prime integer (the fixed p in u,, = yP)
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*Bound - a natural number (the maximum index n in u,, = yP that is checked).
OUTPUT:

*A list of the indices of all p th powers less bounded by Bound. If the sequence is degenerate and
there are many p th powers, raises ValueError.

EXAMPLES:
sage: R = BinaryRecurrenceSequence (1l,1) #the Fibonacci sequence
sage: R.pthpowers (2, 10%x%30) # long time (7 seconds) —- in fact these are all square:s

(0, 1, 2, 12]

sage: S = BinaryRecurrenceSequence (8,1) #a Lucas sequence
sage: S.pthpowers (3,10%%30) # long time (3 seconds) —-—- provably finds the indices of all
(0, 1, 2]

sage: Q = BinaryRecurrenceSequence (3,3,2,1)
sage: Q.pthpowers (11,10%%30) # long time (7.5 seconds)
[1]

If the sequence is degenerate, and there are are no p th powers, returns []. Otherwise, if there are many p
th powers, raises ValueError.

sage: T = BinaryRecurrenceSequence (2,0,1,2)

sage: T.is_degenerate()

True

sage: T.is_geometric()

True

sage: T.pthpowers (7,10%%30)

Traceback (most recent call last):

ValueError: The degenerate binary recurrence sequence is geometric or quasigeometric and has

sage: L = BinaryRecurrenceSequence (4,0,2,2)
sage: [L(i).factor() for i in xrange (10)]

(2, 2, 23, 2~5, 2~7, 2~9, 211, 2713, 2715, 2717]
sage: L.is_quasigeometric ()

True

sage: L.pthpowers (2,10%%30)

[]

NOTE: This function is primarily optimized in the range where Bound is much larger than p.

5.1.10 Binary Trees

This module deals with binary trees as mathematical (in particular immutable) objects.

Note: If you need the data-structure for example to represent sets or hash tables with AVL trees, you should have a
look at sage .misc.sagex_ds.

AUTHORS:
* Florent Hivert (2010-2011): initial implementation.
REFERENCES:

class sage.combinat.binary_tree.BinaryTree (parent, children=None, check=True)
Bases: sage.combinat.abstract_tree.AbstractClonableTree,
sage.structure.list_clone.ClonableArray
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Binary trees.

Binary trees here mean ordered (a.k.a. plane) finite binary trees, where “ordered” means that the children of
each node are ordered.

Binary trees contain nodes and leaves, where each node has two children while each leaf has no children. The
number of leaves of a binary tree always equals the number of nodes plus 1.

INPUT:

echildren — None (default) or a list, tuple or iterable of length 2 of binary trees or convertible objects.

This corresponds to the standard recursive definition of a binary tree as either a leaf or a pair of binary
trees. Syntactic sugar allows leaving out all but the outermost calls of the BinaryTree () constructor,
so that, e. g., BinaryTree ([BinaryTree (None),BinaryTree (None) ]) can be shortened to
BinaryTree ([None,None]). Itis also allowed to abbreviate [None, None] by [].

echeck — (default: True) whether check for binary should be performed or not.

EXAMPLES:

sage: BinaryTree()

sage: BinaryTree (None)

sage: BinaryTree([])

., -]

sage: BinaryTree ([None, Nonel)

., .1

sage: BinaryTree ([None, []])

L., L., .11

sage: BinaryTree([[], Nonel)

(e, -1, -1

sage: BinaryTree("[[], .]1")

(e, -1, .1

sage: BinaryTree ([None, BinaryTree ([None, Nonel)])
L., [.r .11

sage: BinaryTree([[], None, []1])
Traceback (most recent call last):

Valu

eError: this is not a binary tree

TESTS:

sage: tl = BinaryTree([[None, [[],[[], Nonelll,[[],I[111)
sage: t2 = BinaryTree ([[[],[1]1,[]])

sage: with tl.clone() as tlc:

et tlc(1l,1,1] = t2

sage: tl == tlc

False

as_ordered tree (with_leaves=True)

Return the same tree seen as an ordered tree. By default, leaves are transformed into actual nodes, but this
can be avoided by setting the optional variable with_leaves to False.

EXAMPLES:

sage: bt = BinaryTree([]); bt
(., .1

sage: bt.as_ordered_tree()

(L1, [11]
sage: bt.as_ordered_tree(with_leaves = False)
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[]

sage: bt = bt.canonical_labelling(); bt
(., .]

sage: bt.as_ordered_tree()

1[None[], Nonel[]]

sage: bt.as_ordered_tree(with_leaves=False)
10]

canonical_labelling (shift=1)

Return a labelled version of self.

The canonical labelling of a binary tree is a certain labelling of the nodes (not the leaves) of the tree. The
actual canonical labelling is currently unspecified. However, it is guaranteed to have labels in 1...n where
n is the number of nodes of the tree. Moreover, two (unlabelled) trees compare as equal if and only if their
canonical labelled trees compare as equal.

EXAMPLES:

sage: BinaryTree () .canonical_labelling()

sage: BinaryTree([]) .canonical_labelling()

7., .1
sage: BinaryTree([[[], [[], Nonell, [[], []11]1).canonical_labelling()
S(2f1(., .1, 4(3t., .1, .11, 706l., .1, 8[., .11]

canopee ()

Return the canopee of self.

The canopee of a non-empty binary tree 7" with n internal nodes is the list [ of 0 and 1 of length n — 1
obtained by going along the leaves of T' from left to right except the two extremal ones, writing 0 if the
leaf is a right leaf and 1 if the leaf is a left leaf.

EXAMPLES:
sage: BinaryTree([]) .canopee ()
[]

sage: BinaryTree ([None, []]).canopee ()

(1]

sage: BinaryTree([[], Nonel]) .canopee ()

(0]

sage: BinaryTree([[], []]).canopee()

[0, 1]

sage: BinaryTree([[[], [[]l, Nonell, [[], [1]]).canopee/()

(6, 1, 0, 0, 1, 0, 1]

The number of pairs (t1,t2) of binary trees of size n such that the canopee of ¢; is the complementary
of the canopee of ¢, is also the number of Baxter permutations (see [DG94], see also OEIS sequence
A001181). We check this in small cases:

sage: [len([(u,v) for u in BinaryTrees(n) for v in BinaryTrees (n)

et if map(lambda x:1-x, u.canopee()) == v.canopee()])

e for n in range (1, 5)]

(1, 2, 6, 22]

Here is a less trivial implementation of this:

sage: from sage.sets.finite_set_map_cy import fibers
sage: from sage.misc.all import attrcall

sage: def baxter(n):

e f = fibers(lambda t: tuple(t.canopee()),
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e BinaryTrees (n))

el return sum(len(f[i])*len(f[tuple(l-x for x in 1i)])
e for 1 in f)

sage: [baxter(n) for n in range(l, 7)]

(1, 2, 6, 22, 92, 422]

TESTS:
sage: t = BinaryTree () .canopee ()
Traceback (most recent call last):

ValueError: canopee is only defined for non empty binary trees

REFERENCES:
check ()
Check that self is a binary tree.
EXAMPLES:
sage: BinaryTree ([[], []11) # indirect doctest
(t., -1, 0., -1]
sage: BinaryTree([[], [1, [1]) # indirect doctest

Traceback (most recent call last):

ValueError: this is not a binary tree
sage: BinaryTree([[]]) # indirect doctest
Traceback (most recent call last):

ValueError: this is not a binary tree

graph (with_leaves=True)
Convert self to a digraph. By default, this graph contains both nodes and leaves, hence is never empty.
To obtain a graph which contains only the nodes, the with_leaves optional keyword variable has to be
setto False.

INPUT:

*with_leaves —(default: True) a Boolean, determining whether the resulting graph will be formed
from the leaves and the nodes of self (if True), or only from the nodes of self (if False)

EXAMPLES:

sage: tl = BinaryTree([[], None])
sage: tl.graph()

Digraph on 5 vertices

sage: tl.graph(with_leaves=False)
Digraph on 2 vertices

sage: tl = BinaryTree([[], [[], Nonell)
sage: tl.graph()

Digraph on 9 vertices

sage: tl.graph() .edges ()

[(0O, 1, None), (0, 4, None), (1, 2, None), (1, 3, None), (4, 5, None), (4, 8, None),

sage: tl.graph(with_leaves=False)

Digraph on 4 vertices

sage: tl.graph(with_leaves=False) .edges|()
[(0O, 1, None), (0, 2, None), (2, 3, None)]

sage: tl = BinaryTree()
sage: tl.graph()
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Digraph on 1 vertex
sage: tl.graph(with_leaves=False)
Digraph on 0 vertices

sage: BinaryTree([]) .graph()

Digraph on 3 vertices

sage: BinaryTree([]) .graph(with_leaves=False)
Digraph on 1 vertex

sage: tl = BinaryTree([I[], [[]1, [111)

sage: tl.graph(with_leaves=False)

Digraph on 5 vertices

sage: tl.graph(with_leaves=False) .edges|()

[(0, 1, None), (0, 2, None), (2, 3, None), (2, 4, None)]

in_order_traversal (node_action=None, leaf_action=None)

Explore the binary tree self using the depth-first infix-order traversal algorithm, executing the
node_action function whenever traversing a node and executing the 1eaf_action function when-
ever traversing a leaf.

In more detail, what this method does to a tree 7" is the following:
if the root of ‘T' is a node:
apply in_order_traversal to the left subtree of ‘T"
(with the same node_action and leaf_action);
apply node_action to the root of ‘TY;
apply in_order_traversal to the right subtree of ‘T¢
(with the same node_action and leaf_action);
else:
apply leaf_action to the root of ‘T‘.

For example on the following binary tree 7', where we denote leaves by a, b, c, ... andnodes by 1,2, 3,. . .:

| 3 |
| / \ |
| 1 _ 7 |
I/ \ / \ |
| a 2 _5_ 8 |
| / \ / \ /N
| b c 4 6 h i
| / N\ / \ |
| |

this method first applies leaf_action to a, then applies node_action to 1, then
leaf_action to b, then node_action to 2, etc., with the vertices being traversed in the order
a?1’b7236737d7476757f76?g777h78’i'

See in_order_traversal iter () for a version of this algorithm which only iterates through the
vertices rather than applying any function to them.

INPUT:

*node_action — (optional) a function which takes a node in input and does something during the
exploration

*leaf_action — (optional) a function which takes a leaf in input and does something during the
exploration

TESTS:
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sage: nb_leaf = 0

sage: def 1_action(_):
e global nb_leaf
et nb_leaf += 1
sage: nb_node = 0

sage: def n_action(_):
et global nb_node
el nb_node += 1

sage: BinaryTree() .in_order_traversal (n_action, 1_action)
sage: nb_leaf, nb_node
(1, 0)

sage: nb_leaf, nb_node = 0, 0
sage: b = BinaryTree([[],[[],[111); Db

(t., .1, (., .1, [., .11]

sage: b.in_order_traversal(n_action, 1l_action)
sage: nb_leaf, nb_node

(6, 5)

sage: nb_leaf, nb_node = 0, 0

sage: b = b.canonical_labelling()

sage: b.in_order_traversal (n_action, 1l_action)
sage: nb_leaf, nb_node

(6, 5)

sage: 1 = []

sage: b.in_order_traversal (lambda node: 1l.append( node.label() ))
sage: 1

(1, 2, 3, 4, 5]

sage: leaf = 'a’

sage: 1 = []

sage: def 1_action(_):

et global leaf, 1

e 1l.append(leaf)

e leaf = chr( ord(leaf)+1 )

sage: n_action = lambda node: l.append( node.label () )
sage: b = BinaryTree([[None, [11,[[[1,[11,0111).\

e canonical_labelling()

sage: b.in_order_traversal (n_action, 1l_action)

sage: 1
[,a,l 1/ ,b,I 2[ ’c’I 3! ,d,l 4! ,e,I 5[ ’f,I 6’ ,gll 7! ,h,I 8[
!il]

in order_ traversal iter ()
The depth-first infix-order traversal iterator for the binary tree self.

This method iters each vertex (node and leaf alike) of the given binary tree following the depth-first infix
order traversal algorithm.

The depth-first infix order traversal algorithm iterates through a binary tree as follows:
iterate through the left subtree (by the depth-first infix
order traversal algorithm);
yield the root;
iterate through the right subtree (by the depth-first infix
order traversal algorithm).

For example on the following binary tree 7', where we denote leaves by a, b, ¢, . .. and nodes by 1, 2,3, .. ..
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| -3 |
| / \ |
| 1 7 |
VAR / \ |
la 2 _5_ 8 |
| / 0\ /N /N
|l b c 4 6 h i |
| /N /N |
| |

the depth-first infix-order traversal algorithm iterates through the vertices of 7" in the following order:
a?17b72’c737d74?e75’f76’g77’h787i'

See in_order_traversal () for a version of this algorithm which not only iterates through, but
actually does something at the vertices of tree.

TESTS:

sage: b = BinaryTree([[],[[],[]1]1]); ascii_art([b])
[ _o_ ]

[/ \ ]

[ o o ]

[ /N ]

[ o o ]

sage: ascii_art(list (b.in_order_traversal_iter()))

[ , o, , _o_ ;1 O, o , , O, ]

[ / \ / \ ]

[ o o o o ]

[ / N\ ]

[ o o ]

sage: ascii_art(filter (lambda node: node.label() is not None,
e b.canonical_labelling() .in_order_traversal_iter()))
[ 1, 2 , 3, 4 , 5]

[ / \ /\ 1

[ 1 4 3 5 ]

[ /\ ]

[ 3 5 ]

sage: list (BinaryTree (None) .in_order_traversal_iter())

[.]

is_complete ()

Return True if self is complete, else return False.

In a nutshell, a complete binary tree is a perfect binary tree except possibly in the last level, with all nodes
in the last level “flush to the left”.

In more detail: A complete binary tree (also called binary heap) is a binary tree in which every level,
except possibly the last one (the deepest), is completely filled. At depth n, all nodes must be as far left as
possible.

For example:

|
|
|
| / \
|
|
|
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is not complete but the following ones are:

| |
| |
| |
I/ A\ / N\ / N\ / \ /N
| |
| |
| |

EXAMPLES:
sage: lst = lambda i: filter (lambda bt: bt.is_complete (), BinaryTrees(i))
sage: for i1 in range(9): ascii_art(lst(i)) # long time

o O O
o
10 e e e
o) TR

O
o

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[ o o
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

~

_—

~

-
U U

is_empty ()
Return whether self is empty.

The notion of emptiness employed here is the one which defines a binary tree to be empty if its root is a
leaf. There is precisely one empty binary tree.

EXAMPLES:
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sage: BinaryTree() .is_empty ()

True

sage: BinaryTree([]) .is_empty ()

False

sage: BinaryTree([[], Nonel).is_empty ()
False

is full ()

Return True if self is full, else return False.
A full binary tree is a tree in which every node either has two child nodes or has two child leaves.

This is also known as proper binary tree or 2-tree or strictly binary tree.

For example:

| |
| |
| |
| / N\ |
| |
| |
| |

is not full but the next one is:

/ \
o o

| \
| \
| \
| / \ \
| \
| \
| \

EXAMPLES:

sage: BinaryTree ([[[[],Nonel, [None, [11], [11).is_full()

False

sage: BinaryTree ([[[[],[11,[[1,[111, [11).is_full()

True

sage: ascii_art(filter (lambda bt: bt.is_full(), BinaryTrees(5)))
o , o

[ ]
[/ \ / ]
[ o o o o ]
[ / \ / \ ]
[ ]

O O O O

is_perfect ()

Return True if self is perfect, else return False.

A perfect binary tree is a full tree in which all leaves are at the same depth.

For example:

| \
| \
| \
| / \ \
| \
| \
| \
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is not perfect but the next one is:

(®)

| |
| / \ |
| o o |
I/ N\ /N
| |

o O O o

EXAMPLES:
sage: lst = lambda i: filter (lambda bt: bt.is_perfect (), BinaryTrees(i))
sage: for i1 in range(10): ascii_art(lst(i)) # long time

]

left_border_ symmetry ()
Return the tree where a symmetry has been applied recursively on all left borders. If a tree is made of
three trees [T1, T, T3] on its left border, it becomes [T4, Ty, T}] where same symmetry has been applied to
Tl ) T2 ) T3 .

EXAMPLES:

sage: BinaryTree () .left_border_symmetry ()

sage: BinaryTree([]) .left_border_symmetry ()

-, -]

sage: BinaryTree ([ [None, []],None]) .left_border_symmetry ()

(L., -1, [, -11]

sage: BinaryTree ([ [None, [None, []]],None]) .left_border_symmetry ()
(t., -1, 0., [., -11]

sage: bt = BinaryTree ([ [None, [None, []]],None]) .canonical_labelling()
sage: bt
ar1f., 2(., 30., 111, .1

sage: bt.left_border_symmetry ()
1040., .1, 20., 3[., .111]

left_right_symmetry ()
Return the left-right symmetrized tree of self.

EXAMPLES:
sage: BinaryTree () .left_right_symmetry ()

sage: BinaryTree([]) .left_right_symmetry ()
., -]
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sage: BinaryTree([[],None]) .left_right_symmetry ()

(-7 [-r -11

sage: BinaryTree ([ [None, []],None]) .left_right_symmetry ()
(., [[-7 -1, -1]

left_ rotate ()
Return the result of left rotation applied to the binary tree self.

Left rotation on binary trees is defined as follows: Let 1" be a binary tree such that the right child of the
root of T" is a node. Let A be the left child of the root of 7', and let B and C' be the left and right children of
the right child of the root of T". (Keep in mind that nodes of trees are identified with the subtrees consisting
of their descendants.) Then, the left rotation of T is the binary tree in which the right child of the root is
C, whereas the left child of the root is a node whose left and right children are A and B. In pictures:

| * * |

I/ N\ /N

| A * —left-rotate—> * C |

| /N /N [

| B C A B |

where asterisks signify a single node each (but A, B and C' might be empty).

For example,

| _Oo_ o |

I/ \ /o

| o o -—left-rotate—> o |

| / /N

| ) e) o |
<BLANKLINE>

| __o___ o |
| / \ /o
| o o -left-rotate—> o |
| / A\ / |
| o o ) |
[/ \ / A\ |
| o o o o |
| / N
| o o |

Left rotation is the inverse operation to right rotation (right_rotate ()).
See also:

right_rotate ()

EXAMPLES:

sage: b = BinaryTree([[],[[],Nonel]l); ascii_art([b])
[ _o_ ]

L 7/ A

[ o o ]

[ /]

[ o ]

sage: ascii_art ([b.left_rotate()])
[ o ]

[ /]

[ o ]

L /7 \ 1

[ o o ]
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sage: b.left_rotate() .right_rotate() == Db
True

make_leaf ()
Modify self so that it becomes a leaf (i. e., an empty tree).

Note: self must be in a mutable state.

See also:

make_node

EXAMPLES:

sage: t = BinaryTree ([None, None])
sage: t.make_leaf ()

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: with t.clone() as tl:

et tl.make_leaf ()

sage: t, tl

(L., .1, )

make_node (child_list=[None, None])
Modify self so that it becomes a node with children child_list.

INPUT:

echild_1list —a pair of binary trees (or objects convertible to)

Note: self must be in a mutable state.

See also:
make_leaf

EXAMPLES:

sage: t = BinaryTree()

sage: t.make_node ([None, None])
Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: with t.clone() as tl:

e t1l.make_node ([None, None])

sage: t, tl

(e Lo D)

sage: with t.clone() as t:

e t.make_node ([BinaryTree (), BinaryTree (), BinaryTree([])])
Traceback (most recent call last):

ValueError: the list must have length 2

sage: with tl.clone() as t2:

e t2.make_node ([tl, tl])

sage: with t2.clone() as t3:

et t3.make_node ([tl, t2])

sage: tl, t2, t3

(t.r, 1, C0-fp <10 Loy 11, 0Ly o1, L0-y -1, [T.p 111)
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over (bt)
Return self over bt, where “over” is the over (/) operation.

If T and T” are two binary trees, then T over 7" (written T'/T") is defined as the tree obtained by grafting
T’ on the rightmost leaf of T'. More precisely, 7'/T" is defined by identifying the root of the 7" with the
rightmost leaf of 7". See section 4.5 of [HNTO5].

If T is empty, then T'/T" = T".

The definition of this “over” operation goes back to Loday-Ronco [LodRon0102066] (Definition 2.2), but
it is denoted by \ and called the “under” operation there. In fact, trees in sage have their root at the top,
contrary to the trees in [LodRon0102066] which are growing upwards. For this reason, the names of the
over and under operations are swapped, in order to keep a graphical meaning. (Our notation follows that
of section 4.5 of [HNTO05].)

See also:

under ()

EXAMPLES:

Showing only the nodes of a binary tree, here is an example for the over operation:
| o __o__ _o_ |
I/ N/ 7/ Noo=/ \ |

| o o o o o o |

| \ / \ |

| o o __o___ |

| / A

| o o |

| \ /]

| o o |
A Sage example:

sage: bl = BinaryTree ([[1,[[]1,[111)
sage: b2 = BinaryTree([[None, []1],[]1])
sage: ascii_art ((bl, b2, bl/b2))

( _Oo_ , _o_ _0o_ )
« / \ / \ / \ )
(o o o o o o_ )
( / \ \ / N\ )
( fe) o o) o o )
( \ )
( _Oo_ )
( / )
( o o)
( \ )
( o )
TESTS:

sage: bl = BinaryTree([[],[]]); ascii_art([bl])
[ o ]

[/ \ ]

[ o o ]

sage: b2 = BinaryTree([[None, []],[[]1,Nonel]); ascii_art([b2])
[ _o__ ]

L/ A

[ o o]

[\ /]

[ o o 1
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sage: ascii_art ([bl.over (b2)])

[ _o_ ]
L/ \ ]
[ o o ]
[ \ ]
[ _o__ ]
[ / A
[ o o ]
[ \ /]
[ o o ]

The same in the labelled case:

sage: bl = bl.canonical_labelling()
sage: b2 = b2.canonical_labelling()
sage: ascii_art ([bl.over(b2)])

[ _2_ ]
L/ \ ]
(1 3 ]
[ \ ]
[ —3_ 1
( / \ ]
[ 1 51
[ \ /]
( 2 4 ]

g _hook_length_fraction (g=None, q_factor=False)
Compute the g-hook length fraction of the binary tree self, with an additional “q-factor” if desired.

If T is a (plane) binary tree and ¢ is a polynomial indeterminate over some ring, then the ¢g-hook length
fraction hy (1) of T is defined by

_ 7lg!
hQ(T) B HteTUTth’

where the product ranges over all nodes ¢ of T', where T; denotes the subtree of 1" consisting of ¢ and
its all descendants, and where for every tree S, we denote by |S| the number of nodes of S. While this
definition only shows that h,(T") is a rational function in T, it is in fact easy to show that h,(T’) is actually
a polynomial in 7', and thus makes sense when any element of a commutative ring is substituted for g.
This can also be explicitly seen from the following recursive formula for h,(7'):

7| -1

= (M

) hq(Tl)hq(T2),

where 7' is any nonempty binary tree, and 73 and 7% are the two child trees of the root of 7, and where
(’;)q denotes a g-binomial coefficient.

A variation of the ¢-hook length fraction is the following “g-hook length fraction with g-factor™:
fo(T) = he(T) - H gl Temol,
teT

where for every node ¢, we denote by right(¢) the right child of ¢. This f,(T) differs from hy(T") only in
a multiplicative factor, which is a power of g.

When ¢ = 1, both f,(T) and hy(T') equal the number of permutations whose binary search tree (see
[HNTOS5] for the definition) is 1" (after dropping the labels). For example, there are 20 permutations which
give a binary tree of the following shape:
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by the binary search insertion algorithm, in accordance with the fact that this tree satisfies f1(7") = 20.

When ¢ is considered as a polynomial indeterminate, f,(T") is the generating function for all permutations
whose binary search tree is T' (after dropping the labels) with respect to the number of inversions (i. e., the
Coxeter length) of the permutations.

Objects similar to hy(T") also make sense for general ordered forests (rather than just binary trees), see e.
g. [BW88], Theorem 9.1.

INPUT:

*q — a ring element which is to be substituted as ¢ into the g-hook length fraction (by default, this is
set to be the indeterminate ¢ in the polynomial ring Z[g])

*q_factor — a Boolean (default: False) which determines whether to compute h,(1") or to com-

pute f,(T) (namely, h,(T) is obtained when q_factor == False, and f,(7T') is obtained when
qg_factor == True)

REFERENCES:

EXAMPLES:

Let us start with a simple example. Actually, let us start with the easiest possible example — the binary tree
with only one vertex (which is a leaf):

sage: b = BinaryTree()

sage: b.g _hook_length_fraction()

1

sage: b.g _hook_length_fraction(g_factor=True)

1

Nothing different for a tree with one node and two leaves:
sage: b = BinaryTree([]); b

(., .1

sage: b.g _hook_length_fraction()

1

sage: b.g _hook_length_fraction(g_factor=True)
1

Let us get to a more interesting tree:

sage: b = BinaryTree([[[],[]],[[],Nonell); b

cee., -1, 0o, 211, 00., -1, .11

sage: b.g hook_length_fraction() (g=1)

20

sage: b.g _hook_length_fraction|()

g7 + 2+%g”6 + 3xg"5 + 4xgt4 + 4xg”"3 + 3xg"2 + 2+gq + 1
sage: b.g _hook_length_fraction(g_factor=True)

g”1l0 + 2%xg”9 + 3xg"8 + 4xg”7 + 4%xg”6 + 3xg"5 + 2xg*4 + g”3
sage: b.g _hook_length_fraction (g=2)

465

sage: b.g _hook_length_fraction(g=2, g_factor=True)
3720

sage: g = PolynomialRing(ZZ, "g’) .gen()
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sage: b.g _hook_length_fraction (g=g*x2)
grld + 2xg”12 + 3xg”10 + 4xg”8 + 4xg”6 + 3xg™4 + 2xg”2 + 1

Let us check the fact that f,(T') is the generating function for all permutations whose binary search tree is
T (after dropping the labels) with respect to the number of inversions of the permutations:
sage: def g _hook_length_fraction_2(T):

et P = PolynomialRing (ZzZ, 'qgq’)

P.gen()

et res = P.zero()

et for w in T.sylvester_class():

e res += g ** Permutation (w).length ()

et return res

sage: def test_genfun(i):

el return all( g_hook_length_fraction_2(T)

e == T.qg_hook_length_fraction(g_factor=True)
e for T in BinaryTrees (i) )

sage: test_genfun (4)

True

Q
Il

right_rotate ()
Return the result of right rotation applied to the binary tree self.

Right rotation on binary trees is defined as follows: Let 7" be a binary tree such that the left child of the root
of T"is a node. Let C be the right child of the root of 7', and let A and B be the left and right children of
the left child of the root of T'. (Keep in mind that nodes of trees are identified with the subtrees consisting
of their descendants.) Then, the right rotation of 7" is the binary tree in which the left child of the root is
A, whereas the right child of the root is a node whose left and right children are B and C. In pictures:

| * * |
| /N / N\ |
| * C —-right-rotate-> A * |
I/ A\ /N
| A B B Cc |

where asterisks signify a single node each (but A, B and C' might be empty).

For example,

| o _o_ \

| / / N

| o -right-rotate-> o o |

[/ \ /]

| o o o |

<BLANKLINE>

| __o__ _o__ |
| / \ / \ |
| o o -right-rotate-> o _o_ |
| / \ / / A
| o o o o o |
[/ \ \ |
| o o o |

Right rotation is the inverse operation to left rotation (Left_rotate ()).
The right rotation operation introduced here is the one defined in Definition 2.1 of [CP12].
See also:

left_rotate ()
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EXAMPLES:

sage: b = BinaryTree([[[],[]], Nonel); ascii_art([b])
]

/]

]

]

o o ]

[ _Oo_ ]

L 7/ A

[ o o ]

[ /]

[ o ]

sage: b = BinaryTree([[[[],None], [None, []1]1], [1]1); ascii_art([bl])
[ __o__ ]
[ / A
[ o o 1]
[ / \ ]
[ o o ]
[/ \ ]
[ o o ]
sage: ascii_art ([b.right_rotate()])
[ _o__ ]
[ / \ ]
[ o _o_ ]
[/ / A
[ o o o ]
[ \ ]
[ o ]

show (with_leaves=False)
Show the binary tree show, with or without leaves depending on the Boolean keyword variable
with_leaves.

Warning: Left and right children might get interchanged in the actual picture. Moreover, for a labelled
binary tree, the labels shown in the picture are not (in general) the ones given by the labelling!

Use _latex_ (), view, _ascii_art_ () or pretty_print for more faithful representations
of the data of the tree.

TESTS:

sage: tl = BinaryTree([[], [[], Nonell)
sage: tl.show()

single_edge_cut_shapes ()
Return the list of possible single-edge cut shapes for the binary tree.

This is used in sage.combinat.interval_posets.TamarilIntervalPoset.is_new ().
OUTPUT:
a list of triples (m, i, n) of integers

This is a list running over all inner edges (i.e., edges joining two non-leaf vertices) of the binary tree.
The removal of each inner edge defines two binary trees (connected components), the root-tree and the
sub-tree. Thus, to every inner edge, we can assign three positive integers: m is the node number of the
root-tree R, and n is the node number of the sub-tree S. The integer i is the index of the leaf of R on which
S is grafted to obtain the original tree. The leaves of R are numbered starting from 1 (from left to right),
hencel <7 <m+1.
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In fact, each of m and n determines the other, as the total node number of R and S is the node number of
self.

EXAMPLES:
sage: BT = BinaryTrees (3)
sage: [t.single_edge_cut_shapes() for t in BT]

ez, 3, 1), (1, 2, 2)1,
(z, 2, 1), (1, 2, 2)1,
(z, 1, 1), (2, 3, 1)1,
(2, 2, 1), (1, 1, 2)1,
[z, 1, 1), (1, 1, 2)1]

14 4

sage: BT = BinaryTrees(2)
sage: [t.single_edge_cut_shapes() for t in BT]
(rex, 2, 11, (1, 1, 1)]]

sage: BT = BinaryTrees (1)
sage: [t.single_edge_cut_shapes () for t in BT]

sylvester_class (left_to_right=False)
Iterate over the sylvester class corresponding to the binary tree self.

The sylvester class of a tree 7' is the set of permutations o whose right-to-left binary search tree (a notion
defined in [HNTO5], Definition 7) is 1" after forgetting the labels. This is an equivalence class of the
sylvester congruence (the congruence on words which holds two words uacvbw and ucavbw congruent
whenever a, b, c are letters satisfying a < b < ¢, and extends by transitivity) on the symmetric group.

For example the following tree’s sylvester class consists of the permutations (1,3, 2) and (3, 1, 2):

[ o 1
/N ]

[
[ o o ]

(only the nodes are drawn here).

The right-to-left binary search tree of a word is constructed by an RSK-like insertion algorithm which
proceeds as follows: Start with an empty labelled binary tree, and read the word from right to left. Each
time a letter is read from the word, insert this letter in the existing tree using binary search tree insertion
(binary_search_insert ()). Thisis what the binary_search_tree () method computes if it
is given the keyword left_to_right=False.

Here are two more descriptions of the sylvester class of a binary search tree:

*The sylvester class of a binary search tree 7' is the set of all linear extensions of the poset correspond-
ing to 7" (that is, of the poset whose Hasse diagram is 7", with the root on top), provided that the nodes
of T' are labelled with 1,2, ..., n in a binary-search-tree way (i.e., every left descendant of a node has
a label smaller than that of the node, and every right descendant of a node has a label higher than that
of the node).

*The sylvester class of a binary search tree T (with vertex labels 1,2, ...,n) is the interval [u,v] in
the right permutohedron order (permutohedron_lequal ()), where u is the 312-avoiding per-
mutation corresponding to 7' (to_312_avoiding permutation ()), and where v is the 132-
avoiding permutation corresponding to 7" (to_132_avoiding_permutation ()).

If the optional keyword variable 1left_to_right is setto True, then the left sylvester class of self is
returned instead. This is the set of permutations o whose left-to-right binary search tree (that is, the result
of the binary_search_tree () with left_to_right setto True)is self. Itis an equivalence
class of the left sylvester congruence.
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Warning: This method yields the elements of the sylvester class as raw lists, not as permutations!

EXAMPLES:

Verifying the claim that the right-to-left binary search trees of the permutations in the sylvester class of a
tree ¢ all equal ¢:

sage: def test_bst_of_sc(n, left_to_right):

e for t in BinaryTrees (n) :

e for p in t.sylvester_class(left_to_right=left_to_right):

et p_per = Permutation (p)
e tree = p_per.binary_search_tree(left_to_right=left_to_right)
et if not BinaryTree(tree) == t:

e return False
et return True
sage: test_bst_of_sc(4, False)

True
sage: test_bst_of_sc (5, False) # long time
True
sage: test_bst_of_sc (6, False) # long time
True

The same with the left-to-right version of binary search:
sage: test_bst_of_sc (4, True)

True
sage: test_bst_of_sc (5, True) # long time
True
sage: test_bst_of_sc (6, True) # long time
True

Checking that the sylvester class is the set of linear extensions of the poset of the tree:

sage: all( sorted(t.canonical_labelling() .sylvester_class())

et == sorted(list(v) for v in t.canonical_labelling().to_poset().linear_extensions ()
e for t in BinaryTrees(4) )

True
TESTS:
sage: list (BinaryTree([[],[]]).sylvester_class())
(rx, 3, 21, (3, 1, 2]]
sage: bt = BinaryTree([[[],Nonel, [[1,[111])
sage: 1 = list(bt.sylvester_class()); 1
[r1, 2, 4, 6, 5, 31,

[1, 4, 2, 6, 5, 31,

[1, 4, o6, 2, 5, 31,

(1, 4, o6, 5, 2, 31,

(4, 1, 2, 6, 5, 31,

(4, 1, o6, 2, 5, 31,

(4, 1, 6, 5, 2, 31,

(4, o, 1, 2, 5, 31,

(4, o, 1, 5, 2, 31,

(4, 6, 5, 1, 2, 31,

[1, 2, 6, 4, 5, 31,

[1, 6, 2, 4, 5, 31,

(1, 6, 4, 2, 5, 31,

[1, o, 4, 5, 2, 31,

(e, 1, 2, 4, 5, 31,

(e, 1, 4, 2, 5, 31,
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e, 1, 4, 5, 2, 31,
(6, 4, 1, 2, 5, 31,
[6, 4, 1, 5, 2, 3],
(6, 4, 5, 1, 2, 31]
sage: len(l) == Integer (bt.g hook_ length_fraction() (g=1))
True
Border cases:
sage: list (BinaryTree() .sylvester_class())
[[1]
sage: list (BinaryTree([]) .sylvester_class())

(0111

tamari_greater ()
The list of all trees greater or equal to self in the Tamari order.

This is the order filter of the Tamari order generated by self.
See tamari_lequal () for the definition of the Tamari poset.
See also:

tamari_smaller ()

EXAMPLES:

For example, the tree:

| __o__ |
|
| o o
|
|

|
I
/N /]
|

has these trees greater or equal to it:

|o ;, O , O ;, O , o , |
I\ \ \ \ \ \
| o o o o _o_ \
| \ \ \ \ / \ \
| o o o _o_ o o \
| \ \ /\ / \ \ \ \
| o ) o o o fe) o o |
| \ \ \ / \
| o o o )
| \ / \
| o o \
<BLANKLINE>
| o , o , _Oo_ , _o___ , __o© . |
I/ \ / \ / \ / \ / \
| o ) o o o o o _Oo_ o o |
| \ \ / \ / \ \ \
| o o o o o o o
| \ \ \ / \ \ \
| o o o o o \
| \ / \
| o o \
<BLANKLINE>
| _Oo_ ’ _o___ |
| / \ / \
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| o o ) o
[/ A\ \ /\ /|
| o o o o o o |
TESTS:
sage: B = BinaryTree
sage: b = B([None, B([None, B([None, B([]1)1)1)]1);b
L., Lo Loy [ 21111
sage: b.tamari_greater()
(0., L., L. [+, 211111
sage: b = B([B([B([B([]), None]), None]), None]l]);b
ceeee, -1, 21, 21, 1]
sage: b.tamari_greater()
[

S N R A L R
-]

.7 ['I

~

]
]
]

~

]

J! ‘]/ .

j|l
i
]

14

tamari_interval (other)

Return the Tamari interval between self and other asa TamariIntervalPoset.

A “Tamari interval” is an interval in the Tamari poset. See tamari_lequal () for the definition of the
Tamari poset.

INPUT:

eother — a binary tree greater or equal to self in the Tamari order

EXAMPLES:
sage: bt = BinaryTree([[None, [[], Nonel]], Nonel)
sage: ip = bt.tamari_interval (BinaryTree ([None, [[None, []], Nonell)); ip

[
The Tamari interval of size 4 induced by relations [(2, 4), (3, 4), (3, 1), (2, 1)]

sage: ip.lower_binary_tree()

(., ., -1, .11, .1

sage: ip.upper_binary_tree()

(., [Ley Loy 11, 211

sage: ip.interval_cardinality ()

4

sage: ip.number_of_tamari_inversions ()
2

sage: list(ip.binary_trees())

(., te., L., 211, 211,
(t., C.r [ 2111, .1,
L., 000 210 210 211y
(e., tt., -1, .11, .11

sage: bt.tamari_interval (BinaryTree ([ [None, []],[]11))

Traceback (most recent call last):
ValueError: The two binary trees are not comparable on the Tamari lattice.
TESTS:

Setting other equal to bt gives an interval consisting of just one element:
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sage: ip = bt.tamari_interval (bt)

sage: ip

The Tamari interval of size 4 induced by relations [(1, 4), (2, 3), (3, 4), (3, 1),
sage: list(ip.binary_trees())

(re., ey, 21, 211, .11

Empty trees work well:

sage: bt = BinaryTree()

sage: ip = bt.tamari_interval (bt)

sage: ip

The Tamari interval of size 0 induced by relations []
sage: list (ip.binary_trees())

[.]

tamari_join (other)
Return the join of the binary trees self and other (of equal size) in the n-th Tamari poset (where n is
the size of these trees).

The n-th Tamari poset (defined in tamari_lequal ())is known to be a lattice, and the map from the n-
th symmetric group S, to the n-th Tamari poset defined by sending every permutation p € S,, to the binary
search tree of p (more precisely, to p.binary_search_tree_shape ()) is a lattice homomorphism.
(See Theorem 6.2 in [Read04].)

See also:
tamari_lequal (), tamari_meet ().
AUTHORS:

Viviane Pons and Darij Grinberg, 18 June 2014.

EXAMPLES:

sage: a = BinaryTree([None, [None, []]1])
sage: b = BinaryTree([None, [[], Nonell])
sage: ¢ = BinaryTree([[None, []], None]l)
sage: d = BinaryTree([[[], None], None])
sage: e = BinaryTree([[], [11])

sage: a.tamari_join(c) == a

True

sage: b.tamari_join(c) == b

True

sage: c.tamari_join(e) == a

True

sage: d.tamari_join(e) == e

True

sage: e.tamari_join(b) == a

True

sage: e.tamari_join(a) == a

True

sage: bl = BinaryTree([None, [[[], None], Nonell)
sage: b2 = BinaryTree([[[], Nonel, [11])
sage: bl.tamari_join (b2)

L., (L., -1, [., -11]

sage: b3 = BinaryTree([[], [[], Nonell)

sage: bl.tamari_join (b3)
L., [or L0y 1, 111
sage: b2.tamari_join (b3)
(., -1, L., [+, <111
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The universal property of the meet operation is satisfied:

sage: def test_uni_join(p, qg):

R J = p.tamari_join(q)

e if not p.tamari_lequal (7J):

et return False

e if not g.tamari_lequal (j):

et return False

e for r in p.tamari_greater():

e if g.tamari_lequal (r) and not j.tamari_lequal (r):
e return False

et return True

sage: all( test_uni_join(p, g) for p in BinaryTrees(3) for g in BinaryTrees (3)

sage: p = BinaryTrees (6) .random_element (); g = BinaryTrees (6).random_element () ;

Border cases:
sage: b = BinaryTree (None)
sage: b.tamari_join (b)

sage: b = BinaryTree([])

sage: b.tamari_join (b)
., .1

REFERENCES:

tamari_lequal (2)

Return True if self is less or equal to another binary tree t2 (of the same size as se1f) in the Tamari
order.

The Tamari order on binary trees of size n is the partial order on the set of all binary trees of
size n generated by the following requirement: If a binary tree 7" is obtained by right rotation (see
right_rotate ()) from a binary tree T, then T' < T”. This not only is a well-defined partial order, but
actually is a lattice structure on the set of binary trees of size n, and is a quotient of the weak order on the n-
th symmetric group (also known as the right permutohedron order, see permutohedron_lequal ()).
See [CP12]. The set of binary trees of size n equipped with the Tamari order is called the n-th Tamari
poset.

The Tamari order can equivalently be defined as follows:
If T and S are two binary trees of size n, then the following four statements are equivalent:
*We have T' < S in the Tamari order.

*There exist elements ¢ and s of the Sylvester classes (sylvester_class ()) of T and S, respec-
tively, such that ¢ < s in the weak order on the symmetric group.

*The 132-avoiding permutation corresponding to 7" (see to_132_avoiding_permutation())
is < to the 132-avoiding permutation corresponding to S in the weak order on the symmetric group.

*The 312-avoiding permutation corresponding to 7" (see to_312_avoiding_permutation ())
is < to the 312-avoiding permutation corresponding to S in the weak order on the symmetric group.

See also:

tamari_smaller (), tamari_greater (), tamari_pred(), tamari_succ(),
tamari_interval ()

EXAMPLES:
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This tree:

/ N\

| |
| |
| |
| / |
| |
I/ A\ |
| |

is Tamari-< to the following tree:

| _Oo_ |

| / \ |

| o o |

[/ \ A

| o o o |
Checking this:

sage: b = BinaryTree (][
sage: c¢ = BinaryTree (][
sage: b.tamari_lequal (
True

TESTS:

[
[
c

(1, (11, Nonel, []])
(1,011, [None, [11])
)

sage: for T in BinaryTrees (4):

e for S in T.tamari_smaller () :

e if S !'= T and T.tamari_lequal (S):

e et print "FAILURE"
e if not S.tamari_lequal(T):
et print "FAILURE"

tamari_meet (other, side="right’)
Return the meet of the binary trees self and other (of equal size) in the n-th Tamari poset (where n is

the size of these trees).

The n-th Tamari poset (defined in tamari_lequal ())is known to be a lattice, and the map from the n-
th symmetric group .S,, to the n-th Tamari poset defined by sending every permutation p € S,, to the binary
search tree of p (more precisely, to p.binary_search_tree_shape () ) is a lattice homomorphism.
(See Theorem 6.2 in [Read04].)

See also:

tamari_lequal (), tamari_join ().

AUTHORS:

Viviane Pons and Darij Grinberg, 18 June 2014.

EXAMPLES:

sage: a = BinaryTree([None, [None, []]1])
sage: b = BinaryTree([None, [[], Nonell])
sage: ¢ = BinaryTree([[None, []], None])
sage: d = BinaryTree([[[], None], None]l)
sage: e = BinaryTree([[], [11])

sage: a.tamari_meet (c) == c

True

sage: b.tamari_meet (c) == c

True
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sage: c.tamari_meet (e) = d

True

sage: d.tamari_meet (e) == d

True

sage: e.tamari_meet (b) == d

True

sage: e.tamari_meet (a) = e

True

sage: bl = BinaryTree([None, [[[], None], Nonell)
sage: b2 = BinaryTree([[[], Nonel, [11])
sage: bl.tamari_meet (b2)

(rece, 21, 21, 21, .1

sage: b3 = BinaryTree([[], [[], Nonell)

sage: bl.tamari_meet (b3)
(eeee, 21, 21, o1, 2]
sage: b2.tamari_meet (b3)
(eete, 21, 21, 21, .1

The universal property of the meet operation is satisfied:
sage: def test_uni_meet (p, q):

et m = p.tamari_meet (q)

e if not m.tamari_lequal (p) :

et return False

e if not m.tamari_lequal (q) :

e return False

e for r in p.tamari_smaller () :

e if r.tamari_lequal (g) and not r.tamari_lequal (m) :

e return False
et return True

sage: all( test_uni_meet(p, g) for p in BinaryTrees(3) for g in BinaryTrees(3)

sage: p = BinaryTrees (6).random_element(); q =

Border cases:
sage: b = BinaryTree (None)
sage: b.tamari_meet (b)

sage: b = BinaryTree([])
sage: b.tamari_meet (b)
., .1

tamari_pred ()
Compute the list of predecessors of self in the Tamari poset.

BinaryTrees (6) .random_element () ;

This list is computed by performing all left rotates possible on its nodes.

See tamari_lequal () for the definition of the Tamari poset.

EXAMPLES:

For this tree:

| __o__ |
| / N
| o o |
I/ \ /]
| o ) o |
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the list is:

| o

| / /
| _o_ o
| / \ /

| o o o
I/ \ /

| o o o
TESTS:

sage: B = BinaryTree
B([B([B([B([]),

sage: b

(eee., A P

]
sage: b.tamari_pred()

[]
sage: b
[ .7 [ -7

tamari_ smaller ()

= B([None, B([None,
[, [., 21111

sage: b.tamari_pred()

(ee., -1, 0., 0. 2111,

None]), Nonel]), Nonel);b

B([None, B([1)]1)1)1);Db

N T B P P B P DA N

The list of all trees smaller or equal to self in the Tamari order.

This is the order ideal of the Tamari order generated by self.

See tamari_lequal () for the definition of the Tamari poset.

See also:

tamari_greater ()

EXAMPLES:

The tree:

| __o__ |
| / N
| o o |
I/ \ /]
| |

| o ’
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: B = BinaryTree

B([None, B([None,
ey Ler 21111

= B ([None,
[
sage: b.tamari_smaller ()

B(II D)) 1) ib

(t., ., ., L., 22121, [, [., (L., 21, 2111,
(., (0., -1, L., 23112, 0., [L., [.r 11, .11,
(., (ct., -1, -1, 11, (0. -1y Lo [/ 111,
(t., -1, -, -1, 11, (0., L. 11, [-r .11,
(., ., ., 111, .1, (C., CC.s -2, .11, .1,
(ee., 21, 1, 0oy 211, OL0., 210 [y 211, 214
cee-, Lo 211, 21, 1, 0000, 210 210 21, 211
sage: b = B([B([B([B([]), None]), Nonel]), None]l);b
(rete, 21, 21, 21, ]

sage: b.tamari_smaller ()

(reete, 21, 21, 21, .11

tamari_succ ()
Compute the list of successors of self in the Tamari poset.

This is the list of all trees obtained by a right rotate of one of its nodes.
See tamari_lequal () for the definition of the Tamari poset.
EXAMPLES:

The list of successors of:

| |
| |
| o o |
| |
| |

TESTS:

sage:
sage:
(I0C-
sage:

(eee.

sage:
sage:

[]

sage:
sage:
(l.,

[

b
b

]
.tamari_succ ()
]

= BinaryTree
B([B([B([B([]),

P P
R A R

= B([])

.tamari_succ ()

= B([[],[1])

.tamari_succ ()

.7

., -111]

Nonel),

(et -1y

to_132_avoiding permutation ()

None]),

L., .11,

Nonel) ;b

-1, [LL

112
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Return a 132-avoiding permutation corresponding to the binary tree.

The linear extensions of a binary tree form an interval of the weak order called the sylvester class of the
tree. This permutation is the maximal element of this sylvester class.

EXAMPLES:

sage: bt = BinaryTree([[],[]1])

sage: bt.to_132_avoiding_permutation ()

[3, 1, 2]

sage: bt = BinaryTree([[[], [[], Nonell, [[], [11])
sage: bt.to_132_avoiding_permutation ()

(8, 6, 7, 3, 4, 1, 2, 5]

TESTS:

sage: bt = BinaryTree([I[],[11])

sage: bt == bt.to_132_avoiding_permutation () .binary_search_tree_shape (left_to_right=False)
True

sage: bt = BinaryTree([[[], [[], Nonell, [[1, [111])

sage: bt == bt.to_132_avoiding_permutation () .binary_search_tree_shape (left_to_right=False)
True

to_312_avoiding permutation ()
Return a 312-avoiding permutation corresponding to the binary tree.

The linear extensions of a binary tree form an interval of the weak order called the sylvester class of the
tree. This permutation is the minimal element of this sylvester class.

EXAMPLES:

sage: bt = BinaryTree([[],[]])

sage: bt.to_312_avoiding_permutation ()

(1, 3, 2]

sage: bt = BinaryTree([[[], [[], Nonell, [[1, [11])

sage: bt.to_312_avoiding_permutation ()
(1, 3, 4, 2, 6, 8, 7, 5]

TESTS:

sage: bt = BinaryTree([I[],[11])

sage: bt == bt.to_312_avoiding_permutation () .binary_search_tree_shape (left_to_right=False)
True

sage: bt = BinaryTree([[[], [[], Nonell, [I[1, [111)

sage: bt == bt.to_312_avoiding_permutation () .binary_search_tree_shape (left_to_right=False)
True

to_dyck_word (usemap=‘1LOR’)
Return the Dyck word associated with self using the given map.

INPUT:

eusemap — a string, either 1LOR, 1R0L, L1R0O, R1L0
The bijection is defined recursively as follows:

«a leaf is associated to the empty Dyck Word

ea tree with children [, is associated with the Dyck word described by usemap where L and R are
respectively the Dyck words associated with the trees [ and 7.

EXAMPLES:
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sage: BinaryTree () .to_dyck_word()
[]

sage: BinaryTree([]) .to_dyck_word()
[1, 0]

sage: BinaryTree
(1, 1, 1, o, o,
sage: BinaryTree
(1, 1, o, 1, 0O,
sage: BinaryTree
(., o, 1, 1, o,
sage: BinaryTree
(1, 1, o, o, 1,
sage: BinaryTree
(., 1, o, 1, 0O,
sage: BinaryTree ([ [None, []],None]) .to_dyck_word("R10L")
Traceback (most recent call last):

(re1, rl, Nonell, [[1, [111).to_dyck_word()
, %, 0, 0, 0, 1, 1, O, O, 1, O]
[[None, [1],None]) .to_dyck_word()

[[None, [1],None]) .to_dyck_word ("1ROL™)

[[None, []1],None]) .to_dyck_word("L1RO™")

[[None, [1],None]) .to_dyck_word("R1LO™)

O~ O ~ O ~ O ~ F ~

ValueError: R10L is not a correct map

TESTS:

sage: bt = BinaryTree([[[], [[], Nonell, [[1, [111])

sage: bt == bt.to_dyck_word() .to_binary_tree ()

True

sage: bt == bt.to_dyck_word("1ROL") .to_binary_tree("1R0OL")
True

sage: bt == bt.to_dyck_word("LI1IRO") .to_binary_tree("L1RO")
True

sage: bt == bt.to_dyck_word("R1LO") .to_binary_tree("R1LO")
True

to_dyck word_tamari ()
Return the Dyck word associated with self in consistency with the Tamari order on Dyck words and
binary trees.

The bijection is defined recursively as follows:

«a leaf is associated with an empty Dyck word;

*a tree with children [, r is associated with the Dyck word T'(1)17(r)0.
EXAMPLES:

sage: BinaryTree () .to_dyck_word_tamari ()

[]

sage: BinaryTree([]) .to_dyck_word_tamari ()

[1, 0]

sage: BinaryTree ([[None, []],None]) .to_dyck_word_tamari ()

(1, 1, o, 0, 1, 0]

sage: BinaryTree([[[], [[], Nonell, [[]1, [111).to_dyck word_tamari ()
(., 0, 1, 1, o, 1, o, 0, 1, 1, 0, 1, 1, 0, 0, 0]

to_ordered tree_left branch/ )
Return an ordered tree of size n + 1 by the following recursive rule:

«if x is the left child of y, x becomes the left brother of y
«if z is the right child of y, x becomes the last child of y
EXAMPLES:
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sage: bt = BinaryTree([I[],[11])

sage: bt.to_ordered_tree_left_branch()

(01, [[11]

sage: bt = BinaryTree([[[], [[], Nonell, [[1, [111)
sage: bt.to_ordered_tree_left_branch()

(e, o1, 011, [0y, (01111

to_ordered_tree_right_branch ()
Return an ordered tree of size n + 1 by the following recursive rule:

«if x is the right child of y, x becomes the right brother of y
«if z is the left child of y, z becomes the first child of y

EXAMPLES:

sage: bt = BinaryTree([[],[11])

sage: bt.to_ordered_tree_right_branch()

(re11, 111l

sage: bt = BinaryTree([[[], [[], Nonell, [[], [11])
sage: bt.to_ordered_tree_right_branch()

cecery, o111, 011, 011

to_poset (with_leaves=False, root_to_leaf=False)
Return the poset obtained by interpreting the tree as a Hasse diagram.

The default orientation is from leaves to root but you can pass root_to_leaf=True to obtain the
inverse orientation.

Leaves are ignored by default, but one can set with_leaves to True to obtain the poset of the complete
tree.

INPUT:

*with_leaves — (default: False) a Boolean, determining whether the resulting poset will be
formed from the leaves and the nodes of self (if True), or only from the nodes of self (if False)

eroot_to_leaf — (default: False) a Boolean, determining whether the poset orientation should
be from root to leaves (if True) or from leaves to root (if False).

EXAMPLES:

sage: bt = BinaryTree([])

sage: bt.to_poset ()

Finite poset containing 1 elements
sage: bt.to_poset (with_leaves=True)
Finite poset containing 3 elements

sage: Pl = bt.to_poset (with_leaves=True)
sage: len(Pl.maximal_elements())

1

sage: len(Pl.minimal_elements())

2

sage: bt = BinaryTree([])

sage: P2 = bt.to_poset (with_leaves=True, root_to_leaf=True)
sage: len(P2.maximal_elements())

2

sage: len(P2.minimal_elements())

1

If the tree is labelled, we use its labelling to label the poset. Otherwise, we use the poset canonical
labelling:
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sage: bt = BinaryTree([[], [None, []]]).canonical_labelling()
sage: bt

2010., -1, 30., 4., .111

sage: bt.to_poset () .cover_relations /()

(r4, 31, (3, 21, [1, 2]]

Let us check that the empty binary tree is correctly handled:
sage: bt = BinaryTree()

sage: bt.to_poset ()

Finite poset containing 0 elements

sage: bt.to_poset (with_leaves=True)

Finite poset containing 1 elements

to_undirected_graph (with_leaves=False)
Return the undirected graph obtained from the tree nodes and edges.

Leaves are ignored by default, but one can set with_leaves to True to obtain the graph of the complete
tree.

INPUT:

*with_leaves — (default: False) a Boolean, determining whether the resulting graph will be
formed from the leaves and the nodes of se1f (if True), or only from the nodes of self (if False)

EXAMPLES:

sage: bt = BinaryTree([])

sage: bt.to_undirected_graph ()

Graph on 1 vertex

sage: bt.to_undirected_graph(with_leaves=True)
Graph on 3 vertices

sage: bt = BinaryTree()

sage: bt.to_undirected_graph ()

Graph on 0 vertices

sage: bt.to_undirected_graph(with_leaves=True)
Graph on 1 vertex

If the tree is labelled, we use its labelling to label the graph. Otherwise, we use the graph canonical
labelling which means that two different trees can have the same graph.

EXAMPLES:
sage: bt = BinaryTree([[], [None, []]1])
sage: bt.canonical_labelling() .to_undirected_graph() == bt.to_undirected_graph()
False
sage: BinaryTree([[],[]]).to_undirected_graph() == BinaryTree([[[],None],None]) .to_undirecte
True
under (bt)

Return self under bt, where “under” is the under (\) operation.

If T and T” are two binary trees, then T under 7" (written T\T") is defined as the tree obtained by grafting
T on the leftmost leaf of T”. More precisely, T\T" is defined by identifying the root of T" with the leftmost
leaf of T".

If T’ is empty, then T\T' = T.

The definition of this “under” operation goes back to Loday-Ronco [LodRon0102066] (Definition 2.2),
but it is denoted by / and called the “over” operation there. In fact, trees in sage have their root at the top,
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contrary to the trees in [LodRon0102066] which are growing upwards. For this reason, the names of the
over and under operations are swapped, in order to keep a graphical meaning. (Our notation follows that
of section 4.5 of [HNTO05].)

See also:
over ()
EXAMPLES:

Showing only the nodes of a binary tree, here is an example for the under operation:
sage: bl = BinaryTree([I[],[11])

sage: b2 = BinaryTree([None, []])
sage: ascii_art ((bl, b2, bl \ b2))
( o , o , _o_ )

( /\ \ / )

(o o o o o )

( / \ )

( o o )
TESTS:

sage: bl = BinaryTree([[], [[None, []],Nonel]); ascii_art([bl])
[ _o_ 1

L 7/ A

[ o o ]

[ /]

[ o ]

[ A

[ o ]

sage: b2 = BinaryTree([[], [None, []]]); ascii_art([b2])
[ o ]

[ /7 \ ]

[ o o ]

[ A

[ o ]

sage: ascii_art ([bl.under (b2)])
[ o_ ]

[ / 0\ ]

[ o o ]

[ / \ ]

[ _o_ o]

L/ \ ]

[ o o ]

[ / ]

[ o ]

[ \ ]

[ ]

The same in the labelled case:

sage: bl = bl.canonical_labelling()
sage: b2 = b2.canonical_labelling()
sage: ascii_art ([bl.under (b2)])

[ ]
[ ]
[ ]
[ / ]
[ ]
[ ]
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w

class sage.combinat.binary_tree.BinaryTrees

Bases: sage.structure.unique_representation.UniqueRepresentation,
sage.structure.parent.Parent

Factory for binary trees.
INPUT:
*size — (optional) an integer
OUTPUT:
ethe set of all binary trees (of the given size if specified)

EXAMPLES:
sage: BinaryTrees|()
Binary trees

sage: BinaryTrees (2)
Binary trees of size 2

Note: this is a factory class whose constructor returns instances of subclasses.

Note: the fact that BinaryTrees is a class instead of a simple callable is an implementation detail. It could be
changed in the future and one should not rely on it.

leaf ()
Return a leaf tree with self as parent.
EXAMPLES:
sage: BinaryTrees () .leaf ()
TEST
sage: (BinaryTrees () .leaf() is
....: sage.combinat.binary_tree.BinaryTrees_all().leaf())
True

class sage.combinat.binary_tree.BinaryTrees_all

Bases: sage.sets.disjoint_union_enumerated_sets.DisjointUnionEnumeratedSets,
sage.combinat.binary_tree.BinaryTrees

TESTS:

sage: from sage.combinat.binary tree import BinaryTrees_all
sage: B = BinaryTrees_all()
sage: B.cardinality ()

+Infinity
sage: it = iter(B)
sage: (next (it), next (it), next (it), next (it), next (it))
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(e Loy 210 Loy Loy 211, LLey 210 10 Loy Loy Loy 111D
sage: next (it) .parent ()

Binary trees

sage: B([])

[., -]

sage: B is BinaryTrees_all ()

True
sage: TestSuite(B).run() # long time
Element

alias of BinaryTree

labelled trees ()
Return the set of labelled trees associated to self.

EXAMPLES:

sage: BinaryTrees () .labelled_trees ()
Labelled binary trees

unlabelled trees()
Return the set of unlabelled trees associated to self.

EXAMPLES:

sage: BinaryTrees () .unlabelled_trees()
Binary trees

class sage.combinat.binary_tree.BinaryTrees_size (size)
Bases: sage.combinat.binary_tree.BinaryTrees

The enumerated sets of binary trees of given size

TESTS:

sage: from sage.combinat.binary tree import BinaryTrees_size
sage: for i1 in range (6): TestSuite (BinaryTrees_size(i)) .run()
cardinality ()

The cardinality of self

This is a Catalan number.

TESTS:

sage: BinaryTrees (0) .cardinality ()
1

sage: BinaryTrees (5) .cardinality ()
42

element_class ()
TESTS:
sage: S = BinaryTrees(3)
sage: S.element_class
<class ’sage.combinat.binary_tree.BinaryTrees_all_with_category.element_class’>
sage: S.first().__class__ == BinaryTrees().first().__class___
True

random_element ()
Return a random BinaryTree with uniform probability.
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This method generates a random DyckWord and then uses a bijection between Dyck words and binary
trees.

EXAMPLES:
sage: BinaryTrees (5) .random_element () # random
Loy Loy Loy 0oy Loy 211111

sage: BinaryTrees (0) .random_element ()

sage: BinaryTrees (1) .random_element ()
., -]

TESTS:
sage: all([BinaryTrees (10).random_element () in BinaryTrees (10) for i in range(20)])
True
class sage.combinat.binary_tree.LabelledBinaryTree (parent, children, label=None,
check=True)
Bases: sage.combinat.abstract_tree.AbstractLabelledClonableTree,

sage.combinat.binary_tree.BinaryTree
Labelled binary trees.

A labelled binary tree is a binary tree (see BinaryTree for the meaning of this) with a label assigned to each
node. The labels need not be integers, nor are they required to be distinct. None can be used as a label.

Warning: While it is possible to assign values to leaves (not just nodes) using this class, these labels are dis-
regarded by various methods such as 1abels (), map_labels (), and (ironically) leaf_labels ().

INPUT:

echildren — None (default) or a list, tuple or iterable of length 2 of labelled binary trees or convertible
objects. This corresponds to the standard recursive definition of a labelled binary tree as being either a
leaf, or a pair of:

—a pair of labelled binary trees,
—and a label.

(The label is specified in the keyword variable 1abel; see below.)

Syntactic sugar allows leaving out all but the outermost calls
of the LabelledBinaryTree () constructor, SO that, e. g,
LabelledBinaryTree ([LabelledBinaryTree (None), LabelledBinaryTree (None) ])
can be shortened to LabelledBinaryTree ( [None,None]). However, using this shorthand, it is

impossible to label any vertex of the tree other than the root (because there is no way to pass a label
variable without calling LabelledBinaryTree explicitly).

It is also allowed to abbreviate [None, None] by [] if one does not want to label the leaves (which
one should not do anyway!).

*label — (default: None) the label to be put on the root of this tree.

echeck — (default: True) whether checks should be performed or not.

Todo

is currently not possible to use LabelledBinaryTree() as a shorthand for

LabelledBinaryTree (None) (in analogy to similar syntax in the BinaryTree class).

EXAMPLES:
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sage: LabelledBinaryTree (None)

sage: LabelledBinaryTree (None, label="ae") # not well supported
14 ael

sage: LabelledBinaryTree([])

None[., .]

sage: LabelledBinaryTree ([], label=3) # not well supported
3[., .1

sage: LabelledBinaryTree ([None, Nonel)

None[., .]

sage: LabelledBinaryTree ([None, Nonel], label=5)

5., .1

sage: LabelledBinaryTree ([None, []11])

None[., None[., .]]

sage: LabelledBinaryTree ([None, []], label=4)

4[., Nonel[., .1]

sage: LabelledBinaryTree([[], Nonel)

None [None[., .1, .]

sage: LabelledBinaryTree("[[], .]", label=False)
False[Nonel[., .], .]

sage: LabelledBinaryTree ([None, LabelledBinaryTree ([None, None], label=4)], label=3)
30., 4[., .11

sage: LabelledBinaryTree ([None, BinaryTree ([None, None])], label=3)
3[., Nonel[., .]]

sage: LabelledBinaryTree([[], None, []])

Traceback (most recent call last):

ValueError: this is not a binary tree

sage: LBT = LabelledBinaryTree

sage: tl = LBT([[LBT([], label=2), None], None], label=4); tl
4 [Nonel[2[., .1, .1, .1

TESTS:

sage: tl = LabelledBinaryTree([[None, [[],[[], Nonelll, [[],[111)
sage: t2 = LabelledBinaryTree ([[[]1,[1]1,111)

sage: with tl.clone() as tlc:

..... tlc[l,1,1] = t2

sage: tl == tlc

False

We check for trac ticket #16314:

sage: tl1 = LBT([ LBT([LBT([], label=2),

..... LBT([], label=5)], label=06),

..... None], label=4); tl

416(2(., .1, S50[., .11, .1

sage: class Foo (LabelledBinaryTree) :

..... pass

sage: t2 = Foo(tl.parent (), tl); t2

416(2(., .1, S50[., .11, .1

sage: t2.label ()

4

sage: t2[0].label ()

6

sage: t2._ _class_ , t2[0].__class___

(<class ’'__main__.Foo’>, <class ’'__main__.Foo’>)
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binary_search_insert (letter)

Return the result of inserting a letter 1etter into the right strict binary search tree self.
INPUT:

*letter — any object comparable with the labels of self
OUTPUT:

The right strict binary search tree self with letter inserted into it according to the binary search
insertion algorithm.

Note: self is supposed to be a binary search tree. This is not being checked!

A right strict binary search tree is defined to be a labelled binary tree such that for each node n with label
x, every descendant of the left child of n has a label < x, and every descendant of the right child of n has
a label > z. (Here, only nodes count as descendants, and every node counts as its own descendant too.)
Leaves are assumed to have no labels.

Given a right strict binary search tree ¢ and a letter 4, the result of inserting 4 into ¢ (denoted Ins(i,t) in
the following) is defined recursively as follows:

oIf ¢ is empty, then Ins(i, t) is the tree with one node only, and this node is labelled with 4.

*Otherwise, let j be the label of the root of t. If 7 > j, then Ins(4,t) is obtained by replacing the right
child of ¢ by Ins(i,r) in t, where r denotes the right child of ¢. If ¢ < j, then Ins(4, t) is obtained by
replacing the left child of ¢ by Ins(i,1) in ¢, where [ denotes the left child of ¢.

See, for example, [HNTO5] for properties of this algorithm.

Warning: If ¢ is nonempty, then inserting ¢ into ¢ does not change the root label of ¢. Hence, as
opposed to algorithms like Robinson-Schensted-Knuth, binary search tree insertion involves no bump-
ing.

EXAMPLES:

The example from Fig. 2 of [HNTO05]:
sage: LBT = LabelledBinaryTree
sage: x = LBT (None)

sage: X
sage: x = xX.binary_search_insert ("b"); x

bl., .]

sage: x = x.binary_search_insert ("d"); x

bl., d[., .11

sage: x = x.binary_search_insert("e"); x

bl., dl[., el., .111

sage: x = x.binary_search_insert("a"); x

blal., .1, d[., el., .11]

sage: x = x.binary_search_insert ("b"); x

blal., bl., .11, d[., el., .11]

sage: x = x.binary_search_insert ("d"); x

blal., bl[., .11, dldl., .1, el., .11]

sage: x = xX.binary_search_insert("a"); x

blalal., .1, bl[., .11, dldl., .1, el., .111]

sage: x = x.binary_search_insert ("c"); x

blalal., .1, bl[., .11, dldlcl[., .1, .1, el., .111
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Other examples:
LBT
LBT (None) .binary_search_insert (3)

sage:
sage:
3[.,

sage:
1r.,

sage:
3[1T[.
sage:
sage:

LabelledBinaryTree

], label = 1) .binary_search_insert (3)
.11
], label = 3) .binary_search_insert (1)
1
LBT (None)

i in [3,1,5,2,4,6]:
res = res.binary_search_insert (i)

heap_insert (/)

Return the result of inserting a letter 1 into the binary heap (tree) self.

A binary heap is a labelled complete binary tree such that for each node, the label at the node is greater or

equal to the label of each of its child nodes. (More precisely, this is called a max-heap.)

For example:

|
|
| 5
|
|

is a binary heap.

See Wikipedia article Binary_heap#Insert for a description of how to insert a letter into a binary heap. The
result is another binary heap.

INPUT:

*letter — any object comparable with the labels of self

Note: self is assumed to be a binary heap (tree). No check is performed.

TESTS:
sage: h
sage: h
[ 31
sage: h
( 4]
[ /7 1
[ 3 ]
sage: h
[ 6

L/ \
[ 3 4
sage: h
[ 6
[ /
[ 3
L/

[ 2

= LabelledBinaryTree (None)
h.heap_insert (3); ascii_art ([h])

h.heap_insert (4); ascii_art ([h])

h.heap_insert (6); ascii_art([h])

h.
]
]
]
]

]

heap_insert (2); ascii_art ([h])

ascii_art ([h.heap_insert (5)1])
_6_

]
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€]
Isy

left_ rotate ()

Return the result of left rotation applied to the labelled binary tree self.

Left rotation on labelled binary trees is defined as follows: Let 1" be a labelled binary tree such that the
right child of the root of 7" is a node. Let A be the left child of the root of 7', and let B and C be the left
and right children of the right child of the root of 7. (Keep in mind that nodes of trees are identified with
the subtrees consisting of their descendants.) Furthermore, let x be the label at the root of T, and y be the
label at the right child of the root of T'. Then, the left rotation of T is the labelled binary tree in which the
root is labelled y, the right child of the root is C', whereas the left child of the root is a node labelled x
whose left and right children are A and B. In pictures:

\ Y X |

\ /\ /N |

| X C <-left-rotate- A vy |

I/ \ /N

| A B B C |

Left rotation is the inverse operation to right rotation (right_rotate ()).

TESTS:

sage: LB = LabelledBinaryTree

sage: b = LB([LB([LB([],"A"), LB([],"B")],"x"),LB([],"C")], "vy"); b
yIx[A[., .1, B[., .11, Cl[., .1]

sage: b == b.right_rotate() .left_rotate()

True

right_rotate()

Return the result of right rotation applied to the labelled binary tree self.

Right rotation on labelled binary trees is defined as follows: Let 1" be a labelled binary tree such that the
left child of the root of 1" is a node. Let C' be the right child of the root of 7', and let A and B be the left
and right children of the left child of the root of 7. (Keep in mind that nodes of trees are identified with
the subtrees consisting of their descendants.) Furthermore, let y be the label at the root of 7', and x be the
label at the left child of the root of T'. Then, the right rotation of 7" is the labelled binary tree in which the
root is labelled z, the left child of the root is A, whereas the right child of the root is a node labelled y
whose left and right children are B and C'. In pictures:

\ y x |

| /\ /N |

| X C —-right-rotate-> A vy |

I/ N\ /N

| A B B C |

Right rotation is the inverse operation to left rotation (Left_rotate ()).

TESTS:

sage: LB = LabelledBinaryTree

sage: b = LB([LB([LB([],"A"), LB([],"B")],"x"),LB([],"C")], "yv"); b
yIx[a[l., .1, Bl., .11, C[., .11

sage: b.right_rotate()

x[A[., .1, yvI[B[., .1, C[., .11]
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semistandard insert (letter)
Return the result of inserting a letter letter into the semistandard tree self using the bumping algo-
rithm.

INPUT:
*letter — any object comparable with the labels of self
OUTPUT:

The semistandard tree sel1f with letter inserted into it according to the bumping algorithm.

Note: self is supposed to be a semistandard tree. This is not being checked!

A semistandard tree is defined to be a labelled binary tree such that for each node n with label x, every
descendant of the left child of n has a label > =z, and every descendant of the right child of n has a label
> x. (Here, only nodes count as descendants, and every node counts as its own descendant too.) Leaves
are assumed to have no labels.

Given a semistandard tree ¢ and a letter ¢, the result of inserting ¢ into ¢ (denoted Ins(i, t) in the following)
is defined recursively as follows:

oIf ¢ is empty, then Ins(i,t) is the tree with one node only, and this node is labelled with i.

*Otherwise, let j be the label of the root of ¢. If i > j, then Ins(i,t) is obtained by replacing the right
child of ¢ by Ins(i,r) in ¢, where r denotes the right child of ¢. If ¢ < j, then Ins(i,t) is obtained
by replacing the label at the root of ¢ by ¢, and replacing the left child of ¢ by Ins(j,() in ¢, where [
denotes the left child of ¢.

This algorithm is similar to the Robinson-Schensted-Knuth insertion algorithm for semistandard Young
tableaux.

AUTHORS:
*Darij Grinberg (10 Nov 2013).

EXAMPLES:

sage: LBT = LabelledBinaryTree
sage: x = LBT (None)

sage: x

sage: x = x.semistandard_insert ("b"); x
bl., .]

sage: x = xX.semistandard_insert ("d"); x
bl., d[., .11

sage: x = x.semistandard_insert ("e"); x
bl., d[., el[., .11]

sage: X x.semistandard_insert ("a"); x
albl., o dl., el 111

sage: x x.semistandard_insert ("b"); x

]
albl., .1, bldl., .1, el., .11]
sage: x = x.semistandard_insert ("d");
albl., .1, bldl., .1, dlel., .1, .111
]
]

sage: X x.semistandard_insert ("a"); x

albl., , albldl., .1, .1, dlel., .1, .11]

sage: x x.semistandard_insert ("c"); x

albl., , albldl., .1, .1, cldlel., .1, .1, .11]

Other examples:
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sage: LBT = LabelledBinaryTree
sage: LBT (None) .semistandard_insert (3)

30., .1

sage: LBT([], label = 1).semistandard_insert (3)
1., 3[., 1]

sage: LBT([], label = 3).semistandard_insert (1)
103[., .1, ]

sage: res = LBT (None)

sage: for i in [3,1,5,2,4,6]:

e res = res.semistandard_insert (i)

13t., .1, 2050., .1, 40., 6[., .1111]

class sage.combinat .binary_tree.LabelledBinaryTrees (category=None)
Bases: sage.combinat.ordered_tree.LabelledOrderedTrees

This is a parent stub to serve as a factory class for trees with various labels constraints.

Element
alias of LabelledBinaryTree

labelled trees()
Return the set of labelled trees associated to self.

EXAMPLES:

sage: LabelledBinaryTrees () .labelled_trees()
Labelled binary trees

unlabelled trees()
Return the set of unlabelled trees associated to self.

EXAMPLES:

sage: LabelledBinaryTrees () .unlabelled_trees()
Binary trees

This is used to compute the shape:

sage: t = LabelledBinaryTrees () .an_element () .shape(); t
(ee., -1, 0., 211, (0. -1, 0.y 111

sage: t.parent ()

Binary trees

TESTS:

sage: t = LabelledBinaryTrees () .an_element ()
sage: t.canonical_labelling()

4r21x1., .1, 30., .11, 6[50[., -1, 70[., 111

5.1.11 Cartesian Products

sage.combinat.cartesian_product.CartesianProduct (*iters)
This is deprecated. Use cartesian_product instead.

EXAMPLES:
sage: cp = CartesianProduct ([1,2], [3,4]); cp
doctest:...: DeprecationWarning: CartesianProduct is deprecated. Use

cartesian_product instead
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See http://trac.sagemath.org/18411 for details.
The Cartesian product of ({1, 2}, {3, 4})

sage: cp.list ()

[(1, 3), (1, 4), (2, 3), (2, 4)]

Note that you must not use a generator-type object that is returned by a function (using “yield”). They cannot
be copied or rewound (you cannot jump back to the beginning), but this is necessary to construct the Cartesian

product:

sage: def a(n): yield lxn; yield 2xn
sage: def b(): yield ’'a’; yield ’'b’
sage: CartesianProduct (a(3), b()).list ()

Traceback (most recent call last):

ValueError: generators are not allowed, see the
documentation (type "CartesianProduct?") for a workaround

The usage of iterable is also deprecated, so the following will no longer be supported:

sage: from sage.combinat.misc import IterableFunctionCall

sage: C = CartesianProduct (IterableFunctionCall(a, 3), IterableFunctionCall (b))
doctest:...: DeprecationWarning: Usage of IterableFunctionCall in
CartesianProduct is deprecated. You can use EnumeratedSetFromIterator
(in sage.sets.set_from_iterator) instead.

See http://trac.sagemath.org/18411 for details.

sage: list (C)

doctest:...: UserWarning: Sage is not able to determine whether the
factors of this Cartesian product are finite. The lexicographic ordering
might not go through all elements.

[(3, "a"), (3, "b"), (6, "a"), (6, "b")]

You might use EnumeratedSetFromIterator for that purpose.:

sage: from sage.sets.set_from iterator import EnumeratedSetFromIterator

sage: A = EnumeratedSetFromIterator(a, (3,), category=FiniteEnumeratedSets())
sage: B = EnumeratedSetFromIterator (b, category=FiniteEnumeratedSets())

sage: C = cartesian_product ([A, B])

sage: C.list ()

[(3, "a’), (3, 'b"), (6, "a’), (6, "b")]

class sage.combinat.cartesian_product.CartesianProduct_iters (*ifters)
Bases: sage.combinat.combinat.CombinatorialClass

Cartesian product of finite sets.

This class will soon be deprecated (see trac ticket #18411 and trac ticket #19195). One should instead use the
functorial construction cartesian_product. The main differences in behavior are:

econstruction: CartesianProduct takes as many argument as there are factors whereas
cartesian_product takes a single list (or iterable) of factors;

erepresentation of elements: elements are represented by plain Python list for CartesianProduct ver-
sus a custom element class for cartesian_product;

emembership testing: because of the above, plain Python lists are not considered as elements of a
cartesian_product.

All of these is illustrated in the examples below.

EXAMPLES:
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sage: F1 = ["a’', '"b’]
sage: F2 = [1, 2, 3, 4]
sage: F3 = Permutations(3)

sage: from sage.combinat.cartesian product import CartesianProduct_iters
sage: C = CartesianProduct_iters(F1l, F2, F3)
sage: c¢ = cartesian_product ([F1l, F2, F3])

sage: type(C.an_element ())
<type ’list’>

sage: type(c.an_element ())

<class ’sage.sets.cartesian_product.CartesianProduct_with_category.element_class’>
sage: 1 = [’a’, 1, Permutation([3,2,1])]
sage: 1 in C

True

sage: 1 in c

False

sage: elt = c(1l)

sage: elt

(ra”, 1, [3, 2, 11)

sage: elt in c

True

sage: elt.parent() is c

True

cardinality ()

Returns the number of elements in the Cartesian product of everything in *iters.

EXAMPLES:

sage: from sage.combinat.cartesian_product import CartesianProduct_iters
sage: CartesianProduct_iters(range(2), range(3)).cardinality()

6

sage: CartesianProduct_iters (range (2), xrange(3)).cardinality ()

6

sage: CartesianProduct_iters (range (2), xrange(3), xrange(4)).cardinality/()
24

This works correctly for infinite objects:
sage: CartesianProduct_iters(ZZ, QQ).cardinality()

+Infinity
sage: CartesianProduct_iters(ZZ, []).cardinality()
0

is_finite()

The Cartesian product is finite if all of its inputs are finite, or if any input is empty.

EXAMPLES:

sage: from sage.combinat.cartesian_product import CartesianProduct_iters
sage: CartesianProduct_iters(ZZ, []).is_finite()

True

sage: CartesianProduct_iters(4,4) .1is_finite()

Traceback (most recent call last):

ValueError: Unable to determine whether this product is finite

list ()

Returns
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EXAMPLES:

sage: from sage.combinat.cartesian product import CartesianProduct_iters
sage: CartesianProduct_iters(range (3), range(3)).list()

(o, o1r, o, 11, [0, 2],

tx, 11, 1, 21, [2, 01, (2, 11, [2, 2]]

sage: CartesianProduct_iters(’dog’, ’‘cat’).list ()

(rrar, e’y
ldl,
Idl,

~

Qo Qdw

~
~

~
~

~

~
~
~

~

~
~
~

~

~

~
~

~
~
~

~
~
~

Q Q Q O O O

o~

random_element ()

Returns a random element from the Cartesian product of *iters.

EXAMPLES:

sage: from sage.combinat.cartesian_ product import CartesianProduct_iters
sage: CartesianProduct_iters(’dog’, ’cat’).random_element ()

[!dll Ia!]

unrank (x)

For finite Cartesian products, we can reduce unrank to the constituent iterators.

EXAMPLES:

sage: from sage.combinat.cartesian_product import CartesianProduct_iters
sage: C = CartesianProduct_iters(xrange(1000), xrange(1000), xrange(1000))

sage: C[238792368]
(238, 792, 368]

Check for trac ticket #15919:

sage: FF = IntegerModRing(29)

sage: C = CartesianProduct_iters (FF, FF, FF)

sage: C.unrank (0)
(0, 0, 0]

sage.combinat.cartesian_product.isgenerator (obj)

5.1.12 Enumerated sets of partitions, tableaux, ...

Quickref
Catalog

e Integer partitions
» Tableaux
e Partition tuples

e TableauTuples
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e Skew Partitions

Skew Tableaux

e Ribbons

Ribbon Tableaux
* Cores
» Strong and weak tableaux

* Robinson-Schensted-Knuth correspondence

5.1.13 Cluster Algebras and Quivers

¢ A compendium on the cluster algebra and quiver package in Sage arXiv:1102.4844 [math.CO]
* Quiver mutation types
e Quiver

e ClusterSeed

5.1.14 Cluster algebra and quivers features that are imported by default in the in-
terpreter namespace

5.1.15 ClusterSeed

A cluster seed is a pair (B, x) with B being a skew-symmetrizable (n + m x n) -matrix and with x being an n-tuple
of independent elements in the field of rational functions in n variables.

For the compendium on the cluster algebra and quiver package see Arxiv 1102.4844.
AUTHORS:
* Gregg Musiker: Initial Version
* Christian Stump: Initial Version
* Aram Dermenjian (2015-07-01): Updating ability to not rely solely on clusters
* Jesse Levitt (2015-07-01): Updating ability to not rely solely on clusters
REFERENCES:
See also:

For mutation types of cluster seeds, see sage . combinat.cluster_algebra_quiver.quiver_mutation_type.Quiverl
Cluster seeds are closely relatedto sage . combinat.cluster_algebra_quiver.quiver.ClusterQuiver ().

class sage.combinat.cluster_algebra_quiver.cluster_seed.ClusterSeed (data,
frozen=None,
is_principal=False,
user_labels=None,

user_labels_prefix="x")
Bases: sage.structure.sage_object.SageObject

The cluster seed associated to an exchange matrix.

INPUT:
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edata — can be any of the following:

QuiverMutationType

str - a string representing a QuiverMutationType or a common quiver type (see Examples)
ClusterQuiver

Matrix - a skew-symmetrizable matrix

DiGraph - must be the input data for a quiver

List of edges - must be the edge list of a digraph for a quiver

* % ok X %

EXAMPLES:
sage: S = ClusterSeed([’A’,5]); S
A seed for a cluster algebra of rank 5 of type ["A’, 5]

sage: S = ClusterSeed([’A’,[2,5],1]1); S
A seed for a cluster algebra of rank 7 of type ['A’, [2, 5], 1]

sage: T = ClusterSeed( S ); T
A seed for a cluster algebra of rank 7 of type ['A’, [2, 5], 1]

sage: T = ClusterSeed( S._ M ); T
A seed for a cluster algebra of rank 7

sage: T = ClusterSeed( S.quiver()._digraph ); T
A seed for a cluster algebra of rank 7

sage: T = ClusterSeed( S.quiver()._digraph.edges() ); T
A seed for a cluster algebra of rank 7

sage: S = ClusterSeed(['B’,2]); S
A seed for a cluster algebra of rank 2 of type [’'B’, 2]

sage: S = ClusterSeed(['C’,2]); S
A seed for a cluster algebra of rank 2 of type ['B’, 2]

sage: S = ClusterSeed([’A’, [5,0],11); S
A seed for a cluster algebra of rank 5 of type [’D’, 5]

sage: S = ClusterSeed([’'GR’,[3,7]1); S
A seed for a cluster algebra of rank 6 of type ['E’, 6]

sage: S = ClusterSeed([’'F’, 4, [2,11]); S
A seed for a cluster algebra of rank 6 of type ['F’, 4, [1, 2]]

sage: S = ClusterSeed([’A’,4]); S._use_fpolys
True

sage: S._use_d_vec
True

sage: S._use_g_vec
True

sage: S._use_c_vec
True

sage: S = ClusterSeed([’A’,4]); S.use_fpolys(False); S._use_fpolys
False
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b matrix()
Returns the B -matrix of self.

EXAMPLES:

sage: ClusterSeed([’A’,4]) .b_matrix/()
[ 0O 1 0 0]

[-1 0 -1 0]

[ 0O 1 0 1]

[ 0O 0 -1 0]

sage: ClusterSeed([’'B’,4]) .b_matrix/()
[ 0O 1 0 0]

[-1 0 -1 0]

[ 0O 1 0 1]

[ 0O 0 -2 0]

sage: ClusterSeed([’'D’,4]) .b_matrix/()
[ 0O 1 0 0]

[-1 0 -1 -1]

[ 0O 1 0 0]

[ 0O 1 0 0]

sage: ClusterSeed(QuiverMutationType ([['A’,2],['B’,2]11)) .b_matrix()
[ 0O 1 0 0]

[-1 0 0 0]

[ 0O 0 0 1]

[ 0O 0 -2 0]

b_matrix_class (depth=+Infinity, up_to_equivalence=True)
Returns all B-matrices in the mutation class of self.

INPUT:

*depth — (default:infinity) integer or infinity, only seeds with distance at most depth from self are
returned

*up_to_equivalence — (default: True) if True, only ‘B’-matrices up to equivalence are consid-
ered.

EXAMPLES:

ofor examples see b_matrix_class_iter ()

TESTS:
sage: A = ClusterSeed([’A’,3]).b_matrix_class/()
sage: A = ClusterSeed([’'A’,[2,1],1]).b_matrix_class/()

b_matrix_class_iter (depth=+Infinity, up_to_equivalence=True)
Returns an iterator through all B-matrices in the mutation class of self.

INPUT:

*depth — (default:infinity) integer or infinity, only seeds with distance at most depth from self are
returned

*up_to_equivalence — (default: True) if True, only ‘B’-matrices up to equivalence are consid-
ered.

EXAMPLES:

A standard finite type example:
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sage: S = ClusterSeed(['A’,4])

sage: it = S.b_matrix_class_iter()
sage: for T in it: print T
0 0 1]

=
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A finite type example with given depth:

sage: it = S.b_matrix_class_iter (depth=1)
sage: for T in it: print T

0 0

=
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Finite type example not considered up to equivalence:
sage: S = ClusterSeed(['A’,3])

sage: it = S.b_matrix_class_iter (up_to_equivalence=False)
sage: for T in it: print T
[ 0O 1 0]

[-1 0 -1]

[ 0O 1 0]

[ 0O 1 0]

[-1 0 1]

[ 0 -1 0]

[ 0 -1 0]

[ 1 0 1]

[ 0 -1 0]
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P OORrROORRPRPORRPRORPRRPLRORROORRLORFROORREOREREOOR:R O
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Infinite (but finite mutation) type example:
ClusterSeed ([’

S.b_matrix_class_iter ()
for T in it: print T

sage:
sage:
sage:

Infinite mutation type example:
ClusterSeed ([’
S.b_matrix_class_iter (depth=3)

[T for T in it]

sage:
sage:
sage:
266

c_matrix (show_warnings=True)
Returns all c-vectors of self.

OFRPHFPORPRPOOFROOFROORORRPFPLOORORRFEORRELORREOLRO

it

it
len

Warning: this method assumes the sign-coherence conjecture and that the input seed is sign-coherent (has
an exchange matrix with columns of like signs). Otherwise, computational errors might arise.
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EXAMPLES:

sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.mutate([2,1,2])

sage: S.c_matrix()

[ 1 0 0]

[ 0 0 -1]

[ 0 -1 0]

sage: S = ClusterSeed(['A’,41);

sage: S.use_g_vectors(False); S.use_fpolys (False); S.use_c_vectors (False); S.use_d_vectors
sage: S.c_matrix()

Traceback (most recent call last):

ValueError: Unable to calculate c-vectors. Need to use c vectors.

c_vector (k)
Returns the k-th c-vector of self. It is obtained as the k-th column vector of the bottom part of the
B-matrix of self.

Warning: this method assumes the sign-coherence conjecture and that the input seed is sign-coherent (has
an exchange matrix with columns of like signs). Otherwise, computational errors might arise.

EXAMPLES:

sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.mutate([2,1,2])

sage: [ S.c_vector (k) for k in range(3) ]

[(11 Or O)I (OI O/ _l)/ (O/ _lr O)J

sage: S = ClusterSeed(Matrix([[0,1],[-1,01,[1,0],([-1,111)); S
A seed for a cluster algebra of rank 2 with 2 frozen variables
sage: S.c_vector (0)

(1, 0)

sage: S = ClusterSeed(Matrix([[O,1],[-1,01,([1,0]1,[-1,111)); S.use_c_vectors(bot_is_c=True);
A seed for a cluster algebra of rank 2 with 2 frozen variables

sage: S.c_vector (0)

(1, -1)

cluster ()
Returns a copy of the cluster of self.

EXAMPLES:

sage: S = ClusterSeed(['A’,3])
sage: S.cluster ()

[x0, x1, x2]

sage: S.mutate (1)
sage: S.cluster ()
[x0, (x0*x2 + 1)/x1, x2]

sage: S.mutate (2)
sage: S.cluster|()
[x0, (x0xx2 + 1)/x1, (x0*xx2 + x1 + 1)/ (x1*x2)]

sage: S.mutate([2,1])
sage: S.cluster ()
[x0, x1, x2]
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cluster_class (depth=+Infinity, show_depth=False, up_to_equivalence=True)
Returns the cluster class of self with respect to certain constraints.

INPUT:
edepth — (default: infinity) integer, only seeds with distance at most depth from self are returned

ereturn_depth — (default False) - if True, ignored if depth is set; returns the depth of the mutation
class, i.e., the maximal distance from self of an element in the mutation class

*up_to_equivalence — (default: True) if True, only clusters up to equivalence are considered.
EXAMPLES:
ofor examples see cluster_class_iter ()

TESTS:
sage: A = ClusterSeed([’A’,3]) .cluster_class|()

cluster_class_iter (depth=+Infinity, show_depth=False, up_to_equivalence=True)
Returns an iterator through all clusters in the mutation class of self.

INPUT:

edepth — (default: infinity) integer or infinity, only seeds with distance at most depth from self are
returned

eshow_depth — (default False) - if True, ignored if depth is set; returns the depth of the mutation
class, i.e., the maximal distance from self of an element in the mutation class

*up_to_equivalence — (default: True) if True, only clusters up to equivalence are considered.
EXAMPLES:

A standard finite type example:

sage: S = ClusterSeed(['A’,3])
sage: it = S.cluster_class_iter()
sage: for T in it: print T

x0, x1, x2]

x0, x1, (x1 + 1)/x2]

x0, (x0*x2 + 1)/x1, x2]

(x1 + 1)/x0, x1, x2]

x0, (x0*x2 + x1 + 1)/ (x1*xx2),
(x1 + 1)/x0, x1, (x1 + 1)/x2]
x1l + 1)/x0, (x0*x2 + x1 + 1)/ (x0*x1), x2]

0, (x0xx2 + 1)/x1, (x0*x2 + x1 + 1)/ (x1*x2)]

x0*x2 4+ x1 + 1)/ (x0%x1), (x0*x2 + 1)/x1, x2]

x1 + 1)/x0, (x1"°2 + x0*x2 + 2xx1 + 1)/ (x0*x1*x2), (x1 + 1)/x2]

x1 + 1)/x0, (x0*x2 + x1 + 1)/ (x0*x1), (x172 + x0xx2 + 2*x1 + 1)/ (x0*x1*x2)]

X172 4+ x0xx2 + 2*x1 4+ 1)/ (x0*x1*x2), (x0*x2 + x1 + 1)/ (x1*x2), (x1 + 1)/x2]

x0*x2 + x1 + 1)/ (x0*x1), (x0*x2 + 1)/x1, (x0*x2 + x1 + 1)/ (x1*x2)]

x0*x2 + x1 + 1)/ (x1xx2), (x0*x2 + x1 + 1)/ (x0*x1), (x1"2 + x0*x2 + 2xx1 + 1)/ (x0xx1%x2) ]

(x1 + 1)/x2]

~ o~~~ ~ ~ X ~

A finite type example with given depth:

sage: it S.cluster_class_iter (depth=1)
sage: for T in it: print T

[x0, x1, x2]

[x0, x1, (x1 + 1)/x2]

[x0, (x0*x2 + 1)/x1, x2]

[(x1 + 1)/x0, x1, x2]
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A finite type example where the depth is returned while computing:
sage: it = S.cluster_class_iter (show_depth=True)
sage: for T in it: print T

[x0, x1, x2]

Depth: 0 found: 1 Time: ... s

[x0, x1, (x1 + 1)/x2]

[x0, (x0xx2 + 1)/x1 x2]

[(x1 + 1)/x0, x1, x2]

Depth: 1 found 4 Time: ... s

[x0, (x0*x2 + x1 + 1)/ (x1*x2), (x1 + 1)/x2]

[(x1 + 1)/x0, x1, (x1 + 1)/x2]
[(xl + 1) /x0, (x0*x2 + x1 + 1)/ (x0xx1), x2]

[x (x0xx2 + 1)/x1, (x0*x2 + x1 + 1)/ (x1*x2)]

[(xO*xZ + x1 + 1)/ (x0xx1), (x0*x2 + 1)/x1, x2]

Depth: 2 found: 9 Time: ... s

[(x1 + 1)/x0, (x1"2 + x0*x2 + 2*x1 + 1)/ (x0xx1*x2), (x1 + 1)/x2]

[(x1 4+ 1)/x0, (x0*x2 + x1 + 1)/ (x0xx1), (x172 + x0%*x2 + 2xx1 + 1)/ (x0xx1xx2)]
[(x172 + x0*x2 + 2*x1 + 1)/ (x0*x1xx2), (x0*x2 + x1 + 1)/ (x1xx2), (x1 + 1)/x2]
[(x0*x2 + x1 + 1)/ (x0*x1), (x0*x2 + 1)/x1, (x0*x2 + x1 + 1)/ (x1xx2)]

Depth: 3 found: 13 Time: ... s
[[(x0*x2 + x1 + 1)/ (x1xx2), (x0*x2 + x1 + 1)/ (x0xx1), (x172 + x0*x2 + 2xx1 + 1)/ (x0xx1xx2)]
Depth: 4 found: 14 Time: ... s

Finite type examples not considered up to equivalence:

sage: it = S.cluster_class_iter (up_to_equivalence=False)
sage: len( [ T for T in it ] )

84

sage: it = ClusterSeed([’A’,2]) .cluster_class_iter (up_to_equivalence=False)
sage: for T in it: print T

[x x1]

[x (x0 + 1)/x1]

[(Xl + 1)/x0, x1]

[(x1 + 1)/x0, (x0 4+ x1 + 1)/ (x0xx1)]

[(x0 + x1 + 1)/ (x0%x1), (x0 + 1)/x1]

[(x0 + x1 + 1)/ (x0%x1), (x1 + 1)/x0]

[(xO + 1) /x1, (x0 + x1 + 1)/ (x0xx1)]

[x (x1 + 1)/x0]

[(XO + 1)/x1, x0]

[x x0]

Infinite type examples:
sage: S = ClusterSeed(['A’,[1,1],11])

sage: it = S.cluster_class_iter()
sage: next (it)
[x0, x1]

sage: next (it)

[x0, (x072 + 1)/x1]

sage: next (it)

[(x1"2 + 1)/x0, x1]

sage: next (it)

[(x0™4 + 2xx0"2 4+ x172 + 1)/ (x0*x172), (x0"2 + 1)/x1]
sage: next (it)

[(x172 4+ 1)/x0, (x17™4 + x072 + 2xx17"2 + 1)/ (x072%x1)]

sage: it = S.cluster_class_iter (depth=3)
sage: for T in it: print T
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[x0, x1]

[x0, (x072 + 1)/x1]

[(x172 + 1)/x0, x1]

[(x074 + 2%x072 + x172 + 1)/ (x0xx172), (x072 + 1)/x1]

[(x17"2 + 1)/x0, (x174 + x072 4+ 2*x172 + 1)/ (x072xx1)]

[(x07™4 + 2xx072 4+ x172 + 1)/ (x0%x172), (x076 + 3xx0"4 + 2*x072xx1"2 + x174 + 3*x0"2 + 2xx1"7Z
[(x176 +

x0%4 + 2%xx072xx172 + 3xx1™4 + 2xx072 + 3xx172 + 1)/ (x073%xx172), (x1"4 + x0"2 + 2*xI

cluster_ index (cluster_str)
Returns the index of a cluster if use_fpolys is on

INPUT:

ecluster_str — The string to look for in the cluster

OUTPUT:

Returns an integer or None if the string is not a cluster variable

EXAMPLES:

sage: S = ClusterSeed(['A’,4],user_labels=['"x","y","2z","w"]); S.mutate(’'x")
sage: S.cluster_index(’'x")

sage: S.cluster_index (' (y+1)/x")

0

cluster variable (k)
Generates a cluster variable using F-polynomials

EXAMPLES:

sage: S = ClusterSeed(['A’,3])
sage: S.mutate ([0,1])

sage: S.cluster_variable (0)
(x1 + 1)/x0

sage: S.cluster_variable (1)
(x0*x2 + x1 4+ 1)/ (x0%x1)

coefficient (k)
Returns the coefficient of self atindex k.

EXAMPLES:

sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.mutate([2,1,2])

sage: [ S.coefficient (k) for k in range(3) ]

[y0, 1/y2, 1/y1]

coefficients ()
Returns all coefficients of self.

EXAMPLES:

sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.mutate([2,1,2])

sage: S.coefficients()

[y0, 1/y2, 1/y1]

d_matrix (show_warnings=True)
Returns the matrix of d-vectors of self.
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EXAMPLES:: sage: S = ClusterSeed([’A’,4]); S.d_matrix() [-1000][0-100][00-10][000 -1]
sage: S.mutate([1,2,1,0,1,3]); S.d_matrix()[1 10 1][1 11 1][1011][000 1]

d_vector (k)
Returns the k-th d-vector of self. This is the exponent vector of the denominator of the k-th cluster
variable.

EXAMPLES:

sage: S = ClusterSeed(['A’,3])

sage: S.mutate([2,1,2])

sage: [ S.d_vector(k) for k in range(3) ]
[(-1, 0, O0), (O, 1, 1), (0O, 1, 0)]

exchangeable_part ()
Returns the restriction to the principal part (i.e. the exchangeable variables) of self.

EXAMPLES:

sage: S = ClusterSeed(['A’,4])

sage: T = ClusterSeed( S.quiver () .digraph() .edges (), frozen=1 )
sage: T.quiver () .digraph() .edges ()

(¢, 1, (1, -1)), (2, 1, (1, -1)), (2, 3, (1, -1))]

sage: T.exchangeable_part () .quiver () .digraph () .edges()
[(Or ll (ll 71))/ (2! ll (lr 71))]

f polynomial (k)
Returns the k-th F-polynomial of self. It is obtained from the k-th cluster variable by setting all z; to 1.

Warning: this method assumes the sign-coherence conjecture and that the input seed is sign-coherent (has
an exchange matrix with columns of like signs). Otherwise, computational errors might arise.

EXAMPLES:

sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.mutate([2,1,2])

sage: [S.f_polynomial (k) for k in range(3)]

[1, ylxy2 + y2 + 1, y1 + 1]

sage: S = ClusterSeed(Matrix([[O,1],[-1,01,([1,01,[-1,111)); S.use_c_vectors(bot_is_c=True);
A seed for a cluster algebra of rank 2 with 2 frozen variables
sage: T = ClusterSeed(Matrix([[0,1],[-1,0]])) .principal_extension(); T

A seed for a cluster algebra of rank 2 with principal coefficients
sage: S.mutate (0)

sage: T.mutate (0)

sage: S.f_polynomials()

(y0 + y1, 1]

sage: T.f_polynomials()

[y0O + 1, 1]

f _polynomials ()
Returns all F-polynomials of self. These are obtained from the cluster variables by setting all x; ‘s to 1.

Warning: this method assumes the sign-coherence conjecture and that the input seed is sign-coherent (has
an exchange matrix with columns of like signs). Otherwise, computational errors might arise.

EXAMPLES:
sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.mutate([2,1,2])
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sage: S.f_polynomials()
[1, yvlxy2 + y2 + 1, y1 + 1]

first_green_vertex ()

Return the first green vertex of self.

A vertex is defined to be green if its c-vector has all non-positive entries. More information on green
vertices can be found at [BDP2013]

EXAMPLES:

sage: ClusterSeed([’A’,3]) .principal_extension().first_green_vertex()

0

sage: ClusterSeed(['A’,[3,3]1,1]) .principal_extension () .first_green_vertex/()
0

first_red vertex()

Return the first red vertex of self.

A vertex is defined to be red if its c-vector has all non-negative entries. More information on red vertices
can be found at [BDP2013].

EXAMPLES:
sage: ClusterSeed([’A’,3]) .principal_extension() .first_red_vertex()
sage: ClusterSeed([’A’,[3,3],1]) .principal_extension () .first_red_vertex()

sage: Q = ClusterSeed([’A’,[3,3]1,1]) .principal_extension();
sage: Q.mutate(l);

sage: Q.first_red_vertex()

1

first urban_ renewal ()

Return the first urban renewal vertex.

An urban renewal vertex is one in which there are two arrows pointing toward the vertex and two arrows
pointing away.

EXAMPLES:
sage: G = ClusterSeed([’GR’,[4,9]1]); G.first_urban_renewal ()
5

g_matrix (show_warnings=True)

Returns the matrix of all g-vectors of self. These are the degree vectors of the cluster variables after
setting all y; ‘s to 0.

Warning: this method assumes the sign-coherence conjecture and that the input seed is sign-coherent (has
an exchange matrix with columns of like signs). Otherwise, computational errors might arise.

EXAMPLES:

sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.mutate([2,1,2])
sage: S.g_matrix()

[ 1 0 0]
[ 0O 0 -1]
[ 0 -1 0]

sage: S = ClusterSeed(['A’,3])
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sage: S.mutate([0,1])
sage: S.g_matrix()

[-1 -1 0]

[ 1 0 0]

[ 0O 0 1]

sage: S = ClusterSeed([’A’,4]); S.use_g_vectors(False); S.use_fpolys(False); S.g_matrix()
[1 0 0 0]

[01 0 0]

[0 01 0]

[0 0 0 1]

sage: S = ClusterSeed(['A’,4])
sage: S.use_g_vectors (False); S.use_c_vectors(False); S.use_fpolys(False); S.track_mutations
Traceback (most recent call last):

ValueError: Unable to calculate g-vectors. Need to use g vectors.

g_vector (k)

Returns the k-th g-vector of self. This is the degree vector of the k-th cluster variable after setting all
y; ‘s to 0.

Warning: this method assumes the sign-coherence conjecture and that the input seed is sign-coherent (has
an exchange matrix with columns of like signs). Otherwise, computational errors might arise.

EXAMPLES:

sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.mutate([2,1,2])

sage: [ S.g_vector (k) for k in range(3) ]

((, o, 0, (0, 0, -1), (0, -1, 0)]

greedy (al, a2, algorithm="by_recursion’)

Returns the greedy element x[ag, as] assuming that self is rank two.

The third input can be ‘by_recursion’, ‘by_combinatorics’, or ‘just_numbers’ to specify if the user wants
the element computed by the recurrence, combinatorial formula, or wants to set x1 and x5 to be one.

See [LeeLiZe]| for more details.

EXAMPLES:

sage: S = ClusterSeed(['R2’, [3, 311])

sage: S.greedy (4, 4)

(x0712 4+ x1712 + 4%x079 + 4%x179 + 6+x076 + 4*x0"3xx1"3 + 6*xx176 + 4xx073 + 4%xx1°3 + 1)/ (x0”7
sage: S.greedy (4, 4, ’'by_combinatorics’)

(x0712 4+ x1712 + 4%x079 + 4+x179 + 6*x076 + 4*x0"3xx1"3 + 6*x176 + 4xx073 + 4%xx173 + 1)/ (x07
sage: S.greedy (4, 4, ’just_numbers’)

35

sage: S = ClusterSeed(['R2", [2, 2]11])
sage: S.greedy(l, 2)

(x0™4 + 2xx072 + x172 + 1)/ (x0%*x1"2)
sage: S.greedy(l, 2, ’'by_combinatorics’)
(x0%4 + 2xx072 + x172 + 1)/ (x0%x1"2)

REFERENCES:

green_vertices ()

Return the list of green vertices of self.

5.1. Comprehensive Module list 141



Sage Reference Manual: Combinatorics, Release 7.1

A vertex is defined to be green if its c-vector has all non-positive entries. More information on green
vertices can be found at [BDP2013]

OUTPUT:
The green vertices as a list of integers.

EXAMPLES:

sage: ClusterSeed([’A’,3]) .principal_extension () .green_vertices()
[0, 1, 2]

sage: ClusterSeed([’A’,[3,31,1]) .principal_extension() .green_vertices/()
(0, 1, 2, 3, 4, 5]

ground_field()
Returns the ground field of the cluster of self.

EXAMPLES:

sage: S = ClusterSeed(['A’,3])
sage: S.ground_field()
Multivariate Polynomial Ring in x0, x1, x2, y0, yl, y2 over Rational Field

highest_degree_denominator (filter=None)
Return the vertex of the cluster polynomial with highest degree in the denominator.

INPUT:

efilter - Filter should be a list or iterable

OUTPUT:

Returns an integer.

EXAMPLES:

sage: B = matrix¢([((0,-1,0,-1,1,1,712,0,1,0,-1,-11,10,-1,0,-2,1,11,(,0,1,0,-1,-17,([-1,1,-1,1
sage: C = ClusterSeed(B) .principal_extension(); C.mutate([0,1,2,4,3,2,5,4,31)

sage: C.highest_degree_denominator ()

5

interact (fig_size=1, circular=True)
Only in notebook mode. Starts an interactive window for cluster seed mutations.

INPUT:

*fig_size — (default: 1) factor by which the size of the plot is multiplied.

ecircular — (default: True) if True, the circular plot is chosen, otherwise >>spring<< is used.

TESTS:
sage: S = ClusterSeed(['A’,4])
sage: S.interact () # long time

"The interactive mode only runs in the Sage notebook.’

is_acyclic()
Returns True iff self is acyclic (i.e., if the underlying quiver is acyclic).

EXAMPLES:
sage: ClusterSeed(['A’,4]) .1is_acyclic()
True
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sage: ClusterSeed(['A’,[2,1]1,1]).is_acyclic()
True

sage: ClusterSeed([[0,1],([1,2],12,01]1).is_acyclic()
False

is_bipartite (return_bipartition=False)
Returns True iff self is bipartite (i.e., if the underlying quiver is bipartite).

INPUT:

ereturn_bipartition — (default:False) if True, the bipartition is returned in the case of se 1 f being bipar-
tite.

EXAMPLES:

sage: ClusterSeed([’A’,[3,3]1,1]).1is_bipartite()
True

sage: ClusterSeed([’A’,[4,3]1,1]) .1is_bipartite()
False

is_finite ()
Returns True if self is of finite type.
EXAMPLES:
sage: S = ClusterSeed(['A’,3])

sage: S.is_finite()
True

sage: S = ClusterSeed(['A",[2,2],1])
sage: S.is_finite()
False

is_mutation_finite (nr_of_checks=None, return_path=False)
Returns True if self is of finite mutation type.

INPUT:

enr_of_checks — (default: None) number of mutations applied. Standard is 500*(number of ver-
tices of self).

ereturn_path — (default: False) if True, in case of self not being mutation finite, a path from self to
a quiver with an edge label (a,-b) and a*b > 4 is returned.

ALGORITHM:

*A cluster seed is mutation infinite if and only if every b;; x b;; > —4. Thus, we apply random
mutations in random directions

WARNING:
*Uses a non-deterministic method by random mutations in various directions.
*In theory, it can return a wrong True.

EXAMPLES:

sage: S = ClusterSeed([’A’,10])
sage: S._mutation_type = None
sage: S.is_mutation_finite()
True
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sage: S = ClusterSeed([(0,1),(1,2),(2,3),(3,4),(4,5),(5,6),(6,7),(7,8),(2,9)1)
sage: S.is_mutation_finite()
False

Returns the number of frozen variables of self.

EXAMPLES:

sage: S = ClusterSeed(['A’,3])
sage: S.n()

3

sage: S.m()

0

sage: S = S.principal_extension()
sage: S.m()

3

most_decreased_denominator after mutation ()
Return the vertex that will produce the most decrease in denominator degrees after mutation

EXAMPLES:

sage: S = ClusterSeed(['A",5])

sage: S.mutate([0,2,3,1,2,3,1,2,0,2,3])

sage: S.most_decreased_denominator_after_mutation ()
2

most_decreased edge_after_mutation ()
Return the vertex that will produce the least degrees after mutation

EXAMPLES:

sage: S = ClusterSeed(['A’,5])

sage: S.mutate([0,2,3,1,2,3,1,2,0,2,3])
sage: S.most_decreased_edge_after_mutation|()
2

mutate (sequence, inplace=True)
Mutates self at a vertex or a sequence of vertices.

INPUT:

esequence — a vertex of self, an iterator of vertices of self, a function which takes in the Clus-
terSeed and returns a vertex or an iterator of vertices, or a string representing a type of vertices to
mutate.

einplace — (default: True) if False, the result is returned, otherwise self is modified.
Possible values for vertex types in sequence are:

*"first_ source": mutates at first found source vertex,

*"sources": mutates at all sources,

e"first_sink": mutates at first sink,

*"sinks": mutates at all sink vertices,

*"green": mutates at the first green vertex,
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*"red": mutates at the first red vertex,
e"uyrban_renewal" or "urban": mutates at first urban renewal vertex,

*"311_urban_renewals" or "all_urban": mutates at all urban renewal vertices.

EXAMPLES:

sage: S = ClusterSeed(['A’,4]); S.b_matrix()
[ 0O 1 0 0]

[-1 0 -1 0]

[0 1 0 1]

[ 0O 0 -1 0]

sage: S.mutate(0); S.b_matrix()

[ 0 -1 0 0]
[ 1 0 -1 0]
[0 1 0 1]
[ 0O 0 -1 0]
sage: T = S.mutate(0, inplace=False); T

A seed for a cluster algebra of rank 4 of type ['A’, 4]

sage: S.mutate (0)
sage: S == T
True

sage: S.mutate([0,1,0])
sage: S.b_matrix()

[ 0 -1 1 0]

[ 1 0 0 0]

[-1 0 0 1]

[ 0O 0 -1 0]

sage: S = ClusterSeed(QuiverMutationType ([['A",1]1,["A",311))
sage: S.b_matrix()

[ O 0 0 0]

[ 0O 0 1 0]

[ 0 -1 0 -1]

[ 0O 0 1 0]

sage: T = S.mutate(0,inplace=False)
sage: S == T

False

[-1 0 -1]
[ 0O 1 0]

sage: Q.mutate(’ first_sink’);Q.b_matrix()

[ 0 -1 0]

[ 1 0 1]

[ 0 -1 0]

sage: def last_vertex(self): return self._n - 1
sage: Q.mutate(last_vertex); Q.b_matrix()

[ 0 -1 0]

[ 1 0 -1]

[ 0O 1 0]

5.1. Comprehensive Module list 145



Sage Reference Manual: Combinatorics, Release 7.1

sage: S = ClusterSeed(['A’,4], user_labels=["a’,’'b’",’'c’","’d" ]1);
sage: S.mutate(’a’); S.mutate(’ (b+1)/a’)

sage: S.cluster ()

[a, b, c, d]

sage: S = ClusterSeed(['A’,4], user_labels=["a’,’b",’'c"1);
Traceback (most recent call last):

ValueError: The number of user-defined labels is not the number of exchangeable and frozen v

sage: S = ClusterSeed([’'A’,4],user_labels=["x","yv","w" ,"2"])
sage: S.mutate(’x’)

sage: S.cluster ()

[(y + 1)/x, ¥y, w, z]

sage: S.mutate(’ (y+1)/x")
sage: S.cluster()

[x, v, W, z]

sage: S.mutate(’'y’)

sage: S.cluster()

[x, (x*w + 1)/y, w, z]
sage: S.mutate (’ (xxw+1l)/y")
sage: S.cluster ()

[x, v, W, z]

sage: S = ClusterSeed([’A’,4], user_labels=[[1,2]1,[2,3]1,1[4,5]1,15,611);
sage: S.cluster ()

[x_.1 2, x_ 23, x_ 4.5, x 5 6]

sage: S.mutate(’ [1,2]");

sage: S.cluster ()

[(x.2_.3 + 1)/x_1_2, %x 2.3, x_4_5, x_5_6]

sage: S = ClusterSeed([’A’,4], user_labels=[[1,2],12,3]1,[4,5],1[5,6]],user_labels_prefix='P’)
sage: S.cluster|()

[P_1_2, P_2 3, P_4_5, P_5_6]

sage: S.mutate(’'[1,2]")

sage: S.cluster ()

((p_2_3 + 1)/pP_1_2, P_2_3, P_4_5, P_5_6]

sage: S.mutate('P_4_5")

sage: S.cluster ()

[((p_2.3 + 1)/P_1_2, P_2_3, (P_2_3%xP_5_6 + 1)/P_4_5, P_5_6]

sage: S = ClusterSeed(['A’,4])
sage: S.mutate([0,1,0,1,0,2,11])
sage: T = ClusterSeed(S)

sage: S.use_fpolys (False)

sage: S.use_g_vectors (False)
sage: S.use_c_vectors (False)

sage: S._C

sage: S._G

sage: S._F

sage: S.g_matrix()
[ 0-1 0 0]

[ 1 1 1 0]

[ 0O 0 -1 0]

[0 0 1 1]
sage: S.c_matrix()
[ 1 -1 0 0]

[ 1 0 0 0]
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[1 0 -1 1]

[ O O 0 1]

sage: S.f_polynomials() == T.f_polynomials ()
True

sage: S.cluster () == T.cluster()

True

sage: S._mut_path
(6, 1, o, 1, 0, 2, 1]

mutation_analysis (options=[’all’], filter=None)
Runs an analysis of all potential mutation options. Note that this might take a long time on large seeds.

Notes: Edges are only returned if we have a non-valued quiver. Green and red vertices are only returned if
the cluster is principal.

INPUT:
eoptions — (default: [’all’]) a list of mutation options.
*filter — (default: None) A vertex or interval of vertices to limit our search to
Possible options are:
*"all" - All options below
*"edges" - Number of edges (works with skew-symmetric quivers)
*"edge_diff" - Edges added/deleted (works with skew-symmetric quivers)
*"green_vertices" - List of green vertices (works with principals)
*"green_vertices_diff" - Green vertices added/removed (works with principals)
*"red_vertices" - List of red vertices (works with principals)
*"red_vertices_diff" - Red vertices added/removed (works with principals)
e"urban_renewals" - List of urban renewal vertices
*"urban_renewals_diff" - Urban renewal vertices added/removed
*"sources" - List of source vertices
e"sources_diff" - Source vertices added/removed
*"sinks" - List of sink vertices
e"sinks_diff" - Sink vertices added/removed
e"denominators™" - List of all denominators of the cluster variables
OUTPUT:

Outputs a dictionary indexed by the vertex numbers. Each vertex will itself also be a dictionary with each
desired option included as a key in the dictionary. As an example you would get something similar to: {O:
{‘edges’: 1}, 1: {‘edges’: 2}}. This represents that if you were to do a mutation at the current seed then
mutating at vertex 0 would result in a quiver with 1 edge and mutating at vertex O would result in a quiver
with 2 edges.

EXAMPLES:

sage: B = [[Or 4! OI 71]/[74101 3! O]I[OI 73/ Or 1]/[11 0
sage: S = ClusterSeed(matrix(B)); S.mutate([2,3,1,2,1,3,0
sage: S.mutation_analysis()

~ 0~
N
—
-
~
o
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{0: {"d_matrix’: [ 0O O 1 0]

[ 0-1 0 0]

[ 0 0 0 -1]

[-1 0 0 0],

"denominators’ (1, 1, x0, 171,

"edge_diff’: 6,

"edges’: 13,

"green_vertices’: [0, 1, 31,

"green_vertices_diff’: {’added’: [0], ’"removed’: []},

"red_vertices’: [2],

"red_vertices_diff’: {’added’: [], ’'removed’: [0]},

"sinks’: [1],

"sinks_diff’: {’added’: [], ’'removed’: [2]},

"sources’: [],

"sources_diff’: {’added’: [], ’"removed’: []},

"urban_renewals’: [],

"urban_renewals_diff’: {’added’: [], ’"removed’: []}},
1: {'d_matrix’: [ 1 4 1 0]

[ 0O 1 0 0]

[ O 0 0 -1]

[1 4 0 0],

"denominators’ [x0*x3, x0™4*x1*x3"4, x0, 1],

"edge_diff’: 2,

"edges’: 9,

"green_vertices’: [0, 3],

"green_vertices_diff’: {’added’: [0], ’"removed’: [1]},

"red_vertices’: [1, 2],

"red_vertices_diff’: {’added’: [1], 'removed’: [0]},

"sinks’: [2],

"sinks_diff’: {’added’: [], ’'removed’: []},

"sources’: [],

"sources_diff’: {’added’: [], ’'removed’: []},

"urban_renewals’: [],

"urban_renewals_diff’: {’added’: [], ’"removed’: []}},
2: {!d_matrix’": [ 1 0 0 0]

[ 0O-1 0 0]

[ O 0 0 -1]

[1 o0 1 01,

"denominators’: [x0%x3, 1, x3, 11,

"edge_diff’: 0,

"edges’: 7,

"green_vertices’: [1, 2, 3],

"green_vertices_diff’: {’added’: [2], ’"removed’: []},

"red_vertices’: [0],

"red_vertices_diff’: {"added’: [], ’'removed’: [2]},

"sinks’: [],

"sinks_diff’: {’added’: [], ’'removed’: [2]},

"sources’: [2],

"sources_diff’: {’added’: [2], ’'removed’: T[]},

"urban_renewals’: [],

"urban_renewals_diff’: {’added’: [], "removed’: []}},
3: {!dmatrix’": [ 1 0 1 1]

[ 0-1 0 0]

[ 0O 0 0 1]

[1 0 0 171,

"denominators’: [x0%x3, 1, x0, x0x*xx2xx3],

"edge_diff’: -1,

"edges’: 6,
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"green_vertices’: [1],

"green_vertices_diff’: {’added’: [], 'removed’: [3]},
"red_vertices’: [0, 2, 3],

"red_vertices_diff’: {’added’: [3], ’'removed’: []},
"sinks’: [2],

"sinks_diff’: {’added’: [], ’'removed’: []},
"sources’: [1],

"sources_diff’: {’added’: [1], ’'removed’: T[]},
"urban_renewals’: [],

"urban_renewals_diff’: {’added’: [], "removed’: []}}}

sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.mutation_analysis ()

{0: {'d_matrix’: [ 1 0 0]
[ 0 -1 0]
[ o o0 -11,
"denominators’: [x0, 1, 117,
"green_vertices’: [1, 2],
"green_vertices_diff’: {’added’: [], ’removed’: [0]},
"red_vertices’: [0],
"red_vertices_diff’: {’added’: [0], ’'removed’: []},
"sinks’: [],
"sinks_diff’: {’added’: [], ’'removed’: [1]},
"sources’: [4, 5],
"sources_diff’: {’added’: [], ’"removed’: [3]},
"urban_renewals’: [],
"urban_renewals_diff’: {’added’: [], "removed’: []}},
1: {d matrix’: [-1 O 0]
[ 0 1 0]
[ 0O 0 -17,
"denominators’: [1, x1, 117,
"green_vertices’: [0, 2],
"green_vertices_diff’: {’added’: [], ’removed’: [1]},
"red_vertices’: [117,
"red_vertices_diff’: {’added’: [1l], ’"removed’: []},

"sinks’: [0, 2, 4],
"sinks_diff’: {’added’: [0, 2, 4], ’'removed’: [1]},

"sources’: [1, 3, 51,

"sources_diff’: {’added’: [1], ’'removed’: [4]},
"urban_renewals’: [],

"urban_renewals_diff’: {’added’: [], ’'removed’: []}},
2: {!d_matrix’: [-1 0 0]

[ 0 -1 0]

[0 0 171,

"denominators’: [1, 1, x21,

"green_vertices’: [0, 17,

"green_vertices_diff’: {’added’: [], 'removed’': [2]},
"red_vertices’: [2]7,

"red_vertices_diff’: {’added’: [2], ’'removed’: []},
"sinks’: [1,

"sinks_diff’: {’added’: [], ’'removed’: [1]},
"sources’: [3, 4],

"sources_diff’: {’added’: [], ’'removed’: [5]},
"urban_renewals’: [],

"urban_renewals_diff’: {’added’: [], ’"removed’: []}}}

mutation_class (depth=+Infinity, show_depth=False, return_paths=False,

up_to_equivalence=True, only_sink_source=False)

5.1. Comprehensive Module list 149



Sage Reference Manual: Combinatorics, Release 7.1

Returns the mutation class of self with respect to certain constraints.

INPUT:
*depth — (default: infinity) integer, only seeds with distance at most depth from self are returned.
eshow_depth — (default: False) if True, the actual depth of the mutation is shown.

ereturn_paths — (default: False) if True, a shortest path of mutation sequences from self to the
given quiver is returned as well.

*up_to_equivalence — (default: True) if True, only seeds up to equivalence are considered.

*sink_source — (default: False) if True, only mutations at sinks and sources are applied.
EXAMPLES:

for examples see mutation_class_iter ()

TESTS:

sage: A = ClusterSeed([’A’,3]).mutation_class()

mutation_class_iter (depth=+Infinity, show_depth=False, return_paths=False,

up_to_equivalence=True, only_sink_source=False)
Returns an iterator for the mutation class of self with respect to certain constrains.

INPUT:

*depth — (default: infinity) integer or infinity, only seeds with distance at most depth from self
are returned.

eshow_depth — (default: False) if True, the current depth of the mutation is shown while computing.

ereturn_paths — (default: False) if True, a shortest path of mutations from self to the given
quiver is returned as well.

*up_to_equivalence — (default: True) if True, only one seed up to simultaneous permutation of
rows and columns of the exchange matrix is recorded.

*sink_source — (default: False) if True, only mutations at sinks and sources are applied.
EXAMPLES:

A standard finite type example:

sage: S = ClusterSeed(['A’,3])
sage: it = S.mutation_class_iter ()
sage: for T in it: print T

A seed for a cluster algebra of rank 3 of type ["A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type ["A’, 3]
A seed for a cluster algebra of rank 3 of type [’"A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type ['A", 3]
A seed for a cluster algebra of rank 3 of type ["A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type [’"A’, 3]

A finite type example with given depth:
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sage: it = S.mutation_class_iter (depth=1)
sage: for T in it: print T

A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type [’A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]
A seed for a cluster algebra of rank 3 of type ['A’, 3]

A finite type example where the depth is shown while computing:

sage: it = S.mutation_class_iter (show_depth=True)
sage: for T in it: pass

Depth: 0 found: 1 Time: s

Depth: 1 found: 4 Time: s

Depth: 2 found: 9 Time: s

Depth: 3 found: 13 Time: s

Depth: 4 found: 14 Time: s

A finite type example with shortest paths returned:
sage: it = S.mutation_class_iter (return_paths=True)
sage: for T in it: print T

(A seed for a cluster algebra of rank 3 of type ["A’, 3], [1)

(A seed for a cluster algebra of rank 3 of type [’A", 31, [2])

(A seed for a cluster algebra of rank 3 of type ['A’, 3], [11])

(A seed for a cluster algebra of rank 3 of type ["A’, 3], [0])

(A seed for a cluster algebra of rank 3 of type [’'A’, 3], [2, 11)

(A seed for a cluster algebra of rank 3 of type ['A’, 3], [0, 2])

(A seed for a cluster algebra of rank 3 of type [’"A’, 3], [0, 11)

(A seed for a cluster algebra of rank 3 of type ['A’, 3], [1, 21)

(A seed for a cluster algebra of rank 3 of type [’'A’, 3], [1, 0])

(A seed for a cluster algebra of rank 3 of type ['"A", 3], [0, 2, 11])

(A seed for a cluster algebra of rank 3 of type [’'A’, 3], [0, 1, 21])

(A seed for a cluster algebra of rank 3 of type ['A", 3], [2, 1, 0])

(A seed for a cluster algebra of rank 3 of type ['"A", 3], [1, 0, 2])

(A seed for a cluster algebra of rank 3 of type [’'A’, 3], [0, 1, 2, 0])
Finite type examples not considered up to equivalence:

sage: it = S.mutation_class_iter (up_to_equivalence=False)

sage: len( [ T for T in it ] )

84

sage: it = ClusterSeed([’A’,2]) .mutation_class_iter (return_paths=True,up_to_equivalence=Fals
sage: for T in it: print T

(A seed for a cluster algebra of rank 2 of type ['A’, 2], [1])

(A seed for a cluster algebra of rank 2 of type [’'A’, 2], [1])

(A seed for a cluster algebra of rank 2 of type ['A", 2], [0])

(A seed for a cluster algebra of rank 2 of type [’'A’, 2], [0, 17)

(A seed for a cluster algebra of rank 2 of type ['"A’", 2], [1, 0])

(A seed for a cluster algebra of rank 2 of type [’A", 2], [1, 0, 11)

(A seed for a cluster algebra of rank 2 of type ['A’", 2], [0, 1, 0])

(A seed for a cluster algebra of rank 2 of type [’"A’, 2], [1, 0, 1, 0])
(A seed for a cluster algebra of rank 2 of type [’A", 2], [0, 1, 0O, 17)
(A seed for a cluster algebra of rank 2 of type [’A’, 2], [1, O, 1, 0, 17)

Check that trac ticket #14638 is fixed:

sage: S = ClusterSeed(['E’,6])

sage: MC = S.mutation_class (depth=7); len (MC)
534
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Infinite type examples:

sage: S
sage: it =
sage: next (it)

= ClusterSeed ([’
S.mutation_class_iter ()

A seed for a cluster algebra of

sage:

next (it)

A seed for a cluster algebra of

sage:

next (it)

A seed for a cluster algebra of

sage:

next (1it)

A seed for a cluster algebra of

sage:
sage:

A
A

=

(
(
(
(
(
(
(

A

seed
seed
seed
seed
seed
seed
seed

it =
for T

for
for
for
for
for
for
for

in it: print T

(U VR ORI

cluster
cluster
cluster
cluster
cluster
cluster
cluster

algebra
algebra
algebra
algebra
algebra
algebra
algebra

of
of
of
of
of
of
of

A", [1,11,11)

rank
rank
rank
rank
rank
rank
rank

rank 2 of
rank 2 of
rank 2 of
rank 2 of

S.mutation_class_iter (depth=3,

of
of
of
of
of
of
of

DN DNDDNDDNDDN

type ['A", [1, 11, 1]

type ['A", [1, 1], 1]

type ["2A", [1, 11, 1]

type ['A", [1, 11, 1]

return_paths=True)

type ["A", [1, 11, 11, [1)

type ["A", [1, 11, 11, [1])

type ["A", [1, 11, 11, [0])

type ["aA", [1, 11, 11, [1, O]
type ["A", [1, 11, 1], [0, 1])
type [’A", [1, 11, 11, [1, O, 11)
type ["aA", [1, 11, 11, [0, 1, O])

mutation_sequence (sequence, show_sequence=False, fig_size=1.2, return_output="seed’)
Returns the seeds obtained by mutating se 1 f at all vertices in sequence.

INPUT:

* if ’seed’,
* if 'matrix’,
* if ’'var’,
EXAMPLES:
sage: S = ClusterSeed(['A’,2])
sage:
. print T.b_matrix()
[ 0 -1]
[ 1 0]
[ 0 1]
[-1 0]
[ 0 -1]
[ 1 0]
sage: S=ClusterSeed([’
sage:

esequence — an iterable of vertices of self.

*show_sequence — (default: False) if True, a png containing the associated quivers is shown.

*fig_size — (default: 1.2) factor by which the size of the plot is multiplied.

ereturn_output — (default: ‘seed’) determines what output is to be returned:

[(x1 + 1)/x0,

mutation_type ()

outputs all the cluster seeds obtained by the ‘‘sequence‘‘' of mutations.
outputs a list of exchange matrices.

outputs a list of new cluster variables obtained at each step.

A", 21)

(x0 + x1 + 1)/ (x0%x1),

(x0 +

for T in S.mutation_sequence([0,1,0]):

S.mutation_sequence([0,1,0,1], return_output='var’)

1)/x1, x0]

Returns the mutation_type of each connected component of self, if it can be determined. Otherwise, the
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mutation type of this component is set to be unknown.

The mutation types of the components are ordered by vertex labels.

WARNING:
*All finite types can be detected,
*All affine types can be detected, EXCEPT affine type D (the algorithm is not yet implemented)
*All exceptional types can be detected.

*Might fail to work if it is used within different Sage processes simultaneously (that happened in the
doctesting).

EXAMPLES:

*finite types:

sage: S = ClusterSeed([’A’,5])

sage: S._mutation_type = S._guiver._mutation_type = None
sage: S.mutation_type ()
["A", 5]

sage: S = ClusterSeed([(0,1),(1,2),(2,3),(3,4)1)
sage: S.mutation_type ()
["A", 5]

eaffine types:

sage: S = ClusterSeed([’'E’,8,[1,1]11); S

A seed for a cluster algebra of rank 10 of type ['E’, 8, [1, 1]]
sage: S._mutation_type = S._quiver._mutation_type = None; S

A seed for a cluster algebra of rank 10

sage: S.mutation_type() # long time

["E", 8, [1, 11]

the not yet working affine type D:

sage: S = ClusterSeed([’'D’,4,11])

sage: S._mutation_type = S._guiver._mutation_type = None
sage: S.mutation_type() # todo: not implemented

["D", 4, 1]

the exceptional types:

sage: S = ClusterSeed([’X’,6])

sage: S._mutation_type = S._guiver._mutation_type = None
sage: S.mutation_type() # long time

["x", 6]
einfinite types:

5.1. Comprehensive Module list 153



Sage Reference Manual: Combinatorics, Release 7.1

sage: S = ClusterSeed([’'GR’,[4,9]11])

sage: S._mutation_type = S._quiver._mutation_type = None

sage: S.mutation_type ()
"undetermined infinite mutation type’

mutations ()
Returns the list of mutations self has undergone if they are being tracked.

Examples:
sage: S = ClusterSeed(['A’,3])
sage: S.mutations ()

(]

sage: S.mutate([0,1,0,2])
sage: S.mutations()
(0, 1, 0, 2]

sage: S.track_mutations (False)
sage: S.mutations()
Traceback (most recent call last):

ValueError: Not recording mutation sequence.

Returns the number of exchangeable variables of self.

EXAMPLES:

sage: S = ClusterSeed(['A’,3])
sage: S.n()

3

oriented_exchange_graph ()
Return the oriented exchange graph of self as a directed graph.

Need to track mutations.

The seed must be a cluster seed for a cluster algebra of finite type with principal coefficients (the corre-

sponding quiver must have mutable vertices 0,1,...,n-1).

EXAMPLES:

sage: S = ClusterSeed([’A’, 2]).principal_extension|()

sage: G = S.oriented_exchange_graph(); G
Digraph on 5 vertices

sage: G.out_degree_sequence ()

(2, 1, 1, 1, 0]

sage: S = ClusterSeed([’B’, 2]).principal_extension()

sage: G = S.oriented_exchange_graph(); G
Digraph on 6 vertices

sage: G.out_degree_sequence ()

(2, 1, 1, 1, 1, 0]

TESTS:

sage: S = ClusterSeed(['A",[2,2],1])
sage: S.oriented_exchange_graph ()
Traceback (most recent call last):

TypeError: only works for finite mutation type
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sage: S = ClusterSeed(['A", 2])
sage: S.oriented_exchange_graph ()
Traceback (most recent call last):

TypeError: only works for principal coefficients

plot (circular=False, mark=None, save_pos=False, force_c=False, with_greens=False,

add_labels=False)
Returns the plot of the quiver of self.

INPUT:
ecircular — (default:False) if True, the circular plot is chosen, otherwise >>spring<< is used.
emark — (default: None) if set to i, the vertex i is highlighted.
esave_pos — (default:False) if True, the positions of the vertices are saved.
eforce_c — (default:False) if True, will show the frozen vertices even if they were never initialized
*with_greens — (default:False) if True, will display the green vertices in green
eadd_labels — (default:False) if True, will use the initial variables as labels

EXAMPLES:

sage: S = ClusterSeed(['A’,5])
sage: pl = S.plot ()

sage: pl = S.plot(circular=True)

principal_extension ()
Returns the principal extension of self, yielding a 2n-by-n matrix. Raises an error if the input seed has a
non-square exchange matrix. In this case, the method instead adds n frozen variables to any previously
frozen variables. l.e., the seed obtained by adding a frozen variable to every exchangeable variable of
self.

EXAMPLES:
sage: S = ClusterSeed([[0,1]1,[1,2],12,31,102,411); S
A seed for a cluster algebra of rank 5

sage: T = S.principal_extension(); T
A seed for a cluster algebra of rank 5 with principal coefficients

sage: T.b_matrix()

[ 0O 1 0 0 0]
[-1 0 1 0 0]
[ 0O-1 0 1 1]
[ 0O 0 -1 0 0]
[ O 0 -1 0 0]
[ 1 0 0 0 0]
[ 0O 1 0 0 0]
[ O 0 1 0 0]
[ O 0O O 1 0]
[ O 0O O O 1]
sage: S = ClusterSeed(['A’,4],user_labels=["a’,’'b",'c’,"d"])

sage: T= S.principal_extension()
sage: T.cluster ()

[a, b, c, d]

sage: T.coefficients()
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[v0, v1, v2, y3]

sage: S2 = ClusterSeed([’A’,4],user_labels={0:"a’,1l:'b",2:"c’,3:7d"})
sage: S2 == S
True
sage: T2 = S2.principal_extension{()
sage: T2 == T
True
quiver ()
Returns the quiver associated to self.
EXAMPLES:

sage: S = ClusterSeed(['A’,3])
sage: S.qguiver ()
Quiver on 3 vertices of type ['A’, 3]

red vertices ()
Return the list of red vertices of self.

A vertex is defined to be red if its c-vector has all non-negative entries. More information on red vertices
can be found at [BDP2013].

OUTPUT:

The red vertices as a list of integers.

EXAMPLES:

sage: ClusterSeed([’A’,3]) .principal_extension() .red_vertices/()

[]

sage: ClusterSeed([’A’,[3,3]1,1]) .principal_extension () .red_vertices()

sage: Q = ClusterSeed([’A’,[3,3]1,1]) .principal_extension();
sage: Q.mutate(1l);

sage: Q.red_vertices|()

[1]

reorient (data)
Reorients self with respect to the given total order, or with respect to an iterator of ordered pairs.

WARNING:

*This operation might change the mutation type of self.

*Ignores ordered pairs (3, j) for which neither (i, j) nor (4,7) is an edge of self.
INPUT:

*data — an iterator defining a total order on self.vertices (), or an iterator of ordered pairs in
self defining the new orientation of these edges.

EXAMPLES:

sage: S = ClusterSeed(['A’,[2,3],1])
sage: S.mutation_type ()

(ra", (2, 31, 11

sage: S.reorient ([(0,1), (2,3)1)
sage: S.mutation_type()
['D", 5]
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sage: S.reorient ([(1,0),(2,3)1])
sage: S.mutation_type()
(rar, [1, 4], 1]

sage: S.reorient ([0,1,2,3,4])
sage: S.mutation_type ()
("a", f[1, 4], 1]

reset_cluster ()
Resets the cluster of self to the initial cluster.

EXAMPLES:

sage: S = ClusterSeed(['A’,3])

sage: S.mutate([1,2,1])

sage: S.cluster ()

[x0, (x1 + 1)/x2, (x0*x2 + x1 + 1)/ (x1*x2)]

sage: S.reset_cluster()
sage: S.cluster()
[x0, x1, x2]

sage: T = S.principal_extension()

sage: T.cluster()

[x0, x1, x2]

sage: T.mutate([1,2,1])

sage: T.cluster ()

[x0, (x1*y2 + x0)/x2, (x1xyl*y2 + x0*xyl + x2)/(x1*x2)]

sage: T.reset_cluster()
sage: T.cluster ()
[x0, x1, x2]

sage: S = ClusterSeed([’B’,3],user_labels=[[1,2]1,1[2,31,[3,4]1],user_labels_prefix='p’)
sage: S.mutate([0,1])
sage: S.cluster ()

3+ 1)/p_1_2, (p_1_2%p_3_472 + p_2_3 + 1)/ (p_1_2*p_2_3), p_3_4]

sage: S.reset_cluster()
sage: S.cluster|()
(p_1_2, p_2_3, p_3_4]
sage: S.g_matrix()

sage: S.f_polynomials()
(1, 1, 1]

reset_coefficients ()
Resets the coefficients of self to the frozen variables but keeps the current cluster. Raises an error if the
number of frozen variables is different than the number of exchangeable variables.

WARNING: This command to be phased out since ‘use_c_vectors() does this more effectively.

EXAMPLES:

sage: S = ClusterSeed([’A’,3]) .principal_extension()
sage: S.b_matrix()

[ 0 1 0]
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sage: S.mutate([1,2,1])
sage: S.b_matrix()

1]
1]
0]
0]
1]
1]

sage: S.reset_coefficients()
sage: S.b_matrix()

]
]
]
]
]
]

save_image (filename, circular=False, mark=None, save_pos=False)
Saves the plot of the underlying digraph of the quiver of self.

INPUT:
*filename — the filename the image is saved to.
ecircular — (default: False) if True, the circular plot is chosen, otherwise >>spring<< is used.
*mark — (default: None) if set to i, the vertex i is highlighted.
esave_pos — (default:False) if True, the positions of the vertices are saved.

EXAMPLES:
sage: S = ClusterSeed([’'F’,4,[1,211)
sage: S.save_image (os.path.join (SAGE_TMP, ’'sage.png’))

set_c_matrix (data)
Will force set the ¢ matrix according to a matrix, a quiver, or a seed.

INPUT:

*data — The matrix to set the ¢ matrix to. Also allowed to be a quiver or cluster seed, in which case
the b_matrix is used.

EXAMPLES:

sage: S = ClusterSeed(['A’,31);

sage: X = matrix([[0,0,1],[0,1,01,([1,0,011)
sage: S.set_c_matrix(X)

sage: S.c_matrix()

[0 0 1]

[0 1 0]

[1 0 0]

sage: Y = matrix([[-1,0,1]1,(0,1,01,([1,0,011)

sage: S.set_c_matrix(Y)

C matrix does not look to be valid - there exists a column containing positive and negative
Continuing...
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sage: Z = matrix([[1,0,1]1,[0,1,01,(02,0,211)

sage: S.set_c_matrix(Z)

C matrix does not look to be valid - not a linearly independent set.
Continuing...

set_cluster (cluster, force=False)
Sets the cluster for self to cluster.

Warning: Initialization may lead to inconsistent data.
INPUT:

ecluster — an iterable defining a cluster for self.

EXAMPLES:
sage: S = ClusterSeed(['A’,3])
sage: cluster = S.cluster()

sage: S.mutate([1,2,1])

sage: S.cluster ()

[x0, (x1 + 1)/x2, (x0xx2 + x1 + 1)/ (x1*x2)]
sage: cluster2 = S.cluster()

sage: S.set_cluster (cluster)
Warning: using set_cluster at this point could lead to inconsistent seed data.

sage: S.set_cluster (cluster, force=True)
sage: S.cluster|()

[x0, x1, x2]

sage: S.set_cluster(cluster2, force=True)
sage: S.cluster ()

[x0, (x1 + 1)/x2, (x0xx2 + x1 + 1)/ (x1*x2)]

sage: S = ClusterSeed([’A’,3]); S.use_fpolys(False)
sage: S.set_cluster([1,1,1])
Warning: clusters not being tracked so this command is ignored.

show (fig_size=1, circular=False, mark=None, save_pos=False, force_c=False, with_greens=False,

add_labels=Fualse)
Shows the plot of the quiver of self.

INPUT:
*fig_size — (default: 1) factor by which the size of the plot is multiplied.
ecircular — (default: False) if True, the circular plot is chosen, otherwise >>spring<< is used.
emark — (default: None) if set to i, the vertex i is highlighted.
*save_pos — (default:False) if True, the positions of the vertices are saved.
eforce_c — (default:False) if True, will show the frozen vertices even if they were never initialized
*with_greens — (default:False) if True, will display the green vertices in green

eadd_labels — (default:False) if True, will use the initial variables as labels

TESTS:
sage: S = ClusterSeed(['A’,5])
sage: S.show() # long time
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smallest_c_vector ()

Return the vertex with the smallest ¢ vector
OUTPUT:

Returns an integer.

EXAMPLES:: sage: B = matrix([[0,2],[-2,0]]) sage: C = ClusterSeed(B).principal_extension(); sage:
C.mutate(0) sage: C.smallest_c_vector() 0

track_mutations (use=True)

Begins tracking the mutation path.

Warning: May initialize all other data to ensure that all c, d, and g vectors agree on the start of mutations.

INPUT:

*use — (default:True) If True, will begin filling the mutation path

EXAMPLES:

sage: S = ClusterSeed([’A’,4]); S.track_mutations (False)
sage: S.mutate (0)

sage: S.mutations ()

Traceback (most recent call last):

ValueError: Not recording mutation sequence. Need to track mutations.
sage: S.track_mutations (True)

sage: S.g_matrix()

0 0]
0 0]
1 0]
0 1]
sage: S.mutate([0,1])

sage: S.mutations ()
[0, 1]

universal_ extension ()

Returns the universal extension of self.

This is the initial seed of the associated cluster algebra with universal coefficients, as defined in section 12
of Arxiv math/0602259.

This method works only if self is a bipartite, finite-type seed.

Due to some limitations in the current implementation of CartanType, we need to construct the set of
almost positive coroots by hand. As a consequence their ordering is not the standard one (the rows of the
bottom part of the exchange matrix might be a shuffling of those you would expect).

EXAMPLES:

sage: S = ClusterSeed(['A’,2])
sage: T = S.universal_extension()
sage: T.b_matrix()

[ 0 1]

[-1 0]

[-1 0]

[ 1 0]

[ 1 -1]

[ 0 1]

[ 0 -1]
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sage: S = ClusterSeed(['A’,3])
sage: T = S.universal_extension()
sage: T.b_matrix()

[ 0 1 0]

[-1 0 -1]

[ 0 1 0]

[-1 0 0]

[ 1 0 0]

[ 1 -1 0]

[ 1 -1 1]

[ 0 1 0]

[ 0 -1 0]

[ 0 -1 1]

[ 0O 0 -1]

[ 0O 0 1]

sage: S = ClusterSeed([’'B’,2])
sage: T = S.universal_extension()
sage: T.b_matrix()

[ 0 1]

[-2 0]

[-1 0]

[ 1 0]

[ 1 -1]

[ 2 -1]

[ 0 1]

[ 0 -1]

urban_renewals (return_first=False)
Return the list of the urban renewal vertices of self.

An urban renewal vertex is one in which there are two arrows pointing toward the vertex and two arrows
pointing away.

INPUT:

ereturn_first — (default:False) if True, will return the first urban renewal
OUTPUT:
A list of vertices (as integers)

EXAMPLES:
sage: G = ClusterSeed([’'GR’,[4,9]]); G.urban_renewals()
[5, 6]

use_c_vectors (use=True, bot_is_c=False, force=False)
Reconstruct ¢ vectors from other data or initialize if no usable data exists.

Warning: Initialization may lead to inconsistent data.
INPUT:
euse — (default:True) If True, will use ¢ vectors

*bot_is_c — (default:False) If True and ClusterSeed self has self._m == self._n, then will assume
bottom half of the extended exchange matrix is the c-matrix. If true, lets the ClusterSeed know c-
vectors can be calculated.

EXAMPLES:
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sage: S = ClusterSeed(['A’,41);

sage: S.use_c_vectors (False); S.use_g_vectors(False); S.use_fpolys(False); S.track_mutations

sage: S.use_c_vectors (True)

Warning: Initializing c-vectors at this point could lead to inconsistent seed data.

sage: S.use_c_vectors (True, force=True)
sage: S.c_matrix()

[1 0 0]

[0 1
[0 0
[0 O

o R O O

0]
0]
1]

sage: S = ClusterSeed(['A’,41);

sage: S

sage: S.mutate(l);
S.use_c_vectors (True, force=True)
S

.c_matrix ()

o P O O
o

use_d_vectors (use=True, force=False)

.use_c_vectors (False); S.use_g_vectors(False); S.use_fpolys(False); S.track_mutations

Reconstruct d vectors from other data or initialize if no usable data exists.

Warning: Initialization may lead to inconsistent data.
INPUT:
euse — (default:True) If True, will use d vectors

EXAMPLES:

sage: S = ClusterSeed(['A’,41);
sage: S.use_d_vectors (True)
sage: S.d_matrix()

[-1 0 0 0]
[ 0 -1 0 0]
[ 0O 0 -1 0]
[ O 0 0 -1]
sage: S = ClusterSeed(['A’,4]); S.use_d _vectors(False); S.track_mutations(False); S.mutate (]
[-1 0 0 0]
[ 0 1 0 0]
[ 0O 0 -1 0]
[ O 0 0 -1]

sage: S.use_fpolys (False)
sage: S.d_matrix()
Traceback (most recent call last):

ValueError: Unable to calculate d-vectors. Need to use d vectors.

sage: S = ClusterSeed([’A’,4]); S.use_d_vectors(False); S.track_mutations(False); S.mutate (]
[-1 0 0 0]
[ 0O 1 0 0]
[ 0O 0 -1 0]
[ 0O 0O 0 -1]

sage: S.use_fpolys (False)
sage: S.use_d_vectors (True)

Warning: Initializing d-vectors at this point could lead to inconsistent seed data.
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sage: S.use_d_vectors (True, force=True)
sage: S.d_matrix()

[-1 0 0 0]

[ 0 -1 0 0]

[ 0O 0 -1 0]

[ O 0 0 -1]

sage: S = ClusterSeed([’A’,4]); S.mutate(l); S.d_matrix()
[-1 0 0 0]

[ 0O 1 0 0]

[ 0O 0 -1 0]

[ O 0 0 -1]

sage: S = ClusterSeed([’A’,4]); S.use_d_vectors(True); S.mutate(l); S.d_matrix()
[-1 0 0 0]

[ 0O 1 0 0]

[ 0O 0 -1 0]

[ 0O 0 0 -1]

use_fpolys (use=True, user_labels=None, user_labels_prefix=None)
Use F-polynomials in our Cluster Seed

Note: This will automatically try to recompute the cluster variables if possible

INPUT:
suse — (default:True) If True, will use F-polynomials
euser_labels — (default:None) If set will overwrite the default cluster variable labels
euser_labels_prefix — (default:None) If set will overwrite the default

EXAMPLES:

sage: S = ClusterSeed([’'A",4]); S.use_fpolys(False); S._cluster
sage: S.use_fpolys (True)

sage: S.cluster ()

[x0, x1, x2, x3]

sage: S = ClusterSeed([’A’,4]); S.use_fpolys(False); S.track_mutations(False); S.mutate(l)
sage: S.use_fpolys (True)
Traceback (most recent call last):

ValueError: F-polynomials and Cluster Variables cannot be reconstructed from given data.
sage: S.cluster ()
Traceback (most recent call last):

ValueError: Clusters not being tracked

use_g_vectors (use=True, force=False)
Reconstruct g vectors from other data or initialize if no usable data exists.

Warning: Initialization may lead to inconsistent data.
INPUT:
suse — (default:True) If True, will use g vectors

EXAMPLES:

sage: S = ClusterSeed(['A’,41);

sage: S.use_g_vectors (False); S.use_fpolys (False)
sage: S.use_g_vectors (True)
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sage: S.g_matrix()

[1 0 0 0]

[01 0 0]

[0 01 0]

[0 0 0 1]

sage: S = ClusterSeed(['A’,41);
sage: S.use_g_vectors(False); S.use_fpolys (False)
sage: S.mutate(1l);

sage: S.use_g_vectors (True)
sage: S.g_matrix()

[ 1 0 0 0]

[ 0 -1 0 0]

[ 0O 0O 1 0]

[ O 0 0 1]

sage = ClusterSeed(['A",4]);

.mutate (1) ;

.use_c_vectors (False)

sage: S.g_matrix()

Traceback (most recent call last):

S

sage: S.use_g_vectors (False); S.use_fpolys(False); S.track_mutations (False)
S
S

ValueError: Unable to calculate g-vectors. Need to use g vectors.

sage: S = ClusterSeed(['A’,4]);

sage: S.use_g_vectors (False); S.use_fpolys(False); S.track_mutations (False)
sage: S.mutate(l);

sage: S.use_c_vectors (False)

sage: S.use_g_vectors (True)

Warning: Initializing g-vectors at this point could lead to inconsistent seed data.

sage: S.use_g_vectors (True, force=True)
sage: S.g_matrix()
[1 0 1

0
0
0
1

o P O O

1 ]
0 ]
0 ]

variable_class (depth=+Infinity, ignore_bipartite_belt=False)
Returns all cluster variables in the mutation class of self.

INPUT:
*depth — (default:infinity) integer, only seeds with distance at most depth from self are returned
*ignore_bipartite_belt — (default:False) if True, the algorithms does not use the bipartite belt
EXAMPLES:
ofor examples see variable_class_iter ()

TESTS:

sage: A = ClusterSeed([’A’,3]).variable_class()

variable_class_iter (depth=+Infinity, ignore_bipartite_belt=False)
Returns an iterator for all cluster variables in the mutation class of self.

INPUT:
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*depth — (default:infinity) integer, only seeds with distance at most depth from self are returned
*ignore_bipartite_belt — (default:False) if True, the algorithms does not use the bipartite belt
EXAMPLES:

A standard finite type example:

sage: S ClusterSeed(['A’,3])
sage: it = S.variable_class_iter()
sage: for T in it: print T

x0

x1

x2

(x1 + 1)/x0

(x172 + x0*x2 + 2xx1 + 1)/ (x0%xx1xx2)
(x1 + 1) /x2

(x0*x2 + x1 + 1)/ (x0%xx1)

(x0%x2 + 1)/x1

(x0*x2 + x1 + 1)/ (x1*xx2)

Finite type examples with given depth:

sage: it = S.variable_class_iter (depth=1)
sage: for T in it: print T

Found a bipartite seed - restarting the depth counter at zero and constructing the variable
x0

x1

x2

(x1 + 1)/x0

(x172 + x0*x2 + 2xx1 + 1)/ (x0%*x1%xx2)

(x1 + 1)/x2

(x0*x2 + x1 4+ 1)/ (x0%xx1)

(x0*x2 + 1)/x1

(x0*x2 + x1 + 1)/ (x1*x2)

Note that the notion of depth depends on whether a bipartite seed is found or not, or if it is manually
ignored:

sage: it = S.variable_class_iter (depth=1, ignore_bipartite_belt=True)

sage: for T in it: print T

x0

x1

X2

(x1 + 1)/x2

(x0%x2 + 1)/x1

(x1 + 1)/x0

sage: S.mutate([0,1])

sage: it2 = S.variable_class_iter (depth=1)
sage: for T in it2: print T

(x1 + 1)/x0

(x0*x2 + x1 4+ 1)/ (x0%xx1)

X2

(x172 4+ x0%xx2 + 2%x1 + 1)/ (x0%*x1*x2)

x1

(x0%x2 + 1)/x1

Infinite type examples:
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sage: S = ClusterSeed(['A",[1,11,1])

sage: it = S.variable_class_iter (depth=2)

sage: for T in it: print T

Found a bipartite seed - restarting the depth counter at zero and constructing the variable

x0
x1
(x172 + 1)/x0
(x1™4 + x072 + 2*x172 + 1)/ (x0"2%x1)
(x0%4 + 2xx072 + x172 + 1)/ (x0%*x1"2)
(x0%2 + 1)/x1
(x176 + x0%4 + 2*x072xx172 + 3%x174 + 2%x0"2 + 3xx172 + 1)/ (x0"3%x1"2)
(x17"8 + %076 + 2#x07M4*xx1"2 + 3*x072+x1"4 4+ 4*x176 + 3*xx074 + 6xx0"2+x1"2 + 6*x1"4 + 3xx0"2 +
(x078 + 4%*x076 + 3xx074*xx1"2 + 2+x072xx1"4 + x176 + 6*x074 + 6+x0"2xx1"2 + 3*xx1"4 + 4%x0"2 H+
(x076 + 3*x0%4 + 2+x072xx1"2 + x174 + 3%xx072 + 2%x172 + 1)/ (x072%*x1"3)
x (k)
Returns the k -th initial cluster variable for the associated cluster seed.
EXAMPLES:

sage: S = ClusterSeed(['A’,3])
sage: S.mutate([2,1])

sage: S.x(0)

x0

sage: S.x (1)
x1

sage: S.x(2)

X2
y (k)
Returns the k -th initial coefficient (frozen variable) for the associated cluster seed.
EXAMPLES:
sage: S = ClusterSeed([’A’,3]) .principal_extension()

sage: S.mutate([2,1])
sage: S.y(0)
4

sage: S.y (1)
vl

sage: S.y(2)
y2
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class sage.combinat.cluster_algebra_quiver.cluster_seed.ClusterVariable (parent,

Bases: sage.rings.fraction_field_element.FractionFieldElement
This class is a thin wrapper for cluster variables in cluster seeds.
It provides the extra feature to store if a variable is frozen or not.

othe associated positive root:

sage: S = ClusterSeed(['A’,3])

sage: for T in S.variable_class_iter():
x0 —alphall]

x1 —alphal2]

x2 —alphal3]

(x1 + 1)/x0 alphalll

(x172 + x0%*x2 + 2xx1 + 1)/ (x0%xx1xx2)
(x1 + 1)/x2 alphal3]
(x0%x2 + x1 + 1)/ (x0%xx1)
(

(

print T,

alphal[l] + alphal2]

alphal[l] + alpha(2]
x0%x2 + 1)/x1 alphal2]
x0*x2 + x1 + 1)/ (x1*x2)

alphal2] + alphal3]

almost_positive_root ()
Returns the almost positive root associated to self if self is of finite type.

EXAMPLES:

sage: S = ClusterSeed(['A’,3])

sage: for T in S.variable_class_iter():
x0 —alphall]

x1 —alphal2]

x2 —alphal3]

(x1 + 1)/x0 alphalll

(%172 + x0%*x2 + 2xx1 + 1)/ (x0%xx1xx2)
(x1 + 1)/x2 alphal[3]
(x0*x2 + x1 + 1)/ (x0%xx1)
(

(

print T,

alpha[l] + alpha[2] + alphal3]

alphal[l] + alphal2]
x0*x2 + 1)/x1 alphal2]
x0*x2 + x1 + 1)/ (x1*x2)

alphal2] + alphal3]

sage.combinat.cluster_algebra_guiver.cluster_seed.PathSubset (n, m)

+ alphal3]

nu-

mer-

ator,

de-

nomi-

nator,

co-

erce=True,

re-

duce=True,
muta-
tion_type=None,
vari-
able_type=None,
xdim=0)

T.almost_positive_root ()

T.almost_positive_root ()

Encodes a maximal Dyck path from (0,0) to (n,m) (for n >= m >= 0) as a subset of {0,1,2,..., 2n-1}. The

encoding is given by indexing horizontal edges by odd numbers and vertical edges by evens.

The horizontal between (i,j) and (i+1,j) is indexed by the odd number 2*i+1. The vertical between (i,j) and
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(i,j+1) is indexed by the even number 2*j.

EXAMPLES:

sage: from sage.combinat.cluster_algebra_quiver.cluster_ seed import PathSubset
sage: PathSubset (4,0)
{1, 3, 5, 7}

sage: PathSubset (4,1)
{1, 3, 5, 6, 7}

sage: PathSubset (4, 2)
{1, 2, 3, 5, 6, 7}

sage: PathSubset (4, 3)
{1, 2, 3, 4, 5, 6, 7}
sage: PathSubset (4, 4)
{0, 1, 2, 3, 4, 5, 6, 7}

sage.combinat.cluster_algebra_quiver.cluster_seed.SetToPath (T)
Rearranges the encoding for a maximal Dyck path (as a set) so that it is a list in the proper order of the edges.

EXAMPLES:

sage: from sage.combinat.cluster_algebra_quiver.cluster_seed import PathSubset
sage: from sage.combinat.cluster_ algebra_quiver.cluster_ seed import SetToPath
sage: SetToPath (PathSubset (4,0))

[1, 3, 5, 7]

sage: SetToPath (PathSubset (4,1))

[1, 3, 5, 7, 6]

sage: SetToPath (PathSubset (4,2))

[, 3, 2, 5, 7, 6]

sage: SetToPath (PathSubset (4, 3))

[1, 3, 2, 5, 4, 7, 6]

sage: SetToPath (PathSubset (4,4))

[r, o, 3, 2, 5, 4, 7, 6]

sage.combinat.cluster_algebra_quiver.cluster_seed.coeff_recurs(p, q, al, a2, b,
c)
Coefficients in Laurent expansion of greedy element, as defined by recursion.

EXAMPLES:

sage: from sage.combinat.cluster_algebra_quiver.cluster_seed import coeff_recurs
sage: coeff_recurs(l, 1, 5, 5, 3, 3)

10

sage.combinat.cluster_algebra_quiver.cluster_seed.get_green_vertices (C)
Get the green vertices from a matrix. Will go through each clumn and return the ones where no entry is greater
than 0.

INPUT:
*C — The C matrix to check
EXAMPLES:

sage: from sage.combinat.cluster_algebra quiver.cluster_seed import get_green_vertices
sage: S = ClusterSeed([’A’,4]); S.mutate([1,2,3,2,0,1,2,0,31)

sage: get_green_vertices (S.c_matrix())

[0, 3I

sage.combinat.cluster_algebra_gquiver.cluster_seed.get_red_vertices ((C)
Get the red vertices from a matrix. Will go through each clumn and return the ones where no entry is less than
0.
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INPUT:

*C — The C matrix to check

EXAMPLES:: sage: from sage.combinat.cluster_algebra_quiver.cluster_seed import get_red_vertices sage: S
= ClusterSeed([’A’,4]); S.mutate([1,2,3,2,0,1,2,0,3]) sage: get_red_vertices(S.c_matrix()) [1, 2]

sage.combinat.cluster_algebra_quiver.cluster_seed.is_LeeLiZel_allowable (T,
n,
m,

b

c)
Check if the subset T contributes to the computation of the greedy element x[m,n] in the rank two (b,c)-cluster
algebra.

This uses the conditions of Lee-Li-Zelevinsky’s paper [LeeLiZe].
EXAMPLES:

sage: from sage.combinat.cluster_algebra_quiver.cluster_ seed import is_lLeelLiZel_allowable
sage: is_LeeliZel_allowable({1,3,2,5,7,6},4,2,6,6)

False

sage: is_LeelLiZel_allowable({1,2,5},3,3,1,1)

True

5.1.16 mutation_class

This file contains helper functions for compute the mutation class of a cluster algebra or quiver.
For the compendium on the cluster algebra and quiver package see
http://arxiv.org/abs/1102.4844
AUTHORS:
¢ Gregg Musiker

e Christian Stump

5.1.17 This file contains helper functions for detecting the mutation type of

a cluster algebra or quiver.
For the compendium on the cluster algebra and quiver package see
Arxiv 1102.4844
AUTHORS:
* Gregg Musiker
e Christian Stump

sage.combinat.cluster_algebra_qgquiver.mutation_type.is_mutation_finite (M,

nr_of_checks=None)
Use a non-deterministic method by random mutations in various directions. Can result in a wrong answer.

INPUT:

enr_of_checks — (default: None) number of mutations applied. Standard is 500*(number of vertices
of self).
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ALGORITHM:

A quiver is mutation infinite if and only if every edge label (a,-b) satisfy a*b > 4. Thus, we apply random
mutations in random directions

EXAMPLES:

sage: from sage.combinat.cluster_algebra_quiver.mutation_ type import is_mutation_finite

sage: Q ClusterQuiver (["A’,10])
sage: M = Q.b_matrix()

sage: is_mutation_finite (M)
(True, None)

sage: Q = ClusterQuiver ([(0,1), (1,2),(2,3),(3,4),(4,5),(5,6),(6,7),(7,8),(2,9)1)

sage: M = Q.b_matrix()

sage: is_mutation_finite (M) # random

(False, [9, 6, 9, 8, 9, 4, 0, 4, 5, 2, 1, 0, 1, 0, 7, 1, 9, 2, 5, 7, 8, 6, 3, 0, 2, 5,

Check that trac ticket #19495 is fixed:

sage: dg = DiGraph(); dg.add_vertex(0); S = ClusterSeed(dg); S
A seed for a cluster algebra of rank 1

sage: S.is_mutation_finite()

True

sage.combinat.cluster_algebra_guiver.mutation_type.load_data (n)
Load a dict with keys being tuples representing exceptional QuiverMutationTypes, and with values being lists
or sets containing all mutation equivalent quivers as dig6 data.

We check
« if the data is stored by the user, and if this is not the case
« if the data is stored by the optional package install
EXAMPLES:

sage: from sage.combinat.cluster_algebra_quiver.mutation_type import load_data
sage: load_data(2) # random
{6, 2y [("a0", (((0, 1), (1, =3)),)), ("AO", (((O, 1), (3, =-1)),))1}

5.1.18 Quiver

A quiver is an oriented graph without loops, two-cycles, or multiple edges. The edges are labelled by pairs (i, —j)
(with 4 and j being positive integers) such that the matrix M = (mgp) with mep = i, mp, = —j for an edge (4, —j)
between vertices a and b is skew-symmetrizable.

For the compendium on the cluster algebra and quiver package see

http://arxiv.org/abs/1102.4844.

AUTHORS:
* Gregg Musiker
e Christian Stump
See also:

For mutation types of combinatorial quivers, see QuiverMutationType (). Cluster seeds are closely related to
ClusterSeed().
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class sage.combinat.cluster_algebra_quiver.quiver.ClusterQuiver (data,

frozen=None)
Bases: sage.structure.sage_object.SageObject

The guiver associated to an exchange matrix.
INPUT:

edata — can be any of the following:

QuiverMutationType

str - a string representing a QuiverMutationType or a common quiver type (see Examples)
ClusterQuiver

Matrix - a skew-symmetrizable matrix

DiGraph - must be the input data for a quiver

List of edges - must be the edge list of a digraph for a quiver

* % ok X ot

*

efrozen — (default:None) sets the number of frozen variables if the input type is a DiGraph, it is ignored
otherwise.

EXAMPLES:

from a QuiverMutationType:

sage: Q = ClusterQuiver (['A’,5]); Q
Quiver on 5 vertices of type ['A’, 5]

sage: Q = ClusterQuiver (['B’,2]); Q

Quiver on 2 vertices of type ['B’, 2]

sage: Q2 = ClusterQuiver (['C’,2]1); Q2

Quiver on 2 vertices of type ['B’, 2]

sage: MT = Q.mutation_type(); MT.standard_quiver() == Q
True

sage: MT = Q2.mutation_type(); MT.standard_quiver () == Q2
False

sage: Q = ClusterQuiver (['A’,[2,5],11); Q
]

Quiver on 7 vertices of type ['A’, [2, 5], 1]

sage: Q = ClusterQuiver (['A", [5,01,11); Q

Quiver on 5 vertices of type [’'D’, 5]

sage: Q.is_finite()

True

sage: Q.is_acyclic()

False

sage: Q = ClusterQuiver(['F’, 4, [2,11]1); Q

Quiver on 6 vertices of type ['F’, 4, [1, 2]]

sage: MT = Q.mutation_type(); MT.standard_quiver() == Q

False

sage: dg = Q.digraph(); Q.mutate([2,1,4,0,5,3])

sage: dg2 = Q.digraph(); dg2.is_isomorphic (dg,edge_labels=True)
False

sage: dg2.is_isomorphic (MT.standard_qgquiver () .digraph(),edge_labels=True)
True

sage: Q = ClusterQuiver (['G’,2, (3,1)]1); Q

Quiver on 4 vertices of type ['G’, 2, [1, 31]

sage: MT = Q.mutation_type(); MT.standard_quiver () ==
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False

sage: Q = ClusterQuiver (['GR’,[3,6]]); O
Quiver on 4 vertices of type [’'D’, 4]

sage: MT = Q.mutation_type(); MT.standard_quiver() == Q
False

sage: Q = ClusterQuiver ([’GR’,[3,711); Q

Quiver on 6 vertices of type ['E’, 6]

sage: Q = ClusterQuiver ([’TR’,2]); Q

Quiver on 3 vertices of type ['A’, 3]

sage: MT = Q.mutation_type(); MT.standard_quiver() == Q
False

sage: Q.mutate([1,0]); MT.standard_quiver () == Q

True

sage: Q = ClusterQuiver (['TR’,3]1); Q

Quiver on 6 vertices of type [’'D’, 6]

sage: MT = Q.mutation_type(); MT.standard_quiver() == Q
False

from a ClusterQuiver:

sage: Q = ClusterQuiver (['A’,[2,5],11); O

Quiver on 7 vertices of type ['A’, [2, 5], 1]

sage: T = ClusterQuiver( Q ); T

Quiver on 7 vertices of type ['A’, [2, 5], 1]

from a Matrix:

sage: Q = ClusterQuiver(['A’,[2,5],11); Q

Quiver on 7 vertices of type ['A’, [2, 5], 1]

sage: T = ClusterQuiver( Q..M ); T

Quiver on 7 vertices

sage: Q = ClusterQuiver( matrix([((0,1,-11,(-1,0,171,11,-1,01,11,2,311) ); Q
Quiver on 4 vertices with 1 frozen vertex

sage: Q = ClusterQuiver( matrix([]) ); Q

Quiver without vertices

from a DiGraph:

sage: Q = ClusterQuiver (['A’,[2,5],11); Q

Quiver on 7 vertices of type ['A’, [2, 5], 1]

sage: T = ClusterQuiver( Q._digraph ); T

Quiver on 7 vertices

sage: Q = ClusterQuiver( DiGraph([[1,2],12,31,1[3,41,[4,111) ); ©Q

Quiver on 4 vertices

from a List of edges:
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sage: Q = ClusterQuiver (['A’,[2,5],11); Q

Quiver on 7 vertices of type ['A’, [2, 5], 1]

sage: T = ClusterQuiver( Q._digraph.edges() ); T

Quiver on 7 vertices

sage: Q = ClusterQuiver( [[1,2],[2,3]1,[3,4]1,[4,111 ); Q

Quiver on 4 vertices

TESTS:

sage: Q = ClusterQuiver (DiGraph([[1,1]11]1))
Traceback (most recent call last):

ValueError: The input DiGraph contains a loop

sage: Q = ClusterQuiver ([[1,111])
Traceback (most recent call last):

ValueError: The input DiGraph contains a loop

sage: Q = ClusterQuiver (DiGraph([[1, 0]1,[0,111))
Traceback (most recent call last):

ValueError: The input DiGraph contains two-cycles

sage: Q = ClusterQuiver ('whatever’)
Traceback (most recent call last):

ValueError: The input data was not recognized.

b matrix ()
Returns the b-matrix of self.

EXAMPLES:

sage: ClusterQuiver ([’A’,4]) .b_matrix()
[ 0O 1 0 0]

[-1 0 -1 0]

[ 0 1 0 1]

[ 0O 0 -1 0]

sage: ClusterQuiver ([’B’,4]).b_matrix()
[ 0O 1 0 0]

[-1 0 -1 0]

[ 0O 1 0 1]

[ 0O 0 -2 0]

sage: ClusterQuiver ([’D’,4]).b_matrix()

[ 0 1 0 0]
[-1 0 -1 -1]
[ 0O 1 0 0]
[ 0O 1 0 0]
sage: ClusterQuiver (QuiverMutationType ([["A’,2],[’'B",211)) .b_matrix()
[ 0 1 0 0]
[-1 0 0 0]
[ O 0 0 1]
[ 0O 0 -2 0]
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canonical_label (certify=False)
Returns the canonical labelling of se1f, see sage.graphs.graph.GenericGraph.canonical_label ().

INPUT:

ecertify — (default: False) if True, the dictionary from self.vertices () to the vertices of the
returned quiver is returned as well.

EXAMPLES:
sage: Q = ClusterQuiver (['A’,4]); Q.digraph() .edges/()
[(O, lr (11 _l))r (27 lr (11 _1))1 (27 3! (17 _1))]

sage: T = Q.canonical_label(); T.digraph() .edges/()
[(O, 3! (11 _l))r (17 2! (11 _1))1 (17 3! (17 _1))]

sage: T,iso = Q.canonical_label (certify=True); T.digraph() .edges(); iso
[(O, 3! (11 _l))r (17 2! (11 _1))1 (17 3! (17 _1))]
{0: 0, 1: 3, 2: 1, 3: 2}

sage: Q = ClusterQuiver (QuiverMutationType ([['B’,2]1,["A",111)); Q
Quiver on 3 vertices of type [ ['B’, 21, ['A’, 1] ]

sage: Q.canonical_label ()
Quiver on 3 vertices of type [ ['A’, 11, ['B’, 2] ]

sage: Q.canonical_label (certify=True)
(Quiver on 3 vertices of type [ ['"A", 1], ['B", 2] 1, {0: 1, 1: 2, 2: 0})

d_vector_fan ()
Return the d-vector fan associated with the quiver.

It is the fan whose maximal cones are generated by the d-matrices of the clusters.

This is a complete simplicial fan (and even smooth when the initial quiver is acyclic). It only makes sense
for quivers of finite type.

EXAMPLES:

sage: Fd = ClusterQuiver ([[1,2]]).d_vector_fan(); Fd
Rational polyhedral fan in 2-d lattice N

sage: Fd.ngenerating_cones|()

5

sage: Fd = ClusterQuiver([[1,2],[2,3]1]).d_vector_fan(); Fd
Rational polyhedral fan in 3-d lattice N

sage: Fd.ngenerating_cones|()

14

sage: Fd.is_smooth()

True

sage: Fd = ClusterQuiver([[1,2],12,31,[3,1]11).d_vector_fan(); Fd
Rational polyhedral fan in 3-d lattice N

sage: Fd.ngenerating_cones|()

14

sage: Fd.is_smooth()

False

TESTS:
sage: ClusterQuiver ([’A’,[2,2],1]).d_vector_fan()
Traceback (most recent call last):
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ValueError: only makes sense for quivers of finite type

digraph ()
Returns the underlying digraph of self.

EXAMPLES:

sage: ClusterQuiver ([’A’,1]) .digraph()

Digraph on 1 vertex

sage: ClusterQuiver ([’A’,1]) .digraph() .vertices()
(0]

sage: ClusterQuiver ([’A’,1]) .digraph() .edges ()

[]

sage: ClusterQuiver ([’A’,4]1) .digraph()

Digraph on 4 vertices

sage: ClusterQuiver ([’A’,4]).digraph() .edges ()

(¢, 1, (1, -1)), (2, 1, (1, -1)), (2, 3, (1, -1))]

sage: ClusterQuiver ([’B’,4]) .digraph()

Digraph on 4 vertices

sage: ClusterQuiver ([’A’,4]) .digraph() .edges ()

(¢, 1, (1, -1)), (2, 1, (1, -1)), (2, 3, (1, -1))]

sage: ClusterQuiver (QuiverMutationType ([['A’,2],['B’,2]1]1)) .digraph()
Digraph on 4 vertices

sage: ClusterQuiver (QuiverMutationType ([['A’,2],[’'B’,2]1]1)) .digraph() .edges()
(o, 1, (1, -1)), (2, 3, (1, -2))]

exchangeable_part ()
Returns the restriction to the principal part (i.e. exchangeable part) of self, the subquiver obtained by
deleting the frozen vertices of self.

EXAMPLES:

sage: Q = ClusterQuiver (['A’,4])

sage: T = ClusterQuiver( Q.digraph() .edges (), frozen=1 )
sage: T.digraph() .edges ()

(¢, 1, (1, -1)), (2, 1, (1, -1)), (2, 3, (1, -1))]

sage: T.exchangeable_part () .digraph () .edges ()
[(O/ lr (11 _l))r (27 ll (11 _1))]

sage: Q2 = Q.principal_extension()

sage: Q3 = Q2.principal_extension ()

sage: Q2.exchangeable_part () == Q3.exchangeable_part ()
True

first_sink ()
Return the first vertex of self thatis a sink

EXAMPLES:

sage: Q = ClusterQuiver (['A’,5]);
sage: Q.mutate([1,2,4,3,2]);
sage: Q.first_sink ()

0
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first_ source ()
Return the first vertex of self that is a source

EXAMPLES:

sage: Q = ClusterQuiver (['A’,5])
sage: Q.mutate([2,1,3,4,2])
sage: Q.first_source()

1

g_vector_fan()
Return the g-vector fan associated with the quiver.

It is the fan whose maximal cones are generated by the g-matrices of the clusters.
This is a complete simplicial fan. It is only supported for quivers of finite type.

EXAMPLES:
sage: Fg = ClusterQuiver ([[1,2]]).g_vector_fan(); Fg
Rational polyhedral fan in 2-d lattice N

sage: Fg.ngenerating_cones|()
5

sage: Fg = ClusterQuiver([[1,2],[2,3]]).g_vector_fan(); Fg
Rational polyhedral fan in 3-d lattice N

sage: Fg.ngenerating_cones|()

14

sage: Fg.is_smooth()

True

sage: Fg = ClusterQuiver ([[1,2],12,31,[3,111).g_vector_fan(); Fg
Rational polyhedral fan in 3-d lattice N
sage: Fg.ngenerating_cones|()

14

sage: Fg.is_smooth()

True

TESTS:

sage: ClusterQuiver ([’A’,[2,2],1]).g_vector_fan()

Traceback (most recent call last):

ValueError: only supported for quivers of finite type

interact (fig_size=1, circular=True)
Only in notebook mode. Starts an interactive window for cluster seed mutations.

INPUT:
*fig_size — (default: 1) factor by which the size of the plot is multiplied.

ecircular — (default: False) if True, the circular plot is chosen, otherwise >>spring<< is used.

TESTS:
sage: Q = ClusterQuiver (['A’,4])
sage: Q.interact () # long time

"The interactive mode only runs in the Sage notebook.’

is_acyclic()
Returns true if self is acyclic.
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EXAMPLES:
sage: ClusterQuiver ([’A’,4]).1is_acyclic()
True

sage: ClusterQuiver(['A’,[2,1],1]) .is_acyclic()
True

sage: ClusterQuiver([[0,1],[1,2],([2,0]1]).is_acyclic()
False

is_bipartite (return_bipartition=False)
Returns true if self is bipartite.

EXAMPLES:
sage: ClusterQuiver ([’A’,[3,3]1,1]) .is_bipartite()
True

sage: ClusterQuiver ([’A’,[4,3]1,1]) .is_bipartite()
False

is_finite()
Returns True if self is of finite type.

EXAMPLES:

sage: Q = ClusterQuiver (['A’,3])

sage: Q.is_finite()

True

sage: Q = ClusterQuiver(['A’,[2,2],1])
sage: Q.is_finite()

False

sage: Q = ClusterQuiver ([['A",3],['B",311)
sage: Q.is_finite()

True

sage: Q = ClusterQuiver (['T’,[4,4,4]11)

sage: Q.is_finite()

False

sage: Q = ClusterQuiver ([['A",3]1,['T",[4,4,4111)
sage: Q.is_finite()

False

sage: Q = ClusterQuiver ([['A",3]1,['T",[2,2,3111)
sage: Q.is_finite()

True

sage: Q = ClusterQuiver ([[’A’,3],[’D’,511)
sage: Q.is_finite()

True

sage: Q = ClusterQuiver ([['A’,31,['D’,5,111)

sage: Q.is_finite()
False

sage: Q = ClusterQuiver([[0,1,2],([1,2,2],12,0,211])
sage: Q.is_finite()
False

sage: Q = ClusterQuiver([[0,1,2],11,2,21,12,0,21,13,4,11,1[4,5,111)

sage: Q.is_finite()
False

is_mutation_finite (nr_of_checks=None, return_path=False)
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Uses a non-deterministic method by random mutations in various directions. Can result in a wrong answer.

INPUT:

enr_of_checks — (default: None) number of mutations applied. Standard is 500*(number of ver-
tices of self).

ereturn_path — (default: False) if True, in case of self not being mutation finite, a path from self to
a quiver with an edge label (a,-b) and a*b > 4 is returned.

ALGORITHM:

A quiver is mutation infinite if and only if every edge label (a,-b) satisfy a*b > 4. Thus, we apply random
mutations in random directions

EXAMPLES:

sage: Q = ClusterQuiver([’A’,10])
sage: Q._mutation_type = None
sage: Q.is_mutation_finite()

True

sage: Q = ClusterQuiver ([(0,1),(1,2),(2,3),(3,4),(4,5),(5,6),(6,7),(7,8),(2,9)1)
sage: Q.is_mutation_finite()
False

Returns the number of frozen vertices of self.

EXAMPLES:
sage: Q = ClusterQuiver (['A’,4])
sage: Q.m()

0

sage: T = ClusterQuiver( Q.digraph() .edges (), frozen=1 )
sage: T.n()

3

sage: T.m()

1

mutate (data, inplace=True)
Mutates self at a sequence of vertices.

INPUT:

esequence — a vertex of self, an iterator of vertices of self, a function which takes in the Clus-
terQuiver and returns a vertex or an iterator of vertices, or a string of the parameter wanting to be
called on ClusterQuiver that will return a vertex or an iterator of vertices.

einplace — (default: True) if False, the result is returned, otherwise self is modified.

EXAMPLES:

sage: Q = ClusterQuiver (['A’,4]); Q.b_matrix/()
[ 0O 1 0 0]

[-1 0 -1 0]

[0 1 0 1]

[ 0O 0 -1 0]

sage: Q.mutate(0); Q.b_matrix()

[ 0O-1 0 0]
[1 0 -1 0]
[ 0O 1 0 1]
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[ 0O 0 -1 0]

sage: T = Q.mutate (0, inplace=False); T
Quiver on 4 vertices of type ['A’, 4]

sage: Q.mutate (0)
sage: Q ==
True

s